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Introduction

The study of dynamic equations is a wide field in pure and applied mathematics. All of
these disciplines are concerned with the properties of these equations of various types. Pur
mathematics focuses on the existence and uniqueness of solution. Applied mathematics
emphasizes the rigorous justification of the qualitative behavior of solutions (oscillation,
periodic orbits, stability, etc). The oscillation theory as a part of the qualitative theory
of dynamic equations.

The theory of oscillation of the solutions of neutral differential and difference equations
presents a strong theoretical interest. One reason for this is that they arise in several areas
of applied mathematics including circuit theory, phenomena in technology, natural and
social sciences. Additionally, other real fields where neutral diff erential equations, as
for instance, are invoked in theoretical physics, population dynamics, biomathematics,
chemistry, and engineering. Moreover, moment problem approaches appear also as a
natural instrument in control theory of neutral type systems; see |68, 69, 70] and [71],
respectively).

A time scale is any nonempty closed subset of the real line. The theory of time scales
is a fairly new area of research. It was introduced in Stefan Hilger’s 1988 Ph.D. thesis
[62], as a way to unify the seemingly disparate fields of discrete dynamical systems (i.e.,
difference equations) and continuous dynamical systems (i.e., differential equations).Today
it is better known as the time scale calculus. Since the nineties of X X century, the study
of dynamic equations on time scales received a lot of attention. In 1997, the German
mathematician Martin Bohner came across time scale calculus by chance, when he took
up a position at the National University of Singapore. On the way from Singapore airport,
a colleague, Ravi Agarwal, mentioned that time scale calculus might be the key to the
problems that Bohner was investigating at that time. After that episode, time scale

calculus became one of its main areas of research. The books on the subjects of time



Introduction

scale, that is, measure chain, by Bohner and Peterson [19, 50], summarize and organize
much of time scale calculus.

In this thesis, we present oscillation of different types of first-order linear dynamic
equations on time scales and fourth-order and hybrid nonlinear functional dynamic equa-
tions with damping.

We have organized this thesis as follows:

In Chapter 1, we present some definitions and results which are used throughout
this thesis.

In Chapter 2: Oscillation theorems for fourth-order hybrid nonlinear func-
tional dynamic equations with damping. In this chapter, we will establish some

oscillation criteria for the fourth order hybrid nonlinear functional dynamic equations

with damping

o) () =y for all
e | Tl O ) =g e ), forall € fi00), (1)

(2)

where n is an integer and f is a quotient of odd integer, such as # > 0 and n > 1.

We establish new oscillation criteria to check whether all solutions of an equation,
in this class, oscillate. This study aims to present some new sufficient conditions for
the oscillatory of solutions to a class of fourth-order hybrid nonlinear functional dynamic
equations by use of Riccati technique and other method.

In Section 2.2, we establish new oscillation results for Equation (2.1) while in final
section. Some examples and discussions are discussed in Section 2.3.

In Chapter 3: Oscillation theorems for advanced differential equations.
In this chapter, we will establish some oscillation criteria for the advanced differential
equations
d () =3 a0t (7 (1) =0, fort € [f,00) (2)
where k is an integer and « is a quotient of odd integer, such that £ > 1 and a« > 1. The
functions {¢;}, for i € {1, ..., k} are continuous positive functions and the arguments {r;},
for i € {1, ..., k} are continuous positive functions, such that 7; (t) > t, for fori € {1, ..., k}.
This study aims to present some new sufficient conditions for the oscillation of solutions

to a class of first-order advanced differential equations, using a technique based on a

recursive sequence.
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In Chapter 4: An improved oscillation result for advanced differential equa-
tions on time scale. In this chapter, we will establish some oscillation criteria for for

advanced differential equations on time scale
u® (t) —n () u(\(t) =0, forte[ty,00)NT, (3)

on a time scale T, where supT = oo, tg € T. The functions n € C ([ty,00) N'T, [0, 00))
and A € C ([ty,00) NT, [tg,00) N'T), such as n # 0 on any interval of the form [ty,00) NT,
A(t) > t, for t € [tg,00) N'T and limy_,o A () = 0.

We present some new sufficient conditions for the oscillatory of solutions to a class of

first-order advanced differential equation on time scale.
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Chapter 1

Preliminaries

In this chapter, we present some definitions and results which we will use in this Thesis.

1.1 Time Scales

In this Section , we introduce the calculus on time scales and we also present the differ-
entiability, integration and exponential function on time scales. The reader interested on

the subject is referred to the books [19, 50].

1.1.1 Basic definitions

Definition 1.1.1. [/9, 50/A time scale T is an arbitrary nonempty closed subset of the

real numbers R.

The following operators of time scales theory are used, in literature and throughout

this thesis, several times:

Definition 1.1.2. [/9, Definition 1.1]/The mapping o : T — T, defined by o(t) = inf{s €
T:s>t} withinf@ =supT (i.e., o(t) =t, if T has a mazimum t) is called the forward
Jump operator.

Accordingly, we define the backward jump operator p : T — T by p(t) :==sup{s € T : s < t}
with sup) = inf T (i.e., p(t) =t if T has a minimum t). The symbol ) denotes the empty

set.

The following classification of points is used within the theory: a point ¢ € T is called

right-dense, right-scattered, left-dense or left-scattered if o (t) = ¢, o (t) > t, p(t) = t,

7



Chapitre 1 Preliminaries

p(t) < t, respectively. A point t is called isolated if p(t) < t < o (t) and dense if
p(t) =t=o(t)

Definition 1.1.3. [/9, 50/The forward graininess function p : T — [0,4o00] is defined by

Example 1. If T =R, then p(t) =0 (t) =t and p(t) = 0. If T =hZ, then p(t) =t — h,
o(t)=t+handpu(t)=nh, h>0.

Now, let us define the sets T*", inductively:
TF = T* = {t € T : t non-maximal or left-dense}

k
and TF" = (']I‘k%l) ,n> 2.

1.1.2 Differentiation

Throughout the thesis we will frequently write f7(t) = f(o(t)). Next results are related

with differentiation on time scales.

Definition 1.1.4. [/9, Definition 1.10/Assume f : T — R is a function and let t € T*.
Then we define f* (t) to be the number (provided it exists) with the property that given
any € > 0, there is a neighborhood U of t (i.e.,U = (t —6,t +0) N'T, forsomed > 0) such
that

o)~ F )] - W@ —s)| <elot)—sl, forallse U
We call f* (t) the delta derivative of f at t.

Moreover, we say that f is delta differentiable on T* provided f* (t) ewists for all t € T*.
The function f~ : TF — R is then called the delta derivative of f on TF.

Some basic properties will now be given for the A-derivative.

Theorem 1.1.1. [/9, Theorem 1.6[/Assume f : T — R is a function and lett € T*. Then

we have the following:
(1) If f is differentiable at t, then f is continuous at t.

(13) If f is continuous at t and t is right-scattered, then f is differentiable at t with

[o(®) =1 (1)

fo)= w(t)
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(1ii) If t is right-dense, then f is differentiable at t if the limit
t .
- f ()

s—t t—s
exists as a finite number. In this case

o) L =)
() If f is differentiable at t, then

Flo®)=FfO)+p) ).

It is an immediate consequence of Theorem 1.1.1 that if T = R, then the A-derivative

becomes the classical one, i.e., f& = f, while if T = Z, the A-derivative reduces to the

forward difference f2 (t) = Af(t) = f(t +1) — f ().

Theorem 1.1.2. [/9, Theorem 1.20/Assume f,g : T — R are differentiable at t € T*,

then
(1) Then sum f+g:T — R is differentiable at t with
(f+9)" () = > (6) +9° ().
(id) For any constant o, aof : T — R is differentiable at t with
(af)” = af® ().
(1ii) The product fg: T — R is differentiable at t with

(f9)> () = fo@)g(t)+f7(t) g™ (1)

= 20O+ ()" 1),

(w) If f(t) f(o(t)) #0, then % is differentiable at t with

A )
(f) O="FO )

1
(v) If g(t) g (o (t)) # 0, then — is differentiable at t and
g
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Theorem 1.1.3. [/9, Theorem 1.24[Let a be constant and m € N. Then we have the

following:

(i) For f defined by f (t) = (t — )™ we have

(t—a)”

provided (t — a) (o (t) — a) # 0.

Definition 1.1.5. [/9, Definition 1.27[For a function f : T — R we shall talk about the
second derwative 22 provided f2 is differentiable on TF | with derivative fA2 = (fA)A :
T — R. Similarly we define higher order derivatives f&" : T — R. Finally, for

t €T, we denote
o"(t)=0""Yoo, and p"(t)=p"top, forneN.
For convenience we also put,
)=t pPW)=t A =f and T =T.

Theorem 1.1.4 (Leibniz Formula). [/9, Theorem 1.32]Let Slin) be the set consisting of
all possible strings of length n, containing exactly k times o and n — k times A. If

A exists for allA € S,i’“, then
ar xR A\ Ak
(Fo)™ =2, (ZAes;;s ! ) 9=, for alin € N
Now we present a chain rule which calculates (f o g)*, where
g:T—R and f:R—R.

This chain rule is due to Christian Potzsche, who derived it first in 1988.

Theorem 1.1.5. [/9, Theorem 1.90[Let f : R — R be continuously differentiable and
suppose g : T — R is A-differentiable. Then f o g is A-differentiable and the formula

(Fog) (1) = { |1 e+t g o) dh} ¢ (1)
holds.

10
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1.1.3 Integration

Definition 1.1.6. [/9, Definition 1.57]A function f: T — R is called regulated provided
its right-sided limits exist (finite) at all right-dense points T and its left-sided limits exist
(finite) at all left-dense points in T.

1 1
Example 2. LetT:{0,2}U{—,2—— :nGN*} and define f: T — R by
n n

Function f s regulated.

Definition 1.1.7. [/9, Definition 1.58]A function f : T — R is called rd-continuous
provided it is continuous at right-dense points in T and its left-sided limits exist (finite)

at left-dense points in T. The set of rd-continuous functions f : T — R will be denoted by
Crd - Crd (T) == Cr‘d (T, R) .

The set of function f : T — R that are differentiable and whose derivative is rd-continuous
1s denoted by
Cv}d - Cv}d (T) = C;d (T,R).

Theorem 1.1.6. /9, Theorem 1.60[Assume f: T — R. Then we have the following:
(1) If f is continuous, then f is rd-continuous.

(i3) If f is rd-continuous, then f is requlated.

(731) The jump operator o is rd-continuous.

(1v) If is regulated or rd-continuous, then so is f°.

(v) Assume f is continuous. If g : T — R is regulated or rd-continuous, then f o g has

that property too.

Theorem 1.1.7 (Existence of Pre-Antiderivatives). [/9, Theorem 1.60/Let f be regulated.
Then there exists a function F' which is pre-differentiable with region of differentiation D
such that

F2(t) = f (1), for allt € D.
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Definition 1.1.8. [/9, Definition 1.71][Assume f : T — R is a regulated function. Any

function F' is called a pre-antiderivative of f. We define the indefinite integral of a regu-

/f(t)At:F(t)+C,

where C is an arbitrary constant and F' is a pre-antiderivative of f.

lated function f by :

We define the Cauchy integral by
/Sf(t)At:F(s)—F(r), for allr,s € T.
A function F : T — R s called an antiderivative of f : T — R provided
F2(t) = f (1), forallt € T,

Theorem 1.1.8 (Existence of Antiderivative). [/9, Theorem 1.7/]Every rd-continuous

function has an antiderivative. In particular if to € T then F defined by

t
= / f(r) AT, forallt € T
to

1s an antiderivative of f.

Remark. If f € C.q(T,R) and t € T, then

o(t)
[ f(r)Ar = () £ (1)

Theorem 1.1.9. [/9, Theorem 1.77/If a,b,c € T, and f,g € C,q (T,R), then we have the
following

W [arosswiai= [rwacs [0

m/f At—/f At—l—/f t) At,
(i) /f (t) Bt = (£9) (b) /fA

Theorem 1.1.10. [/9, Theorem 1.79/Let a,b € T and f € C.q (T, R).

/abf(t)At_/abf(t)dt

where the integral on he right is the usual Riemann integral from calculus.

(7) If T =R, then

12
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(i1) If [a,bly consists of only isolated points, then

, Zte[a,b) pu(t) f(t) ifa <
/f(tmtz 0 ifa=b
- Diclapy () [ (t) ifa>b.

Example 3. If T = hZ = {hk : k € Z}, where h>0, then

(

b SISk ifa <
/f(t)Atz 0 ifa="b

— 0, f(kh) ifasb.

\
Definition 1.1.9. [/9, Definition 1.82]If a € T, supT = oo, and [ is rd-continuous on

[a, 00)T, then we define the improper integral by

/Oof(t)At:: im [ () A

provided this limit exists, and we say that improper integral converges in this case. If this

limit does not exist, then we say that the improper integral diverges.

1.1.4 The Exponential Function

Definition 1.1.10. [/9, Definition 2.25/We say that a function p : T — R is regressive
provided
L+pu(t)p(t) #0, forallt € T*.

holds. The set of all regressive and rd-continuous functions f : T — R will be denoted
i this book by
R=R(T)=R(T,R).

Definition 1.1.11. [/9, Definition 2.30/If p € R (T,R), then we define the exponential

function by
t
ey (t,s) = exp (/ Euny (0 (7)) AT) : foralls,t € T,

where the cylinder transformation &, is introduced in as in

1 .
£4(2) = Z log(1+ zh), ifh>0
z ifh=20

13
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Theorem 1.1.11. [/9, Theorem 2.33]Suppose p € R (T,R) and fixto € T. Then e, (.,%o)

15 a solution of the initial value problem

Y

=r®)y, on T.
)

A
y(to =1

Theorem 1.1.12. [/9, Theorem 2.36/If p,q € R (T,R) and a,b,c € T, then
(i) e (t,s) =1lande,(t,t) =1,

(1) ey (0 (t),8) = (L+p@)p(t))ep(t;s),

__—r()
L+p(t)p’

(”7’) p <t7 S) = lst) = €op (Sv t); with @p <t>

ep(s,
(i) ep(t,s) ey (s,m) =ep(t,7),

(v) e (t,5) eq (t,5) = epaq (t,5), withp®q=p(t) +q(t)+pt)p(t)q(t),

(Ui) p (t’ 8)

e, (t,9)

o (oia) ~Fow

Theorem 1.1.13. [/9, Theorem 2.44[Assume p € R (T,R) and ty € T, then we have the

= Epog (t7 S); with p © q=p D (@q>,

following:
(1) If 1+ up >0 on T*, then e, (t,to) >0 for all t € T.

(i) If 1+ up <0 on T%, then e, (t,ty) = a (t,to) (—1)™ for allt € T, where

a(t,ty) == exp (/ ,ugr) In|1 —|—/L(T)p(7')]A7') >0
and
Lo, )] ift = to
ny =

|[t,t0)| th < tg.

Definition 1.1.12. [/9, Definition 2.45]/We define the set R™ (T,R) of all positively re-
gressive elements of R (T,R) by

RT(T,R) :={pe R(T,R): 1+ u(t)p(t) >0, forallt € T}.

Theorem 1.1.14 (Sign of Exponential Function). [/9, Theorem 2.48/Let p € R (T,R)
and tg € T.

14
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(i) If p € R(T,R)*, then e, (t,to) >0 for all t € T.
(i) If 1+ pu(t)p(t) <O for somet € TF, then e, (t,ty) e, (o (t),ty) < 0.
(iii) If 1+ p(t)p(t) <O for allt € T*, then e, (t,to) changes sign at every points t € T.

For more on the calculus on time scales, we refer the reader to the books [19, 50].

1.2 Elements of Analysis

For simplification, we note
D:={(t,s) eR:t>s>1}
Dy :={(t,s) eR:t>s>t}.
Definition 1.2.1. [/1/The function H € C(D,R) is said to belongs to the function class
P if
i) H(t,t) =0, fort € [ty,00) and H(,s) > 0 on Dy,

. » . . . .. OH
it1) H has a nonpositive continuous and partial derivative 8—(15,3) on Dy and there
s

exist function n € C([ty, 00),R), such that
h(t, s)

OH(t,s) n (s) B .
Ep + H(t,s) )~ nls) H(t,s). (1.1)

Lemma 1.2.1 (Kiguarde’s Lemma). [0, Theorem 2.2/. Letn € N and f € C"([tg, o0), R).

Suppose that f is either positive or negative and f™is not identically zero and is either
nonnegative or nonpositive on [ty,00). Then there exist t; € [ty,00), m € {0,...,n — 1}

such that (—1)""™ f (t) f™ (t) > 0 holds for all t € [t;,00) with
(1) f(t) f9 (t) > 0 holds for all t € [t;,00) and j € {0,...,m — 1},
(2) (=)™ £ () f9 (t) > 0 holds for all t € [ty,00) and j € {m,....n —1}.

Lemma 1.2.2. [65, Lemma 2.3] Let f € C"(T,R), with n > 2. Moreover, suppose that
Kiguarde’s Lemma 1.2.1 holds with m € {1,...n —1} and f™ < 0 on [tg,00). Then

there exists a sufficiently large t1 € [tg,00)r such that

(t—t)™ "

(= 1] (), for all t € [t;,00).

FO) >

15
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Corollary 1.2.1. [05, Corollary 2.4]/Assume that the conditions of Lemma 1.2.2 hold.
Then
(t—t)"

!

f(t) > e fm(t),  for allt € [ty, 00)r.

Lemma 1.2.3. [9/Ifn € N and f € C"([to,>0),R) then the following statements are true.

(1) liminf ™ (¢) > 0 implies tlim f® () = oo, for all k € {1,...,n — 1}.

t—o0

(2) limsup f™ (t) < 0 implies tlim f® () = —o0, for allk € {1,...,n —1}.
—00

t—o00

Lemma 1.2.4. [26, Lemma 1/Consider the increasing sequence (Ay), of positive real

numbers, defined as follows

Api1 = aexp(Ay), with Ag=a>0
: . : 1
Then (A,), converges in RT if and only if a < —.
e

Next, we need the following lemma see [36].

Lemma 1.2.5. [90] If A and B are nonnegative and X > 0, then
MABM! — A< (A= 1)B?, (1.2)

where equality holds if and if A = B.

16



Chapter 2

Oscillation theorems for fourth-order
hybrid nonlinear functional dynamic

equations with damping

In this chapter, we are dealing with the oscillation of the solutions of the fourth-order hy-
brid nonlinear functional dynamic equations with damping (2.1) by using the generalized
Riccati transformations and an integral averaging method, the contribution is orginnal, as
no results on the oscillation of fourth-order hybrid nonlinear functional dynamic equations

having been reported in the literature.

2.1 Introduction

In this chapter, we extend the results of [3] to the oscillation of solutions of the fourth-order

hybrid nonlinear dynamic equation

a(t) (u® (1))
[t u(t))

(2)

3T @) () = g (Lu(n (@), for all £ € [to,00)

(2.1)
where n is an integer and f is a quotient of odd integer, such as § > 0 and n > 1. Since
we are interested in oscillation, we assume throughout this chapter that the given interval
of the form [tg, 00).

The equation (2.1) will be studied under the following assumptions:

17
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(Cy) The function f : [tg,00) x R—{0} — R such that f € C ([tp,00) x R—{0},R),
wf (t,u) > 0, for all (t,u) € [ty,00) x R—{0} and there is p € C ([t, 00), [0, 0))
such that

f(t,u)>p(t), forall (t,u) € [tg,00) x R—{0}. (2.2)

(Cy) The function g : [ty,00) X R — R such that g € C ([tg, 00) x R, R), ug (t,u) > 0, for
all (t,u) € [ty,00) x R—{0} and there is o € C ([to, 00), [0, 00)) such that

uPg(t,u) <o(t), forall (t,u) € [ty,00) x R—{0}. (2.3)

<C3> a, {bi}ie{l,..,n} eC ([t()u OO), [07 OO))7 such as

and

B, (t) == Z’j bi(t) — o (t) >0, for allt € [ty,00). (2.5)
(C1) {7iticqr,ny o1 € C([to, 00), [to, 00)) such as 7,7 are strictly increasing,

lim7; (t) = limn (t) = oco.

t—o00 t—o00

and

n(t)<t<m(t), forallte [ty,c0), forallie{l,..,n} (2.6)

By a solution of (2.1) we mean a nontrivial real-valued function u € C* ([T}, 00),R),
T. € [to,00) which satisfies (2.1) on [T}, 00). The solutions vanishing in some neighbour-
hood of infinity will be excluded from our consideration. A solution u of (2.1) is said to
be oscillatory if it is neither eventually positive nor eventually negative, otherwise it is
nonoscillatory. Equation (2.1) is called oscillatory if all its solutions are oscillatory.

On the other hand, the types of equations considered in the relevant literature are
generally as follows. Using a comparison technique, J. Dzurina et al. [12] studied the

oscillation of solutions to fourth-order trinomial delay differential equations
y OO +p )y () +a@)y(r (1) =0, forallte [t,oc0),

A. B. Trajkovict al. [I] studied the oscillatory behavior of intermediate solutions of
Fourth-order nonlinear differential equations

@) s
+q(t) |z ()" x(t)=0, forallte [ty o0),

(=@ " 2@ 1))
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under the assumption

o0 t1+é
/ ——dt < o0.
to pg (t)

S. R. Grace et al. [05] have considered the oscillation of fourth-order delay differential

equations

under the assumption

<1
/ dt < oo, i€ {1,2,3}.
to Ti(t)
Motivated by the papers mentioned above and other papers, here we wish to establish
some new oscillation criteria for equation (2.1) which is considered a form that generalizes
several differential equations and is similar to papers in a special case, for example, if
f(t,u) =1 and g (t,u) = 0, then equation (2.1) is reduced to the half-linear differential

equations of fourth order with unbounded neutral coefficients

) .
(a t) (u‘2> (t))ﬂ) +Z; b () u’ (r; () =0, forallt€ [ty,00).  (2.7)

If a(t) =1 and g = 1, then equation (2.7) is reduced to the linear differential equations

of fourth order with unbounded neutral coefficients
u? (1) + Zf’; b (t)u(r (t) =0, forallt € [t,00), (2.8)

which include several equations, the equation that has been studied by many authors

76, 37].

2.2 Oscillation Results

In this section, we establish some sufficient conditions which guarantee that every solution
u of (2.1) oscillates on [ty, 00).

For simplification, we consider the operator Py g is defined by :

a(t) (u® 1))
ftu(t)

for ¢ € [ty, 00).

Py pu(t) =

and we note

04 (t) =max{d (t),0}, fort € [ty,o0).
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Theorem 2.2.1. Suppose that the assumptions (Cy) — (Cs) hold. Assume that there exist
a positive function T € C ([ty, 00),R) such that for all sufficiently large t; € [tg, 00), for

some ty € [t1,00) ant tz € [ta,00), such that

t—o00

t
lim sup/ Ao (s,t1,t2) ds = 00, (2.9)
t3

where

1 (r()""

(ﬁ + 1)6+1 (90 (87 t1, t2> T (S)>ﬂ

o (t,t1,1s) == /t: <(3 —4) P(s;

a(s

A (8,t1,t3) :==7(s) B, (s) — . fort € tz, 00).

) ds, fort € [ty,00).

If there exist a positive function 6 € C* ([ty, o), R), such that

limn sup /tt Ay (s,11) ds = oo, (2.10)
where | o
Ay (s,t1) = 0(s)05 (s) - %, fort € [t, 00).
W (t) ::%/tm/:an (\)dXds, fort € [t1,00).

Then any solution of (2.1) is oscillatory.

Proof.
Suppose that (2.1) has a nonoscillatory solution u on [ty, 00). We may assume without

loss of generality that there exists t; € [tg, 00), such that
w(t) >0, v’ (r(1)>0, u(n) >0 fortet;,o0), i€ {l,..,n}.

Since similar arguments can be made, for the case u(t) < 0, eventually. Then v is of
constant sign eventually, that is to say, we have two cases. The first case if u' (t) > 0, for

t € [t1,00). From (2.5) and (2.6), we have

ZZ b () u’ (1; () — o (t)u” (n(t)) > B, (t)u’ (t), fort € [t;,00). (2.11)

The second case if u' (t) <0, for ¢ € [t;,00), by (2.5) and (2.6), we obtain

S b () (1 (1) — 0 () (9 (1)) > By () (n (1)) for t € [t1,00).

Now, from (2.1), (2.11) and the above inequality, we obtain

/ i=n

(Prpu(t) <o(t)u’ (1) =)

b (t)u” (15 (t)) <0, fort e [ty,o0).

i=1

20



Chapitre 2 Oscillation theorems for fourth-order hybrid nonlinear functional DE

Thus, t — (Pr gu (t)) is decreasing on [t;,00). We claim that ¢ — P gu(t) > 0, for

t € [t1,00). If not, then there exist a ¢ € [t;,00) and m > 0, such that
(P; su(t)) < —m <0, fort€ [ty,o0).
Integrating the above inequality from ¢, to ¢, we obtain
Prgu(t) < —m(t —t2) + ¢, fort € [ty,00),
where ¢ := P gu (t2), we can choose t3 € [t2,00), such as

Integrating the above inequality from t3 to ¢, we obtain

/ mk (" sp(s)
u (t) < — 5 /t2 o (5) ds +u(ty), fort e [ts,00).

which implies that tlirgou/ (t) = —oo. By lemma 1.2.3, we obtain tlgglou (t) = —oo, which
is a contradiction.

Then, there is t5 > t1, such that only one of the following two cases happens.

Case 1. Let v’ (t) > 0, for all t € [t;,00), then u (t) > 0 for all ¢ € [t;,00), due to

(P pu (t))/ > (. Define the function w by:

wi(t) == U;(Ez) (Pf su (t))/ >0, foralltet;,o0).

Computing the derivative of w; and from (2.1), we get

A0 = T - ok (S 0 () - gkl (1))
oy
ﬂu(t> 1(t). (2.12)

It follows from ' (t) > 0 for all £ > ¢; and (2.6), (2.3) that

ST (73 (1) — g (b (1(1))) 2 Ba (1) (1), (2.13)

Therefore, t — (Pf gu (t))lis a nonincreasing function on [t;, 00). Then, we obtain

Prou(®) = [ (Prou®) ds+ Prau(e)

t1

> (t—t)) (P;gu(t)), forall t € [t1,00). (2.14)
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Hence,

(M) _ (Prsu(®) Proult) _
fh t=t (t-t)

Py su (1)

Thus, t — is a nonincreasing function on [t3,00). Then, we obtain

S

, /t Pr su (t)f(s,u(s))(s—tl)d

wlt) 2 s—1 a(s)

2

v

f(t,z(t)) (taftzl /t :'O(S)a(fs)_ tl)ds) u ()

rran ) [ (5= 20 )as

’

= @(t,t1,t2) (P pu(t)) . (2.15)

Y
S

Substituting (2.15) and (2.13) in (2.12), we have

/ T/(t) CLJl(t)(p (t,tl,t2> ’
() < TRl - () B (r) - 8 (P (1)
< —7(t) B, (t)+ 7J+—(t)w1(t) — BM (wl(t))l’% . (2.16)
7 (t) 77 (t)
If we apply Lemma 1.2.5, we see that
Ti(t)w et t) o ()1 1 (Ti(t))ﬂﬂ
L T N P S

Using (2.17) in (2.16), we obtain

1 ()™
B+ 1) (ot tr, 1) T (1)

Integrating the above inequality over [t3,t) yields

t (s p+1
/t<r<s)3n(t)—( ! (i) B)dsgwl(tg),

wy(t) < =7 (t) By (t) +

B+ 1) (o (s tr,82) 7 (5))

which contradicts (2.9).
Case 2. Let v (t) < 0, for all t € [t;,00), then u' (t) > 0 for all ¢t € [t;,00), due to
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u(t) > 0. Integrating (2.1) over [t, s), we get

/t (P () @dr = (P pu(s)) — (Prpu(®)

IN
|
~—
™
ﬁ.
3
=
=
IS
®
B
=
|
s
—
>
IS
®
<)
S
~—
~—
~—
N—
U
>

< - [ (Z2n0e m o) - oMt o) a

=1

When s tends to oo in the above inequality, we obtain

=1

Pran®) = [~ (S0 () - o (0w’ (1) dn

It follows from ' (t) > 0, for all t € [t;,00), and (2.13), we have

’

(P pu(t) > /toan<s>uﬂ<s>ds

> W () /t "B, (s) ds.

Integrating above inequality over [t,s), we get

Py gu(s) — Py gu(t) > /ts (uﬁ (p) /poo By, (A) dA) dp

When s tends to oo in the above inequality, we obtain

—P; gu (t) > (1) /too /00 B, (M) d\ds.

() <2 e

Then, we define the function wy by:

This means

wr(t) : e@f;‘; g)) >0, forall £ € [t1, 00).
Computing the derivative of wy, we have
) = it g | 2
< 800, - oh ) - 40
RN,

(2.18)
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Integrating the above inequality from ¢; to ¢, we obtain

/tf (9(s)w [0 (s)]

_ <
(s) 10(s) > ds < ws (1),
which contradicts (2.10).

=

This completes the proof. n

Corollary 2.2.1. Suppose that the assumptions (Cy) — (C3) hold, such that

t
lim Sup/ By, (s)ds = o0, (2.19)

t—o0 to

where B, is defined as in Theorem 2.2.1.

Then any solution of (2.1) is oscillatory.

Proof.
The proof is similar to that of Theorem 2.2.1, we put 7 (¢t) = 6 (t) in Equations (2.9) and
(2.10), we find Equations (2.19) and (2.32). O

Theorem 2.2.2. Suppose that the assumptions (C1) — (C3) hold. Assume that there exist
a positive function T € C' ([ty, 00),R) such that for all sufficiently large t; € [tg,00), for

some ty € [t1,00), and t3 € [ty, 00), such that

, 1 ! RPFL(t, s) B
S I 1) /tgH(t’5> (T(S)Bn(8>_(5+1)5“905(5,751,152)75(5))ds -

(2.20)

where ¢ (., t1,t3) and B, are defined as in Theorem 2.2.1.
If there exist a positive functions 6 € C* ([tg, 00),R) such that (2.10) holds.

Then any solution of (2.1) is oscillatory.

Proof.
Suppose that (2.1) has a nonoscillatory solution u on [tg,00). We may assume without

loss of generality that there exists t; € [t, 00), such that
w(t) >0, v’ (r;(t)>0, u(nt)>0 fortc[t;,00), ic{l,..n}.

Since similar arguments can be made, for the case u (t) < 0, eventually. Then there are
only the following two possible cases.

Case 1. Ifu" (t) > 0 and ' (t) > 0, for all t € [t;,00). Multiplying both sides of (2.16)
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by H (t,s), integrating it with respect to s from ¢, to ¢ and using the propertie (1.1), we
get

/tH(t,s)T(s)Bn(s)ds < —/t H(t,s)w;(s)ds+/t H(t, ) Tj(s)wl(s)ds

(s t1,t2) 143 g
3 [ #e9 ZE oy a

< H(t,tg)wl(tg)vL/t <h7<7z§)H(t, s)) wn(s)ds

t3

(s t1,t2) 143 g
_5/ H : (wn(s))"" ds.

If we apply Lemma 1.2.5, we see that

lH(t,s)T(S)Bn(s)ds < H(tts) wi(ts)

b OH(t,s) RAFL(t, )
+f (

ds.
B+ 1) 0 (5, t1, 1) TP(s)

which implies that

1 t B 1 h6+1<t,8) ) .
i) /ts H (t,s) (T (s) B (s) G (s,tl,t2)75(3)> ds < wi(t3),

which contradicts (2.20).

The proof of case (2) is the same as that of case (2) in Theorem 2.2.1, and so is omitted.

This completes the proof. O
As a Theorem of the previous result, we deduce the following Corollarie.

Corollary 2.2.2. Suppose that the assumptions (Cy) — (C3) hold. Assume that there
exist m € N such that, for all sufficiently large t; € [ty,00), for some ty € [t1,00), and
ty € [ta, 00), such that

t B+1 —(B+1)
t—
lim supt_m/ (t—35)" B, (s) — ( n ) Lds = 00, (2.21)

t—o0 t3 5 +1 905 (87 l1, t2)

where ¢ (., t1,t3) and B, are defined as in Theorem 2.2.1.

If there exist a positive functions 6 € C* ([tg, 00),R) such that (2.10) holds.
Then any solution of (2.1) is oscillatory.
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Proof.
The proof is similar to that of Theorem 2.2.1, we put 7 () = 1 and H (t,s) = (t — s)"™,
for t > s > 7 in Equation (2.20), we find Equation (2.21). O

Theorem 2.2.3. Assume that conditions (C1)-(C3) holds. Assume that there ezist a
positive function ¢ € C' ([ty,00),R), such that for all sufficiently large t; € [to,0), for

some ty € [t1,00), such that

lim sup /t <Bn () /SA(,O) dp) ds — oo, (2.22)
and
©(t)—¢ (t)(t—1t1) <0, forallt€ [ty,00). (2.23)
where

If there exist a positive functions 6 € C' ([tg,00),R) such that (2.10) holds.

Then any solution of (2.1) is oscillatory.

Proof.
Suppose that (2.1) has a nonoscillatory solution u on [ty,00). We may assume without

loss of generality that there exists t; € [to, 00), such that
w(t) >0, v’ (r;(t) >0, u(n) >0 fortet;,o00), ic{l,..,n}.

Since similar arguments can be made, for the case u (t) < 0, eventually. Then there are
only the following two possible cases.

Case 1. If u" (t) > 0 and u' (t) > 0, for all t € [t;, 00). Using (2.1), it follows from (2.14)

that )
Py ﬁ“(t)) Py pu (t) ( /
, < b P ()= (1) (t—1)) 0.
< o (t) ©* (1) (t — 1)
P t
Thus, t — M is a nonincreasing function on [¢;,00). Then,

o (t)

u'(t) > (%ﬁ)@)é/; (so(s){bgz;,)u (s)))éds
(%Z)(t)) % /f: (%5)(8» i (2.24)

26

v



Chapitre 2 Oscillation theorems for fourth-order hybrid nonlinear functional DE

It follows from (2.14) and (2.18) that

1

0 > u) <(t—t1)/toan(s)ds)B/tlt <%)éds

= A(t)u(t), for all t € [t1,00).
Clearly u' (t) > 0, for ¢ € [t;,00), then there exists £ > 0, such that

t
u(t) > €/ A (s)ds, for all t € [ty,00).

t1

Using (2.1), (2.5), and the above inequality, we obtain

(Pysu(8)® < —(B, (1 /t A(s) ds.

Integrating the above inequality over [¢1,t), we obtain
t s
(Prau(®) < (Prau(e) —¢ [ (Bn ) [ 20 dp) ds.
t1 t1

By (2.10), this gives

’

h{gg}f (Pr pu(t)) = —o0.
If we apply Lemma 1.2.3, give us lim,_,o, P gu (t) = —oo, which is a contradiction.

The proof of case (2) is the same as that of case (2) in Theorem 2.2.1, and so is omitted.

This completes the proof. O

Theorem 2.2.4. Assume that conditions (C1)-(C3) holds. Assume that there exist a
positive functions ¢, & € C' ([tg,00),R), such that for all sufficiently large t; € [ty,00), for
some ty € [t1,00), such that

B ) €96 N e
J <w<s><s—t1>ﬂ“ (s = 1) 7 (5 w(s)(s—mﬁ) B

lim sup
t—o0

where ¢ si defined as in Theorem 2.2.3, and
E) + (¢ —t) 71 (1) E (1) () < B (8) ¢ (1) £(2), for all t € [ta, 00).

T (t) = /tf (%)éds, for all t € [t, 50).

If there exist a positive functions 0 € C' ([tg, o0),R) such that (2.10) holds.

Then any solution of (2.1) is oscillatory.
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Proof.
Suppose that (2.1) has a nonoscillatory solution u on [ty, 00). We may assume without

loss of generality that there exists t; € [tg, 00), such that
uw(t) >0, u’(r;()>0, u(nt) >0 fortc [t;,o0),

Since similar arguments can be made, for the case u (t) < 0, eventually. Then there are
only the following two possible cases.

Case 1. If u” (t) > 0 and ' (t) > 0, for all ¢ € [t;,00). We define the function ws by:

ws(t) == &Pfﬂu (t) >0, forallt e [t,o0).

uB (t)

Using (2.24) and (2.14), we arrive at

Z((f)) > <¢ (7;)(?@)) Tl (t), for all t € [ty 00). (2.26)
i B
(Py gu(t)) < % for all ¢ € [ty, 00). (2.27)

It follows from Corollary 1.2.1, we have
w(t)>u (t)(t—ty), forallte [t;,c0).

This implies that

wy(t) < %, for all ¢ € [ta, 00). (2.28)

By (2.27) and as above inequality, we get

(Pr5u(t) 1
" O -t o) oraltt €l oo) >

Computing the derivative of w3, we have

o E@) §() ' u' (1)
wy(t) = mws(ﬂ + u () (Prpu(t)) — Bws(t) Wt
Substituting (2.29), (2.28) and (2.26) in the above equality, we obtain
: £(t) €O g _T® \F i+
40 < e e - (Ghe) 0

), _€0e) __ Bee
(=) ity w@)-0) a0 -t)T

IN
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Integrating the above inequality over [t9,t), we obtain

/( Bo(s)Els) £(s) e (s)
o \ 7 (

$)(s—t)" (s—=t)T 7B (s)  w(s)(s—ty

)5> ds < ws (ts),

which contradicts (2.25).
The proof of case (2) is the same as that of case (2) in Theorem 2.2.1, and so is omitted.

This completes the proof. O
Let £ (t) =t —tq, for t € [t,00). Then Theorem 2.2.4 yields the following result.

Corollary 2.2.3. Assume that conditions (C1)-(Cs) holds. Assume that there ezist a
positive functions ¢ € C' ([tg,0),R), such that for all sufficiently large t, € [ty,0), for
some ty € [t1,00), such that

lim sup "By (s) 7P (s) — 1
oo Jiy O (s) (s —t1)°

where @ and w are defined as in Theorem 2.2.J, and
61 1
T () @ (t) > 5 for all t € [ta,00).

If there exist a positive functions 6 € C* ([tg, 00),R) such that (2.10) holds.

Then any solution of (2.1) is oscillatory.

2.3 Examples and Discussions

In this section, we give an example where we apply Theorems 2.2.1 and 2.2.3 to some

particular cases.

Example 4. Consider the neutral differential equation

et =1

® @ .
(_u (t)) + ZA_ etu(t—i)=0, forallt>n-+1. (2.30)

Here, B=1,r(t)=1,neN,a(t)=1,7,(t)=t—1, b;(t)=e€"", for alli € {1,2,....,n},
f(t,u) =¢' and g (t,u) = 0. Then p(t) = €', o (t) = 0 and the hypotheses (C1) — (Cy)
are holds.

On the other hand, we see that

B, (t) = Z:‘ bi(t)— o (t) =ne™, forallt>n+1.
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t
o (t, t,ta) ~ §et, for t large enough,

Y (t) =mn, fort large enough.
Let 7 (t) =¢€' and 0 (t) =1, for allt > n+ 1, then, we get

1 t 1
Ao (t,t1,t2) =n — Zm ~n— e for t large enough,

Ai (t,t1) =n, forallt >ty

Thus, (2.9) and (2.10) holds.
By Theorem 2.2.1, equation (2.30) is oscillatory.

Example 5. Consider the hybrid differential equation

2)

Here, B=13,a(t)=1,n=1,b(t) =€, 7 (t) =1, f(t,u) = et and g (t,u) = 0.
Then p(t) = €', o (t) = 0 and the hypotheses (C1)-(Cy) are holds. Let o (t) = €3, for
t >0, then (2.23) holds,

A (t) > dv/tet, fort large enough,
where d > 0, then (2.22) holds. Therefore, we have
W (t) =1, fort large enough,

Let 0 (t) =1, for allt > 0. Thus, (2.10) holds.
By Theorem 2.2.3, equation (2.31) is oscillatory.

Remark. These results show that the coefficient functions {bi}z’e{l,..,n} plays an important
role in oscillation of fourth-order hybrid nonlinear dynamic equation; see the details in
FExample 4 and differences between Corollary 2.2.1 and Theorem 2.2.1, Theorem 2.2.2,
Theorem 2.2.35.

Remark. If we consider a fourth-order hybrid nonlinear functional dynamic equations

with damping on time scale

A2

a(t) (uM (t))ﬁ
[t u())

ST RO ) =gt ®). (232
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on an arbitrary time scale T with sup T = co. Thus, equation (2.1) becomes a special case
of equation (2.32) in a case T = R. From the method given in this chapter, one can obtain

some oscillation criteria for (3.20). It means obtaining generalizations of the Theorems

2.2.1, 2.2.2, 2.2.3 and 2.2.}. The details are left to the reader.
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Chapter 3

Oscillation theorems for advanced

differential equations

In this chapter, we use the recursive sequence we have constructed establish some new
oscillation results of first-order linear dynamic equations with damping. The original

results of this chapter are published in [1].

3.1 Introduction

In this chapter, we consider the advanced differential equation of the form
) i=k
u () =Y ) u(r(t) =0, fort € [ty,o0) (3.1)
=1
where k is an integer and « is a quotient of odd integer, such that £ > 1 and o« > 1. The

..........

(H1) {7iticqr,. xy € C([to, 00) , [to, 00)) satisty
7 () > t, for ¢ € [tg, 00).
and

lim 7; (t) = oo, fori € {1,2,....k},

t—o00

-----

T(t)
form [tg, c0) and / @ (s) ds increased on [tg, 00), where
¢
7(t) :==min{7 (t) : 1 € {1,..k}}, for t € [ty, 00).
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By a solution of (3.1) we mean a nontrivial real-valued function u € C* ([T}, 00),R),
T, € [to,00) which satisfies (3.1) on [T, 00). The solutions vanishing in some neighbour-
hood of infinity will be excluded from our consideration. A solution u of (3.1) is said to
be oscillatory if it is neither eventually positive nor eventually negative, otherwise it is

nonoscillatory. Equation (3.1) is called oscillatory if all its solutions are oscillatory.

3.2 Oscillation Results

To derive oscillation results in this section, we need the following lemmas.

Definition 3.2.1. Let us define a sequence of functions by the recurrence relation

Tt ( Zz ’;/ s)exp (J, (t))ds, fort € [ty,0), (3.2)

with "
7(t)
Z 1/ s)ds, fort € [ty,0), (3.3)

Lemma 3.2.1. Assume (H1) — (Hs) hold and o = 1. If u is a positive solution of (3.1),

then the sequence {J, (t) : n € N} converges.

Proof.

Let u be an eventually positive solution of (3.1). From (3.1), we have u (t) > 0, for
t € [to, 00).

On the other hand, for i € {1, ..., k}, we have

n () = [

m= 7i(t) u (7, (s
[t

v

m=k [T®) w (T (8
Zm:l/t qm (S) <u+s()))d$ (3.4)

IV

ek 7(t)
3 1/ s)ds > Jo(t), fort € [to,00).
This means,

u(mi(t)
t

>exp (Jp (t)), fort e [ty,00) and for i € {1,...,k}.

\/
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It follows from (3.4) and the above inequality, we obtain

h(%) > Z:’f/ s)exp (Jo (s)) ds

= Ji(t), fort e [tg,o0).
By induction, we can see that if

u (7 (t)) :
In (W) > J, (t), fort e [ty,o0) and for i € {1,...,k}.

In the same way, we find that the inequality is true for n + 1. By (3.2) and the above in-
equality, we conclude that the sequence {.J,, (t) : n € N} is increasing, thus {.J,, (t) : n € N}

is converges. 0

Lemma 3.2.2. Assume (Hi) — (Hz) hold and o = 1. The sequence {J, (t) : n € N}
defined by (3.2), converges if and only if

7(t) 1
Z 1/ ¢ (s)ds < = for all t € [ty,00). (3.5)

Proof.
Sufficient: Suppose that (3.3) is true. Then

1
Jo(t) < = =g, forallt e [ty,00),
e

Then, we get

IN

Ji (t)

> ’j/ ) exp (Jo (1)) ds

IN

S [ e

< woexp (vg) = v1.
By induction, we can see that if
Jn (t) < vgexp (vyn) < 1.

In view of Lemma 1.2.4, {J, (¢) : n € N} converges.
Necessary: Suppose that {J,, (t) : n € N} converges, then there is a positive real function

denoted J (t), such that J (t) = lim J, (¢), by (3.2), we find that the function J is satisfied
n—oo

7(t)
ZZ 1/ s)exp (J (s))ds, fort € [ty,00). (3.6)
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By the hypothesis, we have that the function Jy is an increasing on [tg, c0), then by
induction deduce that functions J,, are increasing on [to, 00), we conclude that the function

J is increased on [ty,00). By the above equality, we obtain

Z 1/ s)ds < J(t)exp (—J (t)), fort € [ty,c0).
On the other hand, we have
1
max{zexp(—x):x > 1} = -

By (3.6), deduce that
J(t) > 1, for t € [to, 00).

From the above, we deduce

7(t)
Zz 1 / S

This completes the proof. O

Q|

, fort e [ty, 00).

Remark. Assume (Hi) — (Hz) hold and o« = 1. If w is an positive solution of (3.1), then

inequality (3.5) is satisfied.

Next, we consider the advanced differential equation (3.1) subject to the initial con-
dition

u (tg) == a > 0. (3.7)

Definition 3.2.2. Let us define a sequence of functions by the recurrence relation

@

If (1) = <1+a0‘ Ya—1) ZZ 1/ )ds)a_l, fort € [ty,0), (3.8)

with

19 (t) = <1+a0‘10z—1 le/ ) _1, fort € [ty, 00), (3.9)

where o > 1.

Lemma 3.2.3. Assume (H1) — (Ha) hold and o > 1. If u is an positive solution of (3.1),

then the sequence {I% (t) : n € N} converges.
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Proof.
Let u be an eventually positive solution of (3.1). From (3.1), we have u (t) > 0, for

t € [ty,00). On the other hand, for i € {1,...,k}, we have

Ti(t) 4
1 1 _ (a—l)/ u(s)ds
t

wL(t)  uet(ni (1) ue (s)

m=k [Ti(t) u® (7, (s
= (a—1) Zm:l;/t Gm (8) ﬁds

m=k [T(1) u® (T (s
> (a—l)zm:1 /t qm(s)lfa—?s()))ds (3.10)

m=k ()
> (a-nY /t 4on (5) ds, for all £ € [tg, 00).(3.11)
Since u is increasing on [tg, 00), then
u(t) > wu(ty) =a, foralltée [ty,o0).

Hence

u! (1 (1))
w1 (1)

1 _ 1
uemt (1) ue (n (1))

>1+a*t ( ) , forall t € [ty,0). (3.12)

It follows from (3.11) and the above inequality, we obtain

o

u (7 1)

1 m=k ()
e @) > (1 +a* " (a—1) Zm:l /t Gm (8) ds)

V

= I3 (t), forallte [ty,o0).
It follows from (3.10), (3.12) and the above inequality, we obtain

ua—l T; t m=k (1)

or

o

w(nt) <1+aa-1 (-1 / Y 130 ds)al

u® (t)

= IY(t), fort € [ty,00).
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By induction, we can see that if

Ljit)) > I (t), fort € [ty,00) and for i € {1,....k}.

u® (t)
In the same way, we find that the inequality is true for n 4 1.
We conclude that the sequence {I? (t) : n € N} is increasing and increased, then {I% (t) : n € N}

is converges. ]

Lemma 3.2.4. The sequence {I2 (t) : n € N} defined by (3.8), converges if and only if

i=k 7(t) a
> 1/ qi (s)ds < —, (3.13)
1= t 1

where oo > 1.

Proof.
Suppose that {I% () : n € N} converges. Then there is a positive real function denoted

I (t), such that I® (t) = lim IZ (t), by (3.8), we find that the function I* is satisfied
n—oo

a—1

I*(t) = (1 +a* (a—1) sz /tT(t) g (s) I (s) ds) , fort e [ty,00). (3.14)

By the hypothesis, we have that the function [§ is an increasing on [ty, 00), then by
induction deduce that functions I are increasing on [tg, 00), we conclude that the function
I* is increased on [tg,00). By the above equality, we obtain

1_1

i=k [T « s —
a®ta—1) Zi:l /t g (s)ds < u (?2 0 1, for ¢ € [tg, 00).

On the other hand, we have

{xl_i—l } a—1
sup —— x> 1, =—%—,
xXr yao—1

By (3.14), deduce that I*(t) > 1, for t € [ty, 00), which means that

-«

i=k [T a
> 1/ qi (s)ds < ——, fort € [tg, o0).
= Je

ya—1

This completes the proof. n

Now, we establish some sufficient conditions which guarantee that every solution u of

(3.1) oscillates on [tg, 00).
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Theorem 3.2.1. Assume (H1) — (Hz2) hold and oo = 1. For all sufficiently large t; > to,
such that

7(t) 1
Z 1/ s)ds > =, fort>t. (3.15)

Then any solution of (3.1) is oscillatory.

Proof.

Suppose that (3.1) has a nonoscillatory solution u on [ty, 00). Since —u is also a solution
of (3.1), we can confine our discussion only to the case where the solution u is eventually
positive solution of (3.1). We may assume without loss of generality that there exists

t, > to, such that
u(t)>0 and wu(r(t)) >0, forallt >t and i€ {1,2,....k}.
This means the following equation (3.1) has a positive solution u on [t1,00).

d ()= wWuln () =0, fort>n

By Lemma 3.2.1 and Lemma 3.2.2, we obtain

T(t 1
E / s < —, fort>t.
=1 e

which contradicts (3.15).

This completes the proof. n

As a Theorem of the previous result, we deduce the following corollaries.

Corollary 3.2.1. Assume (H1) — (Ha) hold and o = 1, such that
. 1
lim inf / s)ds > —
t—o0 6

Then any solution of (3.1) is oscillatory.

Corollary 3.2.2. Assume (H1) — (H2) hold and oo = 1, such that

lim sup Z / s)ds > 1.

t—o00

Then any solution of (3.1) is oscillatory.

Theorem 3.2.2. Assume (H1) — (Hz2) hold and o > 1. For all sufficiently large t; > to,
such that

11—«

3 1/ s)ds > L, fort>t. (3.16)

o a1

Then any solution of (3.1)-(3.7) is oscillatory.
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Proof.

Suppose that (3.1) has a nonoscillatory solution u on [ty, 00). Since —u is also a solution
of (3.1), we can confine our discussion only to the case where the solution u is eventually
positive solution of (3.1). We may assume without loss of generality that there exists

t1 > to, such that
u(t)>0 and wu(r(t)) >0, forallt >t and i€ {1,2,....k}.

By Lemma 3.2.3 and Lemma 3.2.4, we obtain

=k [T al=@
Z, / qi (s)ds < —5—, fort € [tg, 00).
=1 t ra—1
which contradicts (3.16).
This completes the proof. O

As a Theorem of the previous result, we deduce the following corollarie.

Corollary 3.2.3. Assume (H1) — (H2) hold and o > 1, such that

=k [T al—oc
liminf ) 1/ ¢ (s)ds > ——.
=t Jt

t—o00 (va—1

Then any solution of (3.1)-(3.7) is oscillatory.

3.3 Examples

Next, we give an example where we apply Theorems 3.2.1 and 3.2.2 to some particular

cases.

Example 6. Consider the delay differential equation
/ ’L:k .
x (t) — Zi:l z(t+1i) =0, forallt>D0. (3.17)

Here, ke N*, a=1,¢(t)=1,7,(t) =t+i>t, foralli € {1,2,...,n}, and 7 (t) =t +1.
Then (H1) — (Ha) holds. On the other hand, we have

i=k [T k 1
2'1/ CIi(S)dS=§(k+1)>—, for allt > 0.
=t Jt

e

Thus, (3.15) holds.
By Theorem 3.2.1, equation (3.17) is oscillatory.
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Example 7. Consider the delay differential equation

/

v (t)—tx® (t+1) =0, forallt>0. (3.18)

subject to the initial condition
u(0) =a>0. (3.19)

Here, k=1, a=3>1,q(t)=t, and7(t) =7 (t) =t +1>t.
Then (H1) — (Hz2) holds. On the other hand, we have

7(t) 1 1
/ q(s)ds:§(2t+1)2§, for allt > 0.
t

If u(0) = a > 0.620, then (3.16) holds.
By Theorem 3.2.2, equation (3.18)-(3.19) is oscillatory.

3.4 Conclusion

o 1

Remark. Fora > 1, we pose ¥, (o) = a'~“aT-=, we have lim+wa () = — =1, (1), then,
a—a e

we can summarize the two conditions (3.15) and (3.16) which guarantee the oscillation of

the equation (3.1) in the cases a =1 and o > 1 respectively. Meaning, we get,

i=k [T
Z‘ 1/ qz(s)d8>¢a(a)) folrtztl'
=t Jt

Remark. If we consider a advanced differential equation on time scale of the form
i=k

uB () =Y Out(r(t) =0, forté [to,o0) (3.20)

on an arbitrary time scale T with supT = oo. Thus, equation (3.1) becomes a special case
of equation (3.20) in a case T = R. From the method given in this paper, one can obtain

some oscillation criteria for (3.20). It means obtaining generalizations of the Theorems

3.2.1 and 3.2.2. The details are left to the reader.
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Chapter 4

An improved oscillation result for
advanced differential equations on time

scale

In this chapter, we use the recursive sequence we have constructed to establish some
new oscillation results of first-order linear dynamic equations with damping. The original

results of this chapter are published in [18].

4.1 Introduction

In this chapter, we consider the advanced differential equation on time scale of the form
u® () —n () u(\(t)) =0, fort e [ty,00)r (4.1)

on a time scale T, since we are interested in oscillation, we assume throughout this paper
that the given time scale T is unbounded above and is a time scale interval of the form
[to, OO)T = [to, OO) NT, with ¢ty € T.

The equation (4.1) will be studied under the following assumptions:

(H1) The function n € C([ty,o0)r,[0,00)), such as n # 0 on any interval of the form

[to, OO)T.
(H2) The function A € C ([tg, 00)T, [to, o0)T), such as

A(t) >t, forte [ty,o0)r and tlim A(t) = 0.
—00
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Chapitre 4 improved oscillation result for advanced differential equations on time scale

By a solution of (4.1) we mean a nontrivial real-valued function u € C! ([T}, 00)r, R),
T, € [to,00)r which satisfies (4.1) on [Ty, 00)r. The solutions vanishing in some neigh-
bourhood of infinity will be excluded from our consideration. A solution u of (3.1) is said
to be oscillatory if it is neither eventually positive nor eventually negative, otherwise it
is nonoscillatory. Equation (4.1) is called oscillatory if all its solutions are oscillatory. So
far, there are any results on oscillatory of (4.1). Hence the aim of this chapter is to give

some oscillation criteria for this equation.

4.2 Oscillation Results

To derive main oscillation in this section, we need the following lemma.

Definition 4.2.1. Let us define a sequence of functions by the recurrence relation

A(t)
Wy (t) = /t n (s)exp (wy, (1)) As, fort € [ty,o0)r, (4.2)
with

Alt)
wo (t) = /t n(s)As, fort e [ty,00)r. (4.3)

Lemma 4.2.1. If u is an positive solution of (4.1), then the sequence {w, (t) : n € N}

Converges.

Proof.
Let u be an eventually positive solution of (3.1). From (3.1), we have u® (t) > 0, for

t € [to, 00)r, by Potzsche’s chain rule 1.1.5, we see that

(@) = (1) / (has (£) + (1 — ) (1)) dh

v

,fort e [to, OO)T,

so, we get

=3
VR
Iy
~
S
S~—
S~—
~~
AV4

A®) A (g A(t) w(\ (s
/t ( )As = /t n(s) MAS (4.4)

v

()
/ n(s)As =wq(t), fort € [ty,00)r.
t
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This means,
u (A (L))

u (t)
Multiplying the left-hand side by 7 (¢), we get

DOuGWD)
u(t) -

> exp (wo (t)), fort € [tg, 00)T.

n(t)exp (wo (t)), fort € [ty,00)r.

It follows from (4.4) and the above inequality, we obtain

(W00 ) (5) exp () As

= wy (t), fort € [ty,00)r.

By induction, we can see that if

In (u(’\ (t))) > w, (), for t € [ty, 00)r.

u(z) )~

In the same way, we find that the inequality is true for n + 1. By (4.2) and the above
inequality, we conclude that the sequence {w, (t) : n € N} is increasing and increased,

then {w, (t) : n € N} is converges. O

Lemma 4.2.2. The sequence {w, (t) : n € N} defined by (4.2), converges if and only if

At)
/ n(s)As <
t

, forallt € [ty,00)r. (4.5)

|

Proof.
Sufficient: Suppose that (4.3) is true. Then

wo (t) < = = ay, for all ¢ € [ty, 00)T,

Q|

Then, we get

At)
w () < / 7 (s) exp (wo () As

< agexp (ag) = a.
By induction, we can see that if
wy, (1) < agexp (a,) < 1.
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In view of Lemma 1.2.4, {w, (t) : n € N} converges.
Necessary: Suppose that {w, (t) : n € N} converges. then there is a positive real function

denoted w (t), such as w (t) = lim w,, (), by (4.2), we find that the function w is satisfied
n—oo

A(t)
w(t) = /t n(s)exp (w(s))As, fort € [ty,00)r.

The above equality, we conclude that the function w is increased on [ty, 00). Let ¢ (t) =

exp (w(t)) > 1, for t € [ty,00)r, we have

A(t)
Y (t) = exp </t n (s)exp (w(s)) As) , fort € [ty, 00)r.

It follows from 9 is increased on [ty, 00); and the above equality, we obtain

A(t) A1)
exp (@/)(t)/t U(S)AS> < exp (/t n(8)¢(8)AS>

= ¢ (t) s for t € [to, OO)T.
Then,

. In (¢ (1))
/t n(s)As < o for t € [t, 00)7. (4.6)

max{M:x21}—l.
T e

By (4.6) and the above inequality, we have

On the other hand, we have

)\(t) 1
/ n(s)As < —, fort € [tg, 00)r.
: e
This completes the proof. n
Remark. If u is an positive solution of (4.1), then inequality (4.5) is satisfied.

Now, we establish some sufficient conditions which guarantee that every solution u of

(4.1) oscillates on [tg, 00).

Theorem 4.2.1. For all sufficiently large t; € [tg, 00)T, such as

At) 1
/ n(s)As > o fort € [t1, 00)T. (4.7)
t
Then any solution of (4.1) is oscillatory.
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Proof.

Suppose that (4.1) has a nonoscillatory solution u on [tg, 00)p. Since —u is also a solution
of (4.1), we can confine our discussion only to the case where the solution u is eventually
positive solution of (4.1). We may assume without loss of generality that there exists

t1 € [to, 00)r, such that
u(t)>0 and wu(A(t)) >0, forall t € [t;,00)r.
This means the following equation (4.1) has a positive solution w on [t;, 00)r.
u® () —n () u(\(t)) =0, forte[t,oo)r
By Lemma 4.2.1 and Lemma 4.2.2; we obtain

At) 1
/ n(s)As < —, fort € [t;,00)r.
t

e
which contradicts (4.7).

This completes the proof. O

As a Theorem of the previous result, we deduce the following corollaries.

Corollary 4.2.1. If
lim inf n(s)As > -

t—o0 ¢ (&

Then any solution of (4.1) is oscillatory.

Corollary 4.2.2. If .
At
lim sup/ n(s)As>1
¢

t—o00

Then any solution of (4.1) is oscillatory.

4.3 Application

In this section, we give applications and examples where we apply Theorem 4.2.1 to some
particular cases.

Next, we consider the advanced differential equation on time scale of the form
u® () +q ) u (t) —nt)u(A(t) =0, fort € [ty,o00)r, (4.8)

and
u (t) — g Bu(t)—nt)u(A(t) =0, fort e [ty,o0)r, (4.9)

with, the functions ¢ € C ([to, c0)T, [0, 00)).
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Theorem 4.3.1. For all sufficiently large t1 € [ty,00)r, such as

A(t) 1
/ N (s) eaq (8,t0) €aq (T (8) ,t0) As > o fort € [t1, 00)T, (4.10)
t
Then any solution of (4.8) is oscillatory.

Proof.
By equation (4.8), we find

[u () eq (1, to)]A =n(t)esq (t,to)u(A(t)), fort € [ty,00)r.
Let v (t) = u (t) e, (t,to), for t € [ty, 00)T, We have
v (1) = (t) esq (t,to) esq (7 (£) o) v (A (1)), for t € [t 00)r,

we conclude that the latter’s equation is the same as the equation (4.1). And from it we

conclude if it is achieved (4.10), then any solution of (4.8) is oscillatory. O

Theorem 4.3.2. For all sufficiently large t1 € [ty,00)r, such as

/Mt)n(s) @A)l L f et oo (4.11)

eg (s,to) e

Then any solution of (4.9) is oscillatory.

Proof.

Let u be an eventually positive solution of (4.9), then

[ u () ]A:e( n ()

u(A(t)), forté€ [tg,o00)r.

Gq (t, to) t, to) eg (t, to)
Let
u(t)
t) = fort e |t
U( ) eq (t,to)’ or [ 07OO)T7
we have

v (1) = n (#) —eqe(j (gf)t:);())

we conclude that the latter’s equation is the same as the equation (4.1). And from it we

u(A(t)), fort € [ty,o00)T,

conclude if it is achieved (4.11), then any solution of (4.9) is oscillatory. ]
Example 8. Consider the delay differential equation
2 ()= (t+1D)ax(t+1)=0, forallteN. (4.12)
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Here,

T=Nn(t)=t+1, and A(t)=t+1>t, forallteN.

On the other hand, we have
)\(t) t+1 1
/ n(s)ASZ/ (s+1)A3:t+1>g, for allt € N.
t t
Thus, (4.7) holds. By Theorem 4.2.1, equation (4.12) is oscillatory.
Example 9. Consider the delay differential equation
2 (t) —tx (2t) =0, for allt € 2V, (4.13)

Here,

T=2N n(t)=t, and \(t)=2t>t, forallte?2N

Then
A(t) 2t o
/ n(s)ASZ/ sAs =21*> 1=\, for all t € 2V,
t t

Thus, (4.7) holds. By Theorem 4.2.1, equation (4.13) is oscillat
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Conclusion and future perspectives

In this thesis, we study the oscillation of some differential equations. The equation we
started with is of the type of fourth order hybird nonlinear functional dynamic equations

with damping to find the oscillation of this equation, we used the following methods:

> The generalized Riccati transformation technique.

> The integral averaging technique.

We have also studied the oscillation of the semi-linear equation and the linear equations
on time scalle by using the following method new technique "Recursive Sequence".

For future researches, we can look for oscillation of solution for:

> We study a class of higher order hybird advanced differential systems, for example

a (t) (u®2 (1))
CI0)

2) .
) + le b (1) u® (1 (1)) = g (t,u(n(t))), for allt >t
what is considered to extend the results of the article [3].

> We use the recursive sequence we have constructed establish some new oscillation

results of first-order non-linear dynamic equations with damping, , for example

=n

WA (1) = (1) i (7 (1) = 0, for t > 1,
what is considered to extend the results of the article [4, 13].

> We study oscillation of solution for certain fractional partial differential equations, for

example,

% (DS ju(z,t) = a(t) Au(z, t)—m (z,t,u (2, t)+f (z,t), for all (z,t) € AxRy,
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where D¢ ,u (,t) is the Riemann-Liouville fractional derivative of order a of u with

respect to t is defined by :

19/ B
—F(l—a)§</0 (t—s) U(x,S)d8)7 for all (z,t) € 2 x Ry,

where I is the gamma function.

DY u (x,t) =

With one of the two following boundary condition

ou (z,t)
ON

= (z,t), (2,t) €00 xRy,
or
w(z,t) =0, (x,t)€d xRy,

where () is a bounded domain in R™ with a piecewise smooth boundary 02, R, =
[0,00), v € (0, 1) is constant, A is the Laplacian in R, N is the unit exterior normal

vector to 0f) and % is a continuous function on 92 x R,..
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Abstract:
Our work will be devoted to the study of the properties of the oscillation and the asymp-
totic behaviour solutions of certain classes of differential equations.

We will establish a new criterion to check if all the solutions of a differential equation
are oscillatory,non-oscillatory or asymptotic. We will determinate and prove this criterion

is using a Generalized Riccati method as well as other methods.

Key words: Oscillation, Advanced differential equations, Hybird Differential Equa-
tion, Riccati Technique, Time scale.

AMS Classifications : 34K06, 34K11, 34C10, 34K11.

Résumé:
Nos travaux seront consacrés a I’éude des propriétés de 'oscillation et le comportement
asymptotique des solutions des certaines classes équations différentielles.

Nous établirons un nouveau critére pour vérifier si toutes les solutions d’'une équation
différentielles est oscillatoire, non oscillatoires ou asymptotique. Nous prouvons ce critére

en utilisant une technique de Riccati Généralisé et d’autres méthodes.

Mots et Phrases Clefs:
Oscillation, Equations différentielles avancées, Equation différentielle Hybird, Technique
de Riccati, Echelle de temps.
Classification AMS: 34K06, 34K11, 34C10, 34K11.
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