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INTRODUCTION

This handout was intended for students enrolled in the first year of the LMD system, computer

science, first semester of the academic year.

The content of this handout corresponds to the official program for the subject Algebra 1

taught in the first year.

The manuscript contains five chapters :
- Concept of logic

- Sets and applications

- Binary relation on a set

- Algebraic structures

- Polynomial rings

At the end of each chapter, solved exercises and equivalent terminologies in French are given.




Chapitre 1

Concept of logic

In this first chapter, we present the concept of mathematical logic.

1.1 Statements (Proposition)

Definition 1.1

A proposition is any declarative sentence that is either true (T) or false (F), but not both.
If the proposition is true, we refer it the value 1 (or T), if it false, we refer it the value 0
(or F).

Statements are usually denoted by letters : P, Q, R, ...

Example 1.1

1. "\/2 is an irrational number" is a true proposition.

2. "Oran is the capital of Algeria" is a false proposition.

3.714 3 > 5" is a false proposition.

4. "33 is a multiple of 3" is a true proposition.

Truth tables

We can summarize the state of a proposition P by a truth table as follows :

P
1
0

Table 1 : Truth table of a proposition P .
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Negation : Let P be a proposition.
We call the negation of P the proposition P or "Not P", which is false when P is true and

which is true when P is false.

P
1
0

~|o| N

Table 2 : Truth table of the proposition P.

Example 1.2
1. The negation of P : (1/2 is an irrational number) is P : (v/2 is an rational number).
2. The negation of Q : (1+3 >5)is Q: (1 +3 <5).

3. The negation of R : (The number 9 is even) is R : (The number 9 is not even).

1.2 Equivalence

Let P and () be two propositions.
We say that P and @) are equivalent if they have the same truth values. We denote (P < Q)
which is read as (P is equivalent to Q).

The truth table of the logical equivalence "P < Q" is

PlQ|P&sQ
111 1
110 0
011 0
00 1

Table 3 : Truth table of the equivalente.

Property 1.1
Let P be a proposition, then the negation of the negation of proposition P is equivalent to

P.

=l
i
v
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1.3 Logical connectors

The conjunction P A Q Read (P and Q)

Let P, be two propositions, the proposition (P and Q) or (P A Q) is the conjunction of
the two propositions P, Q).

- (P AQ) is true if P and @ are both true.

- (P A Q) is false in all other cases.

This is summarized in the following truth table :

PIQ[PAQ P[O[PAQ
11| 1 TT| T
10| 0 lor|T|F| F
01| 0 F|T| F
0]0] o F|F| F

Table 4 : Truth table of the proposition P A Q.

Example 1.3
l.Let PL: (1+5=8)and P,: (2+6>7).

The conjunction of these propositions is :
PAPy:((1+5=8)and (24+62>7)),

Py A\ P is a false proposition, because P; is false.
2. Let @ : (The number 10 is even) and @5 : (20 is a multiple of 4).

The conjunction of these propositions is :
@1 N Q2 : ((The number 10 is even) and (20 is a multiple of 4) ),

Q1 N ()5 is a true proposition, because (01, ()2 are true propositions.
Property 1.2

Let P be a proposition, then (P A P) is a false proposition.

Proof.

It suffices to note that the truth table of P A P

P|P|PAP
110 0
01 0
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Table 5 : Truth table of P A P

The disjunction PV ) Read (P or Q)

Let P, Q) be two propositions, the proposition (P or Q) (or (P V Q)) is the disjunction of the
two propositions P, Q).

- (PV Q) is true if P and @ are both false.

- (P V Q) is true in all other cases.

This is summarized in the following truth table :

PIQIPVQ
11| 1
10| 1
01| 1
0/0] 0

Table 6 : Truth table of the disjunction.

Example 1.4
1l.Let PL: (145=8), P:(2+6>11).

The disjunction of these propositions is :
PVP:((145=8) or (246> 11)),

P,V P, is a false proposition, because P;, P, are false propositions.
2. Let @1 : (The number 11 is even), @ : (20 is a multiple of 4) .

The disjunction of these propositions is :

@1V Q2 : ((The number 11 is even) or (20 is a multiple of 4) ),

@1V Q2 is a true proposition, because ()5 is true.
Property 1.3

Let P be a proposition, then (P V P) is a true proposition.
Proof

It suffices to note that the truth table of PV P

P|P|PVP
10| 1
01 1
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Table 7 : Truth table of PV P

Theorem 1.1 (Morgan’s Rules) Let P and ) be two propositions, then :

We establish the proof of these rules by giving the truth values of the corresponding logical

propositions.
PlQI|P|Q|PANQ|PVQ|PAQ|PVQ|PVQ|PAQ
111]01]0 1 1 0 0 0 0
170011 0 1 1 0 1 0
O(1]1]0 0 1 1 0 1 0
00|11 0 0 1 1 1 1

We see that the propositions P A @Q and P V @ have the same truth values, so they are
equivalent. Similarly for PV Q and P A Q.

Theorem 1.2

Let P, and R be three propositions, then :

1L.L.PNQ&QAPand PVQ & QVP

22.(PNQANR& PA(QAR)and (PVQ)VR< PV (QVR)

3.PAN(QVR)& (PANQ)V(PAR)and PV (QAR) < (PVQ)AN(PVR)

(We say that (or) and (and) are commutative, associative and distributive over each other).
Proof.

Let us prove, for example, the second equivalence of 3 using a truth table (you will prove the

rest in a similar way).

PIQ[R[QAR[PV(QAR) [PVQ[PVR[(PVQ)A(PVR)
111 1 1 1 1 1
1 1[0] o 1 1 1 1
1/o[1] 0 1 1 1 1
1/0/0| o0 1 1 1 1
0[1]1] 1 1 1 1 1
0[1][0] 0 0 1 0 0
0[0[1] 0 0 0 1 0
0[0[0] 0 0 0 0 0

We actually read the same truth values in the fourth and eighth columns.

The Implication. Let P and () be two statements.
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A proposition of the form (P = @), (read as (P implies @))) is called an implication. It is
equivalent to the proposition (Not (P) or Q). Its truth table is given by :

PlQ|P=Q
11 1
110 0
0]1 1
01]0 1

Table 8 : Truth table of the proposition (P = Q)

The reciprocal and contrapositive of an implication
Let P and () be two propositions.

- The reciproc of the implication (P = @) is (Q = P).

- The contrapositive of the implication (P = Q) is (Q = P).
Property 1.4

An implication and its contrapositive are equivalent.
(P=Q)< (Q=7P).

Proof.
We can use two different methods.

1. Using the truth values of the implications (P = Q) and (Q = P), we obtain :

PlQIP|Q|P= Q|Q=P
1100 1 1
1fofof1 0 0
ol1][1]o0 1 1
0lo0|1]1 1 1

Table 9 : Truth table of P = @ and Non@ = NonP

We see that the propositions (P = Q) and (Q = P) have the same truth values, so they are
equivalent.

2. Using the definition of implication, we obtain :

(@=P)< (QQVP&QVP&PVQE (P=Q).

The negation of implication
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The negation of the implication (P = Q) is (P A Q).

(P=Q)< (PAQ).

Property 1.5
Let P, (@, and R be three propositions, then :

(P=Q)A(@Q=R))=(P=R).

Proof.

Let us demonstrate using a truth table.

/—le /—f; /—1:; /—[j;
17171 1 1 1 1 1
17110 1 0 0 0 1
1101 0 1 1 0 1
110]0 0 1 0 0 1
0111 1 1 1 1 1
0|]11]0 1 0 1 0 1
00711 1 1 1 1 1
0]0]0 1 1 1 1 1

Equivalente. Let P and () be two propositions, then :
The proposition (P = @ and Q = P) is the proposition denoted by (P < @), (read as (P
if and only if Q)).

1.4 Quantifiers

The two symbols V and 3, called quantifiers, are defined as follows :

1.4.1 The universal quatifier

A proposition P can depend on a parameter z, for example (2> —3x+2 > 0), the proposition
P(z) is true or false depending on the value of z.

We write (for all z element of E, the proposition P(z) is true) as (Vx € E, P(z)).
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This proposition is true when the propositions P(z) are true for all elements x of the set F.
Example 1.5
- «Vz € R, 2% + 22 — 5 > 0» is a false proposition.

- «¥n e N @ € N» is a true proposition.

1.4.2 The existential quantifier

We write (there exists at least one element x of F, the proposition P(x) is true) as (dx € F,
P(z))

This proposition is true when we can find at least one element z of E for which P(x) is true.
Example 1.6

-« dz €R, 224 22 >0 » is a true proposition.

-« 3zeN, 22+2+#£0 » is a false proposition.

Remark 1.1

The proposition : «There exists one and only one element x of E such that the proposition

P(z) is true» is written in abbreviation «3lz € E, P (x)».

1.4.3 Negation of quantifiers

The negation of «for every element x in F, the statement P(x) is true» is «there exists an

element x in E for which the statement P(z) is false»

Vee E, P(z)< Jz € E, P (x).

The negation of «there exists an element = in E such that the statement P(z) is true» is

«for every element z in E, the statement P(x) is false»

dr e E, P(z) & Vo € E,P(x).

Example 1.7
- The negation of « Vx € R, 2?2 +22 >0 »is « Iw € R, 224+ 22 <0 ».
- The negation of « 32 € N, 22+2#0»is « Vz €N, 22+2=0».
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- The negation of « Jz € R,Vy € [1,4+o0[, z4+y > 2 »is « Vo € R, Jy € [1,+o0],
T+y < 2».

Remark 1.2

We can distribute V on "AND" and 3 on "OR" but we cannot distribute ¥V on "or" and 3 on

"and".

-(Vxe E,P(x)NQ(x)) & Vx e E,P(x))AN(Vz € E,Q (x))

-(Fx e E,P(x)VQ(z)) < (Jr€ E,P(z))V(Ixr € E,Q (1))

-(Vxe E,P(x)VQ(x)) <= Vere E,P(x))V (Vz e E,Q(x))

-(Fx e E,P(x)ANQ(x))= Fx e E,P(x))N(Fz € E,Q (x))

We can swap quantifiers of the same nature but we cannot swap quantifiers of different

natures.

-(Vxe E.Vye E,P(z,y)) & (VYy € E\Nz € E,P(x,y)).
- (e B, yeE,P(x,y) < (Jye E,Jv € E,P(x,y)).
Example 1.8

The two logical sentences

P(z,y):VzeeRIye Rz —y>1
Q(zr,y):JxeRVzeRz—y > 1,

are different. The first one is true (because for any real number x, we can find a real y = x—2,
such that x —y = 2 > 1), while the second one is false (because for a real number x = —1,

the proposition —1 — y > 1, is not true for all real y).

1.5 Types of reasoning

Direct reasoning

To show that (P = @) is true, we assume that P is true and demonstrate that () is also true.
Example 1.9

Let n € N, prove that «if n is odd, then n? is odd».

Suppose that n is odd, then there exists a natural integer k£ such that n = 2k + 1, let us then
calculate n?.

= (2k + 1) = 4k> 4 4k + 1 =2(2k> + 2k) + 1
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so, there exists a natural integer p = 2k? + 2k such that n? = 2p + 1,which shows that n? is
odd.

Counter-examples

To show that a proposition of the form (Vo € E, P(x)) is false, we show that its negation
(Jz € E, W ) is true. This is providing a counterexample.

Example 1.10

Prove that the proposition «Vz € C, 2%+ 1 # 0» is false.

A counterexample for z = i or x = —i, we find 22 + 1 = 0, which shows that the proposition

is false.

Proof by Cases

In ordrer to prove that a certain proposition P(x) is true for all x in a set F, we show that
P(x) is true for x € A C E; then for z ¢ A.

Example 1.11

Prove that «For all z € R, |z — 1| < 22 — x + 1».

Let x € R,

First case : © > 1
P—x+l—|r—1 =22-2+1—-(z—-1)
=22 — 2x + 2
—(z+1)°+1>0
so, [z — 1| <a2? —x+1.
Second case : r < 1
P?—zr+1—|z-1 =22-z+1—-(—2+1)
=22>0
so, v — 1| <a? —z + 1.

Conclusion : In any case |z — 1| < 22 — 2 + 1.

Reasoning by contraposition

Contrapositive reasoning is based on the following equivalence : (P = Q) < (Q = P), So if
we want to show the assertion "P = Q" it is sufficient to show that Q = P is true.

Exemple 1.12



1.5 Types of reasoning 12

Let a,b € R. Prove that
(a#2 and b # 2) = (ab—2a — 2b+4 #0)
We prove its contrapositive,

ab—2a—2b+4=0= (a=2orb=2)

Suppose that ab —2a —2b+ 4 =0, so
ab—2a—-2b+4=0 =a(b—2)—2(0b—-2)=0
=0-2)(a—2)=0
= (a=2 or b=2)

So, according to the principle of reasoning by contrapositive, we deduce that

(a#2 and b # 2) = (ab—2a —2b+4 #0).

Proof by Contradiction (absurd)

The raisoning by the absurd (proof by contradiction) involves demonstrating the truth of a
proposition by showing that its opposite leads to a contradiction.

For example to show that P = () , we assume both that P is true and that () is false, and
look for a contradiction.

Example 1.13

Prove that : for all integers n, if n? is odd, then n is odd.

Take an integer n and let n? be odd. In order to obtain a contradiction, assume that n is
even. So, n = 2k for some integer k. Substituting, we have n? = (2k)> = 2 x (2k?) showing
that n? is even. This is a contradiction. Therefore, n is an odd integer.

Exemple 1.14

Prove that v/2 is irrational.

Suppose that v/2 is a rational number. Then we can write it

No-

ESYis]
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with p € Z,q € Z* and p, q are coprime (ged(p,q) = 1).
We have :

\/§:§:>2:§—§:>p2:2q2.

Since p? = 2¢? then p? is even, so p is even.
Since p is even, then dpg € Z such that p = 2p,.
So
p?=2¢* = (2p0)2 =2¢* = ¢* = 2p3.

Since ¢* = 2p? then ¢* is even, so ¢ is even.

Since ¢ is even, so dqy € Z* such that g = 2¢.

Which gives a contradiction, because ged(p, ¢) = 1.

According to the principle of reasoning by absurdity, we deduce that /2 is irrational.

Proof by Induction (recurrence)

The principle of proof by Induction allows us to show that a proposition P(n), dependent on
n, is true for all n > ng with n;ng € N.

So, to prove that the property P(n) is true for all integers n starting from a certain initial
value ng. We follow the following steps :

(a) Base Case : Verify that the property P(n) is true for the initial value n = ny.

(b) Inductive Step : We show that P(n) = P(n + 1), assume that the property P(n) is
true and then prove that the property P(n + 1) is true.

Example 1.15

Prove that : the sum of the first n integers is given by the formula :

VHEN,Z (Qk) :1+2+4++2n:2n+1_1
k=0
In this case, we have : ng = 0 and the proposition P(n) defined by

P(n): Y (2F) =2t —1

k=0

Step 1 : Base Case

First, we need to verify the property P (n) is true for the initial value ny = 0.



1.6 Exercises 14

When n = ng :

so, P (ng) is true.
Step 2 : Inductive Step We show that P(n) = P(n + 1),

We assume that the proposition P (n) is true, that is, we assume :

> (2F) =2t -1,
k=0
This assumption is called the inductive hypothesis.
And show that the proposition P(n + 1) is true, that is to say
n+1
> (2F) =22 -1

k=0

We have,

n+1 n
i () =1+2+4+..+2" 420 = (Z (2k)) + (2m11),
k=0

Using the inductive hypothesis, we can write :

n+1
Z (Qk) — (2n+1 _ 1) + (2n+1) — on+2 _ 1’
k=0

so, we have shown that P(n + 1) is true.

Conclusion

By the principle of mathematical induction, the proposition P (n) is true for all integers n.

1.6 Exercises

Exercise 1.1
Show which of the following propositions are true or false.

l.dzeR,VyeRz+y >0 2.VzeR,yeRx+y>0
3. xeRIyeRr+y>0 4. Iz €eR,(z+1=0and r —3=0)
5. (zeRx+1=0) and (3xreR,z—-—3=0) 6.VzeR (x+1#0o0rx—3+#0)
7. Ve e R,z +1#0) or (VreR,z—3#0) 8. (1+2=3)=(2—-5=4)

Solution.

1. (3z e R,Vy € R,z +y > 0) is a false proposition, because for a real number z = 0, the
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proposition y > 0, is not true for all real y.

2. (Vx € R,Jy € R,z +y > 0) is a true proposition, because for a real number z, we can find
areal y = —x + 2, such that z +y > 0.

3. (Iz € R,y € R,z +y > 0) is a true proposition, because we can find a real number x = 1,
and a real y = 2, such that x +y > 0.

4. (Ar € R,(x+1=0 and x — 3 =0)) is a false proposition, because we can’t find a real
number x , which verifies both equations.

5. (Fzr e R,z +1=0) and (3z € R,z — 3 = 0)) is a true proposition, because it’s conjunc-
tion of two true propositions.

6. (Vx € R, (x+1#0 or x —3+#0)) is a true proposition, because it’s the negation of the
proposition 4.

7. (Vr e R,z +1#0) or (Vxr € R,z —3 #0)) is a false proposition, because it’s the nega-
tion of the proposition 5.

8. ((1+2=3)= (2—5=4)) is a false proposition, because the first proposition is true and
the second is false.

Exercise 1.2

Let P, QQ and R be three logical propositions.

P:VreR,2z—1>ux, Q:VxeR,22—-4>0
R:Vz e R Vy € R, if v >y then 2> +4> >0

Are these propositions true or false ¢ Give their negations.
Solution.

1. P is false proposition, because for x = 0 we have 2z — 1 < z. Their negation is
P:3xreR2zx—-1<uz.

2. @ is false proposition, because for x = 1 we have 22 — 4 < 0. Their negation is
Q:IreR,z2-4<0.

3. R is true proposition, because for all reals z,y such that x > y we have 22 + y? > 0.
Their negation is

R:3z€R Iy eR, (z>y) and (22 +y* <0).
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Exercise 1.3

Write the contrapositive and the negation of the following implications :

1. Vn € N*, n? — 1 is not divisible by 8 = n is even

2. (x=y) or ((z+1) (-1 #@-1)(y+1))
3. Vn € N, if n is prime number, then (n =2 or n is odd)

Solution.

1. The contrapositive
Vn € N*, nis odd = n? — 1 is divisible by 8
- The negation
dn € N*, (n? — 1 is not divisible by 8) and (n is odd)
2. The proposition 2 is equivalent to
Zy)=((z+)y-1)#@@-1)F+1)
- The contrapositive
(+D-D=@E-1)(F+1)=(r=y).

- The negation
@#Y A+ -1 =@@-1)(y+1))

3. The contrapositive

Vn € N, if (n # 2 and n is even), then (n is note prime number).

- The negation

dn € N, (n is prime number) and (n # 2 and n is even).

Exercise 1.4

1. Show that for all n € N, @ is a natural integer.
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2. Using the proof by contradiction, prove that :

If ab is odd, then a is odd and b is odd.

3. Using the proof by contrapositive, prove that :

(a#4 and b#4) = (ab—4a —4b+ 16 #0).

Solution.

1. Show that for all n € N, ”("TH) is a natural integer.

Let n € N,

First case : n = 2k

n(n k(2k
(2+1) _ 2 (22+1) = k(2k+1) € N,

n(n+1)
2

S0, is a natural integer.

Second case : n =2k + 1

nnt) _ @@ _ (o) 4 1) (k4 1) € N,

n(n+1)
2

S0, is a natural integer.

n(n+1)

5 — is a natural integer.

Conclusion : In any case,

2. Using the proof by contradiction, prove that :

If ab is odd, then a is odd and b is odd.

Suppose that ab is odd and (a is even or b is even) . Then we can write
a=2p or b=2q,

S0,

ab = 2k.

Which gives a contradiction, because ab is odd.
According to the principle of reasoning by absurdity, we deduce that : If ab is odd, then a is
odd and b is odd.
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3. Using the proof by contrapositive, prove that :

(a#4and b#4) = (ab—4a —4b+ 16 #0).
We prove its contrapositive,

ab—4a—4b+16=0= (a =4 or b=14)

Suppose that ab — 4a — 4b+ 16 = 0, so
ab—4a—4b+16=0 =a(b—4)—4(0b—4)=0
=(b-4)(a—4)=0
= (a=4 or b=4)

So, according to the principle of reasoning by contrapositive, we deduce that

(a #4 and b # 4) = (ab—4a — 4b+ 16 # 0).

Exercise 1.5
Using the proof by recurrence, prove that :

For any natural integer n > 0, we have :

1. X B+A)=1+6n-L) (2. nl<n
k=1
Solution.

(1). I;(3+3ik) =1(1+6n—%):
In this case, we have : ng = 1 and the proposition P(n) defined by

P(n):]c

B+d) =10+ )

n

Step 1 : Base Case

First, we need to verify the property P (n) is true for the initial value ng = 1.

When n = ng :

n

2 (BHa)=0tg)=5=50+60)-5)
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so, P (nyg) is true.
Step 2 : Inductive Step We show that P(n) = P(n + 1),

We assume that the proposition P (n) is true, that is, we assume :
2 (Btgr) =5 (1+6n—g5),

This assumption is called the inductive hypothesis.

and show that the proposition P(n + 1) is true, that is to say

n+1

(3 ) = (74 60— k).

k=1
We have,

S+ = (EErd)+ 6+ ),

k=0 k=0
Using the inductive hypothesis, we can write :

n+1
S (34 —H1+00-d)+ (34 )

=3 (14+6n— 3 +6+ 527)

~ (T4 — ).
so, we have shown that P(n + 1) is true.
Conclusion
By the principle of mathematical induction, the proposition P (n) is true for all integers
n > 0.
(2). nl<n™:

In this case, we have : ng = 1 and the proposition P(n) defined by

P(n):nl<n"

Step 1 : Base Case
First, we need to verify the property P (n) is true for the initial value ny = 1.
When n = ng :

(nl=1)<(n"=1),
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so, P (nyg) is true.
Step 2 : Inductive Step We show that P(n) = P(n + 1),
We assume that the proposition P (n) is true, that is, we assume :

n! <n",

This assumption is called the inductive hypothesis.

and show that the proposition P(n + 1) is true, that is to say
(n+1)! < (n+1)"".

We have,
nl<n® =m)nh+1) < (n")(n+1)

=0+ <(n")(n+1)

=nh+1)!<(n+1)"x(n+1), because n < n + 1
=m+D'<(n+1)",

so, we have shown that P(n + 1) is true.

Conclusion

By the principle of mathematical induction, the proposition P (n) is true for all integers

n > 0.

1.7 Terminology translation

English Frensh

True Vraie

False Fausse

Truth table Table de vérité
Logical connectors | Connecteurs logiques
Conjunction Conjonction
Disjunction Disjonction
Quantifiers Quantificateurs
Reasoning Raisonnement
Prime number Nombre premier
Odd Impair

Even Pair

Natural integer Entier naturel
Hypothesis Hypothese




Chapitre 2

Sets and applications

In this second chapter, we will provide some definitions and properties associated with sets
and applications. Solved exercises are included to help you practice and apply these techniques

effectively

2.1 Sets

2.1.1 Definitions and examples

Definition 2.1

A set is a collection of objects, these objects are called elements of that set.

We use uppercase letters to label sets, and elements will usually be represented by lower case
letters.

An element = belongs to E (written as x € E) or does not belong to E (written as « ¢ E).
An empty set, denoted by @, is a set that does not contain any elements.

Example 2.1

- Let E be the set of all integers between 1 and 8, then

E={1,2,3,4,56,7,8}.

Definition 2.2
The cardinality of a set F, denoted card(FE) = |E|, is the number (finite or infinite) of

elements in F.
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If card(E) is finite, theset E is said to be finite. Otherwise, the set E is said to be infinite.
Example 2.2

- Card (@) = 0.

- Card ({0,1,5,7}) = 4.

- The set of prime numbers is infinite.

2.1.2 Parts of a set and complementary

Definition 2.3 (Inclusion)
- Let A, E be two sets. We say that A is included in E (or A is a subset of E), if every

element of A is also an element of £. This is denoted as : A C E.

A CE < (every element of A is also an element of E)

& (Vre A=z € k)
- The set of parts of E is denoted by P(FE) :

Ae P(E)s ACE.

- If E has n element, then P(FE) has 2".
Example 2.3
- Let E be the set defined by
E={1,2,3}.

We have Card (E) = 3, so Card (P (F)) = 2 =38.

P(E) ={2,{1},{2}, {3}, {1,2},{1,3},{2,3},{1,2,3}}.

Definition 2.4 (Complement)
The complement of the set A, written Cf (A)and read (the complement of A) is the set of

all elements of F that are not in A. Formally,
Cp(A)={a/aec E and a ¢ A}.

Given two sets A and B, We say that A and B are equal if and only if A C B and B C A.
A=B & (ACBand BCA)

& (Vr,ee Az eE).
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Proposition 2.1
Let A, B two parts of a set F such that A C B. We always have

AcB&eCEccy

Proof.
Let A, B two parts of a set F/ such that A C B, then

ACB & (Va,a€e A= a€ B)
& (VYa,a ¢ B=a¢ A)
& (Va,a € CpB = a € CgA)
& (CgB C CrA).
2.1.3 Intersection and union

Let A and B be two sets.
Definition 2.5 (Union)
The union of A and B, denoted as AU B (read as : A union B), is the set of elements z that
belong to either A or B.
AUB={x/r € Aorz € B}.

Definition 2.6 (Intersection)
The intersection of A and B, denoted as AN B (read as : A intersect B), is the set of elements
of elements = that are in both £ and F'.

ANB={x/r € Aand z € B}.

We say that A and B are disjoint sets if AN B = (.
Example 2.4

Consider the following sets :
E =1{0,1,2,3,4,5}

F={1,3,5,7,9},
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Intersection £ N F' :
EnF={1,3,5}

Union £ U F':
FEUF ={0,1,2,3,4,5,7,9}.

Proposition 2.2

Let A, B and C three sets.

1.ANnB=BnNA, AUB=BUA.

2. ACAUB, BC AUB.

3.ANBCA, AhBCB

4. AN(BNC)=(AnB)NnC, AU(BUC)=(AUuB)UC.

5 AN(BUC)=(ANB)U(ANC), Au(BNC)=(AUuB)N(AUC(C).
Proof. Let A, B and C three sets.

1. Let z € AN B, we have :

reANB & (xe A)N(x € B)
& (e B)AN(xe A
S ax e BNA,

hence AN B = BN A.
Let x € AU B, we have :

r€ AUB & (xe€A)V(x € B)
& (reB)V(re A
s x e BUA,

hence AUB = BU A.
2.3. Trivial.
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4. Let x € AN(BNC)
re AN(BNC) ©(recAAN(xeBnNnC)

SxeAHAN(xeB)A(xel))
SreAN(xreB)N(xel)
s ((zeAA(@eB)A(xel)
S (xeANB)A(x e )

srxe(AnNB)NC,
hence AN (BNC)=(AnB)NC.
For the second equality, the same reasoning as the first equality.
5.Let x € AN (BUCQC)
r€AN(BUC) & (xe€eAAN(reBUC)

SxeAAN((reB)V(xel))
S((zeA)Vv@eeB)A(zeA)V(xel))
S(xe AUB)A(ze AUCQ)

< (AUB)N(AUC),
hence AN (BUC)=(ANB)U(ANC).
For the second equality, the same reasoning as the first equality.
Theorem 2.1
Let A, B tow parts of a set E. Then we have
1.Cg(ANB)=CgAUCEgB.
2.Cr(AUB) =CgANCgB.
Proof.
l.Let r € Cp(ANB).thenz € Eandaz ¢ ANB,sox ¢ Aorx ¢ B. Then x € CgA or
x € CgB. So x € CpAUCEgB, hence

Cg (Aﬂ B) C CgAUCEB.

Conversely, let € CpRAUCgB. If © € CgA, then x ¢ A, so x ¢ AN B, and subsequently
r € Cg (A N B) .
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In the same, if z € CgB, then x ¢ B , so x ¢ AN B, and subsequently = € Cg (AN B).
In both cases © € Cg (AN B), hence

CEAUOEBCCE(AQB)

The first equality is demonstrated.
2. For the second equality, we pose A; = CpA, By = CgB and using Cg (CpA) = A.
2.1.4 Difference and symmetrical difference

Let A, B be two subsets of E.
1. The difference of A and B, denoted A\ B, consists of elements that are in A but not in B,

A\ B={x/x € A and x ¢ B}.
2. The symmetric difference of A and B, denoted AAB, is the set
AAB=(AUB)\(ANnB)=(A\B)U(B\ A)
Example 2.5. Consider the following sets :
E=1{0,1,2,3,4}

F={1,3,5T},

we have

E\F=1{0,2,4}, F\E={51},

and

EAF ={0,2,4,5,7} .

2.1.5 Partition of a set

Let E be a set. A partition of F is a set {A;, A, ..., A,} of subsets of E that satisfies the
following two conditions :

1. Vi, A; # @.

2. AN A; =0 for all i # j.
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Example 2.6. Consider the following sets :
E={0,1,2,3,4}

A= {1,3}, {4}

10,2},
—— N~~~
Ay Az A3

We have :
(). Non-empty subsets : Vi, A; # @.

Al?‘é@, AQ#@, Ag#@

(ii). Disjoint subsets : A; N A; =0 for all i # j

AlﬁAQZQ, AlﬂA;;:@, AQﬂAgZQ

(iii). Union of subsets equals the original set : F = UA,

AJUAUA3=FE

Thus, A = < {0,2},{1,3}, {4} ; is a partition of E.
A A A
1 2 3

2.1.6 Cartesian product

Definition 2.7 Let A, B be two sets. The Cartesian product, denoted A x B, is the set of

pairs (z,y) where z € A and y € B.

Ax B={(z,y)/x € Aand y € B}.

Example 2.7
1.

7* ={(z,y)/z,y € Z}.
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2. Let A={0,1,2} and B = {2,4}. Then

Ax B ={(z,y)/x € Aand y € B}
=1{(0,2),(0,4),(1,2),(1,4),(2,2),(2,4)} -

2.2 Applications
2.2.1 Definitions and examples

Definition 2.8
Let E and F' be two sets.
An application from F to F'is any correspondence f associating each element x of F a unique

element y of F.

fE—=F
iy = f(z)
— E : the starting set.
— F': the arrival set.

— x : the antecedent of y by f.
—y = f(z) : the image of = by f.

(f : E — F is an application) < (Vay,20 € E,(x1 =29 = f(21) = f(22)))
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Fig 2.1 : Schema of an application f from a set E to a set F

Example 2.9
1.
f-R—R
T x22—glg—l
f is an application from R to R.
2.
g:N—N

T Vr+1
g is not an application. (For example, the element z = 2 does not have an image by g).

3. The application
h:E— FE
r— h(x)=2x

is called the identity application in F and is denoted Idg.
Example 2.10

Let be the following three applications :

— —
- f is note an application, because

31,29 € B/ f (21) = f(22) = 92

- ¢ is note an application, because there is an element x5 in E does not have an image in F.

- h is an application, because

Va,be E,(a=b= h(a) =h(b)).
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2.2.2 Equality of two applications

We say that two applications f, g are equal if

1. They have the same starting set £ and the same arrival set F.
2. For all x € E, f(x) = g(x).

We denote f = g.

2.2.3 Compositions of applications

Let f: F — F and g : F' — G be two applications. We denote by g o f the application of F
in G defined by :
Ve e E, (g0 f)(x)=g(f(2).

This application is called a composite of the applications f and g.

f g

— o

geof

gef: E— =G

x—= (g Hlx) = g(flx)

Example 2.11. Let be the following two applications :
f: R — ]0,1] g: 10,1] — ]—00,0]
T i
then the composite application g o f is defined as follows :
gof: R — ]|—00,0]
z = (gof)(@)=g(f(2))=—3n(1+2?)

2.2.4 Restriction and extension

Let f be an application from F to F and A C E C G.
The restriction of f to A is defined by :

f/Ai A — F
v — y=fulx)=rf(z)
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We call an extension of f to G any application g : G — F, such that for all x € G, g (z) =
[ (z). We also say that f is an extension of f/4.

2.2.5 Injection, surjection and bijection

Injection

Definition 2.9
Let E, F' be two sets and f : E — F' be an application.
f is injective if for each two (distinct) elements of £ there correspond, through f , two distinct

elements of F. then we have :
Vo, 20 € B, f (21) = f (22) = 11 = 29,

or what amounts to the same thing :

Vo, w0 € E 01 # 19 = f(21) # f (22)

Example 2.12. Let be the following two applications :

- The application f is note injective, because

H(G,b) = <x2u-733) S EQ,(f(a) - f(b) :y2)/\ (a%b)

- The application g is injective, because

V(a,b) € E? (g(a) =g (b) = a=0).
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Example 2.13. Let be the application f: R — R, defined by f (z) = 1_2:;2.

Let a,b € R, we have

fla)=10) = s =15
= 2a (1 +b%) = 2b (1 + a?)
= (a—b)+ab(b—a)=0
= (a—=b)(1—ab)=0

N a—b=0
1—ab=0

We can find two different elements have the same image. For example a = %, b = 2, we have
fla)=f(b)=3.

Then the application f is note injective.

Remark 2.1 Let f : E — F be an application. If f is strictly monotonic on E then it is

injective.

Surjection

Definition 2.10
Let E. I be two sets and f : E — F be an application.
f is surjective if any element of F' is the image by the application f of at least one element

of F. then we have :

Vye F,dz € E,y = f(x)

Example 2.14

Let be the following two applications :
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- The application f is note surjective, because the element y3 has no antecedent.

- The application g is surjective, because

VYye F,dr € E,y=g(x).
Example 2.15. Let be the application f: R — R, defined by f (z) = %
Let y € R, we have

y=1rf(z) oy=1i%

Syr?—22+y=0
A= (=2 —4(y) (y) =444
If y € |—00, —1[U]1, +0o0[, the equation has no solutions, that’s to say the element y has no

antecedent. Then the application f is note surjective.

Remark 2.2 Let f: E— F be an application. f is surjective if and only if f(E) = F.
Bijection
Definition 2.11

Let E, I be two sets and f : E — F be an application.

f is bijective if f is both injective and surjective. In other words,
Vye F,3z € B,y = f(x)

Example 2.16 Let be the following application
f: R—{1} — R-{2}

r — 2
Let y # 2, we have
y=f(z) &y=>24

z—1
Syr—y=2r+1
Saly-2)=y+1

<

re E=R—-{1}?

Suppose that = = 1, so,

r=1e %Y =14 1=—1, which is impossible,
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so, from the reasoning by contradiction, we deduce that x # land moreover x is unique.
Then, for every real y # 2 there exists an unique real x # 1 such that y = f(x), so the
application f is bijective.

Bijection Theorem

If f is continuous and strictly increasing (or strictly decreasing) on an interval [a, b], then f
performs a bijection from [a, b] to [f(a), f(b)] (or [f(b), f(a)]). (This also applies to an open
interval).

Example 2.17. Let be the following application

f: -1 — [-1,1]

- f is continuous on [—1,1].

- For any real z € [—1,1], we have

/ _2(1-2?)
f (‘T) - (1+x2)2 - Oa

so, f is strictly increasing. Then the application f is bijective.

2.2.6 The reciprocal application

If f: E — F is a bijective application, then there exists a unique application g : F' — FE,
such that
gof:]dE and ngZIdF

The application ¢ is called the inverse or reciprocal of f and we denote :
g=1/f"
Example 2.18. Let be f: [—1,1] — [—1, 1] an application defined by

f (@) =i

f is a bijective application (see example 2.15), then it is invertible.

Let y,z € [—1,1], such that y = f (z).

y=f(x)ey=1 ey®—2r+y=0,
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If y € ]—1,0[U 0, 1], then

If y =0, then

If y = +1, then
r = =xl1.

So, the inverse of f is defined by

f_l : [_171] - [_171] .

if ©e]-1,0[U]0,1]

Proposition 2.3

Let f: ¥ — F and g : F' — G be two applications, then :

1. ((f is injective) A (g is injective) ) = (g o f is injective).

2. ((f is surjective) A (g is surjective) ) = (g o f is surjective).

3. ((f is bijective) A (g is bijective) ) = (g o f is bijective and (go f)™' = f~log™!).
Proof.

1. Suppose that (f is injective) A (g is injective) and show that g o f is injective.

Let a,b € E, we have :
(gof)(a)=(g0f) () =g(f(a)=g(f ()
= f(a) = f(b) (because g is injective)
=a=>b (because f is injective),

which shows that g o f is an injective application.
2. Suppose that (f is surjective) A (g is surjective) and show that g o f is surjective.
Let z € G, since g is surjective, then there exists y € F such that z = g(y).

since y € F' and [ is surjective, then there exists © € E such that y = f(z), so z = g(y) =
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9(f(@)).

We deduce that for any element z € G there exists x € E such that z = g(f(z)).

which shows that g o f is a surjective application.

3. Suppoe that (f is bijective) A (g is bijective) and show that

(g o f is bijective and (g o Ht=f"1o 9.

From 1 and 2 we deduce that g o f is a bijective application.

Let z € G, then there exists y € F and © € E such that z = g(y),y = f(z) and z = g(f(x)).
So,

y=9"'()
z=f"y)
r=(g0f)"(2)
Then,
(go ) () =a=f"W=""E) =g ()
Hence

Proposition 2.4

Let Let f: E — F and g : F' — G be two applications such that F' C F, then :
1. (g o f is injective) ) = (f is injective).

2. (g o f is surjective) ) = (g is surjective).

Proof.

1. Suppose that (g o f is injective) and show that (f is injective)

Let a,b € E, we have :

f(a)=f(b) =g(f(a))=g(f(b)) (because g is an application)
= (go f)(a) = (g0 f)(b)

=a=0> (because go f is injective),
which shows that f is an injective application.
2. Suppose that (g o f is surjective) and show that (g is surjective).
Let z € G, then there exists € E such that z = (go f) (z) = g (f (x)).
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So, there exists y = f () € F such that z = g (f ()) = g (y).
We deduce that for all z € G there exists y € F' such that z = g(y).

Which shows that ¢ is a surjective application.

2.2.7 Direct image - reciprocal image

Let E, I be two sets and f be an application of £ to F.
Definition 2.12
We call the direct image of a set A C F, the set

f(A) ={f(z)/z € A}.

Definition 2.13

We call the inverse image of a set B C F the set

71 (B)={z € E/f(z) € B}.

Example 2.19. Let f be the application from R to R defined by : f(z) = 22% + 5z — 3
Calculate f~1({—3})
The set f~!({—3}) is the set of all z € R such that f(z) = —3.

J7{=3)) ={z eR/f (z) = =3}.

Solving the equation f (z) = —3:

f(r)=-3 & 222 +5x—-3=-3
& 222 +55 =0
S r(2r+5)=0
S ((x=0)V(z=-2),

therefore,
F{=3Y) ={-3,0}.

Calculate f ([-2,0]) .

The set f ([—2,0]) is the set of all values f(x) for = € [—2,0].

F(1=2,0)) = {f (2) /x € [-2,0]}.
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We can write f(z) in the form

S0,

Calculate [~ (]0,1]).
The set f~1([0,1]) is the set of all x € R such that f(z) € [0, 1].

f7H0,1]) ={z € E/f (z) € [0,1]}.

f(x)el0,1] ©0< f(x)<1

S0,

Proposition 2.5

Let A, B C F and M,N C F, Then :
L f(AUB) = f(A)Uf(B).

2. f(AnB)C f(AUf(B).

3. fH(MUN) = 71 (M) U [ ().
L fHMAN) = fH M)A ().
5. f7HCpM) = Cp (f71 (M)).
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Proof.
1. Let y € F) then

ye f(AUB) &3z e AUB,y = f(x)
s dx((xeAvaeB)A(y=f(z)
edr((reAny=flz))V(reBnry=f(z)
& (Fr,(r e ANy = [f(z))) v Bz, (x € BAy = [(x)))
S e f(A)V(yef(B)
ye f(AUf(B),

so, f(AUB) = f(A)U f(B).
2. Let y € F| then

ye f(ANB) &3z ANB,y= f(x)
S dr((re ANz e B)A(y = f(x)))
sdr((reANy=f(x)AN(xe BAy= f(z)))
= (Jz,(zx€e ANy = f(x))) N3z, (x € BAy = f(z)))
= e f(A)A(ye f(B))

=ycf(A)Nf(B),
so, f(ANB) C f(A)N f(B).
3. Let x € E, then

re f'(MUN) & f(x)e MUN
< (f(x) e M)V (f(z) €N)
S @efHM)V(ze fT(N)

sre fTH(MUfTN),
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so, fH(MUN) = [~ (M) U f~* (N).
4. Let x € E, then

ref'(MNN) & f(x)e MNN
& (f(x) e M)A (f(2) € N)
& (we fTHM) A (z e fTHN))
Sz fTHM)NfTHN),

so, f7H(MAN) = f~1 (M) 1 f1(N).
5. Let x € E/, then

z€ [TH(CrM) & [(z) € CpM
& (f@) e F)A(f(2) ¢ M)
S (@eB)A (¢ fH (M)
&z eCpft (M)

S0, f_l (CFM) = CEf_l (M) .

2.3 Exercises

Exercise 2.1

Let A ={n € N/n? —3n < 2} and B = {0,1,3,5,7}. Describe the sets AN B, AU B and
A x B.

Solution

Describe the sets AN B, AUB and A x B

We have A = {n € N/n? —3n <2} ={0,1,2,3}

1. ANB
ANB ={z/x € A and x € B}

={0,1,3}
2. AUB
AUB ={z/x € Aoruze B}

={0,1,2,3,5,7}
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3. Ax B
AxB ={(z,y)/x € Aand y € B}
{

Exercise 2.2

Let A, B tow parts of a set . We suppose that
ANB+ @, AUB#+#E,A¢ B,BZ A
and
Al:AHB,AQ:AﬂC’g,AngﬂC’§,A4:C’§UB.

Show that :

1. Ay, Ag, A3, Ay are non-empty.

2. Ay, Ay, Az, A4 are two by two disjoint.
3. AiUAUAsU AL =F.

Solution

1. Ay, Ay, Az, A4 are non-empty. We have
A1 =ANB # @, From the hypothesis
Ay =ANCEBE=ANB+#g, because A ¢ B.
A3 =ANCA=B~NA#02, because B ¢ A.
Ay =C8B=E~(AUB)# @, because AUB # E.

2. Ay, Ay, Az, Ay are two by two disjoint.
We show that
ANA =0 with i#j and i,j€{1,2,3,4}
AiNAy, =(ANB)N(ANCE)

=ANBNANCE
=(ANA)N (BNCE)
=ANg

=g
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AiNA; =(ANB)N(BNCYH)
=ANBNBNCs
=(BNnB)N(ANCH)
=BNg

=
AiNAy =(ANB)N (CHUP)

=(ANB)N (CgNnCE)
=ANBNCENCE
=(ANnCH) N (BNCE)
=0NgY

=g
A;NA; =(AnCE)n(BNCy)

=ANCENBNCE
=(Ancg)n(BNCE)
=oNg

=g

=(AnCE)n(CanCE)
=ANCENCENCE
=(AnCcHn(CENCE)
=onCE

=9
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AsNAy = (BNnCy) N (CHP)
= (BnC#)n (CinCy)
=BNCaNCENCE
= (BnCR)n (cincy)
=onCs

=g
3. AUAUAsUA =F

AJUAUA;UA = (ANB)U(ANCE)U(BNCA) U (CAVB)
=(ANB)U(ANCE)U (BNCH) U (CanCE)
=[ANB)U(ANnCE)]U[(BNnCH U (CanCE)]

)
=[(AuA)N(AUCE)N(BUA)Y N (BUCE)]
ul(BuCi)n(BUCE)Nn (Cauli)n(CaucE)]

=[AN(AUCE)N(BUA)NE|U[(BUCE)NENCEN (CRUCH)]
— [AN ((AUCE) N (BUA)] U[CEN (BUCE) N (CAUCE))]
=[An(Au(BnCE))ulCan(Chu(BUCE))]
=[An(Aug)u[Can (CaUE)]

=AUCj
=’

Exercice 2.3

Let be the application f : R — R, defined by
f(z) =2 + 3z + 2.

1. f is-it injective ? surjective ?
2. Show that f (R) = [—;11, +oo[.
3. Show that the restriction g : [—3, +00[ — [—1, 400, g(z) = f(x) is bijective.

Solution.
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1. f is-it injective? Let a,b € R, we have
fla)=f(®) =a*+3a+2=0"+3b+2
= (a—b)(a+b)+3(a—0b)=0

= (@—-b(a+b+3)=0

L Ja- b=20
a+b+3=0
We can find two different elements have the same image. For example a = —2,b = —1, we

have f (a) = f (b) = 0.
Then the application f is note injective.
f is-it surjective ? Let y € R, we have
y=f(r) ©y=a>+3r+2
S’ +3r+2—-y=0
A=32-4(1)2-y) =1+4y.
Ify € } —00, —}l [ , the equation has no solutions, that’s to say the element y has no antecedent.
Then the application f is note surjective.
2. Show that f (R) = [—1,+oo].
We have,
fR)={f(z)/xeR}.

The equation y = f(z) has real solutions if and only if A = 1+ 4y > 0, so there are solutions
if and only if y € [—;11, —1—00[.
Thus,

fR)=[-1, +o0].
3. Show that the restriction g: [-2, +oo[ — [-1, 400, g(z) = f(z) is bijective.

Let y € [—1,1], we are looking for a unique element x € R such that y = g(z).
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Ifye [—}1, +00 [, so the possible solutions are

x:—s—\;@¢[ 3 o0

—5
or

r = 2tvitly Vyl+4y € [—%,+oo[.

Then, for every real y > —% there exists an unique real x = %ﬂ € [—%, +oo[ such that
y = g (), so the application ¢ is bijective.

Exercise 2.4

Let f be the application from R to R defined by : f(z) = 22 + 4z — 1

1. Calculate f~1({—1}). Is the application f bijective ?

2. Calculate f ([—1,1]) and f~1([0,2]).

Solution

1. Calculate f~!({-1})

The set f~!1({—1}) is the set of all z € R such that f(z) = —1.

1) ={z e R/f (2) = -1}
Solving the equation f (z) = —1 :
flx)=-1 ©22+40—-1=-1
S +4r=0

Sz(r+4)=0

Therefore,
=1 ={-40}.
Is the application f bijective ?
We have f (—4) = f (0) = —1. Then there existe two different elements have the same image.
So, the application f is note injective, which implies that f is note bijective.
2. Calculate f ([—1,1]) .
The set f ([—1,1]) is the set of all values f(z) for z € [—1, 1].

S(=11) ={f (@) /z € [-1,1]}.
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We can write f(z) in the form
fl@)=2+4x—1=(x+2)> -5
re[-1,1] ©1<z+2<3

1< (x+2)°<9

S0,

Calculate [~ (]0,2]).
The set f~1([0,2]) is the set of all z € R such that f(x) € [0,2].

f7H0,2)) ={z e E/f(x) €[0,2]}.
flx)el0,2] ©0< f(x)<2
S0<(x+2)°-5<2
e5<(r42)7<7
e (=00, ~v5 2 U [v5 ~ 2, +oo) N ([~vT ~2,v7 ~ 2))
sre[-VT-2,-V5-2lUuV5-2,V7T-2],

S0,

F0.2) = [V -2, —VE-2]U[VE—2.v7—2].
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2.4 Terminology translation

English Frensh

Set Ensemble
Empty set Ensemble vide
Element Elément

Part Partie
Complementary Coplémentaire
Subset Sous-ensemble

Cartesian product

Produit cartésien

Starting set

Enemble de départ

Arrival set

Ensemble d’arrivée

Strictly monotonic

Stéctement monotome

Strictly increasing

Strictement croissante

Strictly decreasing

Strictement décroissante

Direct image

Image directe

Reciprocal image

Image réciproque




Chapitre 3

Binary relation on a set

In this chapter, we present the binary relation on a set.

3.1 Definitions

Definition 3.1

Let E and F be two sets. A binary relation from E to F is a subset ® of £ x F (or
correspondence R that links elements of F to elements of F).

If (x,y) € R then we say that x is related to y and we denote it zRy.

In the case where ¥ = F' we say that R is defined on F.

We say that A is the domain and B is the codomain of the relation ¥.

Example 3.1

- The equality «=» is a relation on a set F.

- The inequality «<» is a relation on N, Z or R.

- The inclusion «C» is a relation on P(X), where X is any set.

- Let E = 7Z. We define a relation & on Z by :
V(x,y) € Z%, xRy < = — y is a multiple of 5

Thus, 9R4 since 5 divides 9 — 4 = 5. Note that 9 is not related to 3 since 5 does not divide
9-3=6.

Definition 3.2 (Graph of a Relation)

Let R be a relation from a set E to a set F'. The graph of R (denoted I'y) is the set defined
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I'r ={(x,y) € E x F/zRy}.

Example 3.2
We consider the relation «<» on the set £ = {0,1,2,3,4}.

So, we have

I'p = {(z,y) € E*/zRy}
={(0,0),(0,1),(0,2),(0,3),(0,4),
(1,1),(1,2),(1,3),(1,4),(2,2),
(27 3) ? (27 4) ) (3’ 3) Y (37 4) Y (47 4)}

Fig 3.1 : Graph of the relation « < »
on the set £ ={0,1,2,3,4}

3.2 Properties of a binary relation on a set
3.2.1 Reflexive relation

Definition 3.3.

Let R be a relation on a set E. R is called reflexive if every element is related to itself.
Vo € E, xRx.

Example 3.3
- The inequality «<» on N, Z, or R is reflexive.
- The inequality «<» on N is not reflexive. Because we can find a natural number x that is

not related to itself.
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3.2.2 Symmetric relation

Definition 3.4

Let R be a relation on a set E. R is called symmetric if
Vr,y € E, 2Ry = yRe.

Example 3.4
- The equality «=» on the set of integers Z is symmetric.
- The inequality «<» on N is not symmetric. Because we can find two natural integers x,y

such that x is related to y and y is not related to x.
J(r,y)=(2,3) eN,(2<3)A(3£2)

3.2.3 Antisymmetric relation

Definition 3.5

Let R be a relation on a set E. R is called antisymmetric if
Ve, y € E, (eRy) A (yRz) =z =y.

Example 3.5
- The inequality «<» on N,Z, or R is symmetric.

- We consider the binary relation R defined on Z by :
V(a,b) € Z?,aRb < |a| = |b|

R is not antisymmetric. Because we can find two integers a, b such that «a is related to b and

b is related to a but a # b.
3(a,b) = (2,-2) € 2%, ((12[ = [-2)) A (|-2[ = [2])) A (2 # —2).
3.2.4 Transitive relation

Definition 3.6

Let R be a relation on a set £. R is called transitve if

Va,y,z € E, (zRy) A (yRz) = zRz.
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Example 3.6

- The equality «=» on the set of integers 7Z is transitive.

- The inequality «<» on N, Z, or R is transitive.

Example 3.7

We consider the relation «R» on the set E' = {a, b, ¢}, such that

Iy ={(a,a),(a,b),(a,c),(b,;b),(b,a),(c;c),(c,;a)},
- R is reflexive, because every element is related to itself.
Vo € E, xRx.
- R is symmetric, because
V(z,y) € E% (2Ry) = (yRz) .

- R is not antisymmetric, because we can find two elements x,y such that x is related to y

and y is related to x but x # y.
3 (z,y) = (a,b) € E?, ((aRb) A (bRa)) A (a # b)

- R is not transitive, because we can find three elements x,y, z such that x is related to y

and y is related to z but x is not related to z.

(z,y,2) = (c,a,b) € E3, ((cRa) A (aRb)) A (c is not related to b) .

3.3 Order relation

Definition 3.7

Let R be a relation on a set E.

R is called an order relation if R is reflexive, antisymmetric and transitive.
Example 3.8

The inequality «<» on N,Z, or R is an order relation.
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3.3.1 Total and partial order

Definition 3.8

Let R be a relation on a set E.

1. Two elements z and y are said to be comparable by R, if xRy or yRz.

2. We say that I is a total order relation if all the elements of E are pairwise comparable.
Otherwise, we say that the relation is a partial order relation.

R is called a total order relation if V (x,y) € E? 2Ry or yRz.

R is called a partial order relation if 3 (x,y) € E?,(x is note related to y) and ( y is note
related to x).

Example 3.9. Let E be a set and X = p(E). We consider the following binary relation on
X

VA,Be X,ARB < AC B.

So, R is an order relation.

(). R is reflexive, because for any set A € X, we have
AC A= ARA.

(ii). R is antisymmetric, because for all A, B € X, we have

ARB ACB
Aad ;
BRA BCA
then, A = B.
(iii). R is transitive, because for all A, B,C' € X, we have
ARB ACB
=
BRC BcCC
= AcCC
= ARC.

Is the order total ?
-If E =2, then X = {@} and we have : VA, B € X, A= B =, so

VA,B€ X,AC B,
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which shows that the order is total.
- If E is a signgleton, then £ = {a} and X = {@,{a}}, for all A, B C X, we have

A= NA={a} e B=0OANB={a},

S0,

VA, Be X, AC BV B C A,

which shows that the order is total.

- If E contains at least two distinct elements a and b, then
JA={a} e X,B={b} € X, (AL B) and (B¢ A),

which shows that the order is partial.

3.4 Equivalence relation

Definition 3.9
Let R be a relation on a set E.
R is called an equivalence relation if R is reflexive, symmetric and transitive.

Example 3.10. Let § be a binary relation defined on R by

Va,b € R, adb < cos? (a) + sin? (b) = 1.

Show that 0 is an equivalence relation.

(i). ¢ is reflexive, because for any real a, we have
cos? (a) + sin® (a) = 1 = ada.

(ii). ¢ is symmetric, because for all a,b € R, we have

adb = cos?® (a) +sin® (b) = 1
= (1 —sin®*(a)) + (1 — cos? (b)) =1
= —sin? (a) —cos? (b) +2 =1
= cos? (b) +sin® (a) = 1

= bda.
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(iii). § is transitive, because for all a,b, ¢ € R, we have
adb cos? (a) + sin? (b) = 1
bdc cos? (b) +sin’ (¢) = 1
= (cos? (a) + sin® (b)) + (cos? (b) + sin® (c))) = 2
= cos? (a) + +sin® (¢) + (sin® (b) + cos? (b)) = 2
= cos? (a) + +sin’ (¢) = 1
= adc.

From (i), (ii) and (iii) we deduce that J is an equivalence relation.

3.4.1 Equivalence class

Definition 3.10

- Let R be an equivalence relation on a set F. Let x € E, the equivalence class of z is
Cl(x)= =z ={y € E/yRz}.

- Cl(z) is a subset of F.

- We call the quotient set of E by the equivalence relation R, the set of equivalence classes
of all the elements of E. This set is denoted E/R.

Example 3.11. In R, we define the binary relation & by :

V(z,y) e B> aRy & 2?2 —y? =x —y

Determine the equivalence class of z € R.
we can easily verify that J is an equivalence relation.

Let z € R, by definition of equivalence class, we have

r = {yeR/yRz}
={yeR/y* —a® =y —ux}

={yeR/(y—z)(y+z—-1) =0}
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—ifa::%,thenj:: {%}
-ifz # 4, then & = {z,1 — z}.
Proposition 3.1
Let R be an equivalence relation on a set E. We have the following properties :
1.Vze &
Cl(z) # 2.

Cl(z) =Cl(y) & zRy.

3.Ve,ye F
Cl(z) =Cl(y) ou Cl(z)NCl(y) = 2.

4. Let F be a set of representatives of all classes then {Cl(x);x € F'} constitutes a partition
of E.

Proof.

1. Since R is an equivalence relation, then xRz (R is reflexive). So, z € Cl(z), hence Cl (x) #
.

2.

(=) Suppose that Cl(z) = Cl(y)

Let z € Cl(x), then z € Cl(y) and therefore 2Rz and 2Ry, from the reflexivity and transitivity
of R, we deduce that, zRy.

(<) Suppose that =Ry

We demonstrate that Cl(z) C Cl(y)

Let z € Cl(z), then 2Rz, by hypothesis we have xRy, and from the transitivity of R, we
deduce that, zRy, so, z € Cl(y).

Then Cl(z) C Cl(y).

In the same way we demonstrate that Cl(y) C Cl(x).

3. Let x,y € E, Suppose that Cl (z) N Cl (y) # @, then there exists z € Cl(z) N Cl(y), so
zRzr and zRy.

Let’s show that Cl(x) = Cl (y)
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Let t € Cl(x), then
(tRz) A (2Rz) A (2Ry) ,

from the reflexivity and transitivity of &, we deduce that,
(tRz) A (2Ry) ,
and from the transitivity of i, we deduce that,

tRy,

S0,

teCl(y),

then,
Cl(z) C Cl(y).

In the same way we demonstrate that Cl(y) C Cl(z).

4. Is a direct consequence of (1) and (3) : It must be shown that

E= U q

(a) is a consequence of (1). The equivalence classes of F are all non-empty (every element of
E belongs to an equivalence class).

(b) is a consequence of (3). Two equivalence classes are either the same or disjoint.

3.5 Congruences

Definition 3.11
Let n be a non-zero natural number. We say that two relative integers a and b are congruent
modulo n, or that a is congruent to b modulo n if n divides a — b. We denote by a = b mod

n or a = b[n].
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Example 3.12

- 2025 = 87[17]. 2025 — 87 = 1938 = 17 x 14.

- 421 = 16[5]. 421 — 16 = 405 = 5 x 8.

Proposition 3.2

The congruence relation modulo n is an equivalence relation.
Proof.

Let n be a non-zero natural integer and a, b, c € Z. We have :
(i).

a—a=0=0xn= aRa,

so, N is reflexive.

(ii).
aRb = a = b[n]

= a—b=nk, with k € Z
=b—a=nk, withk =—-keZ

= b =a[n] = bRa,
so, R is symmetric.
(ii).
b[n]
c[n]

ab N a
bRc b
_ Ja—b=nk L with ki, ky € Z
b—c=nky
= (a—0b) + (b —¢) = (nky) + (nky)
=a—c=n(k + ko)

= a— ¢ = nks, with ks =k + ko € Z

= a = c[n] = aRc,
so, R is transitive.
From (i), (ii) and (iii) we deduce that } is an equivalence relation.

Proposition 3.3

a = b[n] if and only if a and b have the same rest in Euclidean division by n.
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Proof
Let (g1,71) and (gg,72) be the two unique elements of Z x N, such that

a=nq+r and b=ngqgy + 1o,

with 0 < rq,ry < n.

Then,
a—b=nx(q —q)+ (ry —rse),
a—benzZ < r,—re €nt
we have
—n<r;—re<n and |—n,n[NnZ = {0},
S0,

T = To.

Proposition 3.4
Let n be a non-zero natural integer and a, b, c,d € Z.

1. If a = b[n] and ¢ = d[n], then
a+c=b+dn], a—c=b—d[n], a xc=bxdn]
a® = bv¥[n|, with k € N*,

2. If a = b[n], then for all p € Z
a+p=b+pn], a—p=b—pn], axp=0bxpn]
3.6 The set Z/nZ

For any integer n > 2; Z/nZ is the quotient set of Z by the congruence relation modulo n.

We have :
Z/nZ = {omm}

where z is the class of z, that is, the set of numbers whose Euclidean division by n has the

rest x.
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Example 3.13

- For n = 2, we have
7.)27, = {O, i} ,
with 0 = {even number} and 1= {odd number} .

- For n = 4, we have

Z/AZ = {0, 1,2,3}.

Operations
We will define a sum operation denoted by + and a multiplication operation denoted by X

on Z/nZ as follows :

Example 3.14

Some calculations in Z /127

10 +2=10+2 = 12 = 0,
we say that 10 is the opposite of 2 and that 2 is the opposite of 10.

we say that 5 is the inverse of itself.

4%x3 =12 =0,
we say that 4 and 3 are divisors of zeros.

Example 3.15

The sum operation + and the multiplication operation x on Z /77
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+lof1]2]3/4|5]6
0lo/1]/2]3[4]5]|6
1/1/2/3/4|5/6]0
22[3[4(5]6]0]1
3/3/4]5]6/0]1]2
4]4|5[6]o0]1]2]3
5/5[6[0[1/2|3]4
66/0/1/2|3]4]5
Tab 3.1 : Sum operation on Z/7Z
x |0]1]2]3[4]5]6
0lojojojolo]o]o
1]0[1/2[3]4]5]6
2|0/2|4]6[1]3]5
310[3/6/2[5]1]2
400/4]1]5/2]|6]3
510[5/3/1/6/4]|2
60/6/5/4[3]2]1

Tab 3.2 : Multiplication operation on Z/7Z

3.7 Exercises

Exercise 3.1

Let R be the binary relation on E = {0,1,2,3,4} defined by
Ry < 2r—yeN

1. Determine I'y graph of R.
2. Is R reflexive ? symmetric 7 Antisymmetric ? Transitive ?
Solution

1. Determine I'y graph of .
I'p ={(z,y) € B*/aRy}
= {(z,y) € EB?/=¥ e N}
{(0,0
- (2v2)
(3,3

),(1,0),(1,1),(1,2),
1(2,3),(2,4),(3,0), (3,
), (3,4),(4,0),(4,1), (4

/\OJ/'\

) Y
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Fig 3.2 : Graph of the relation «R>»
on the set E.

2. Is R reflexive ? symmetric 7 Antisymmetric ? Transitive ?

- R is reflexive, because every element is related to itself.
Ve e F,2x —x =x € N, so zRz.

- J is note symmetric, because we can find two elements z,y such that z is related to y and

y is note related to x
J(z,y) = (1,0) € E% (1R0) but 0 is note related to 1.

- R is not antisymmetric, because we can find two elements x,y such that x is related to y

and y is related to x but x # y.
3(a,y) = (2,3) € B2, (2R3) A (3R2)) A (2 £ 3)

- R is not transitive, because we can find three elements x,y, z such that = is related to y

and y is related to z but x is not related to z.

I (z,y,2) = (1,2,3) € B3 ((1R2) A (2R3)) A (1 is not related to 3) .

Exercise 3.2
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In R, we define the binary relation & by :
V(l‘,y) € EQ,ZL‘%y(:)x?’ _y3 — 72 _yg

Show that J is an equivalence relation and determine the equivalence class of = € R.
Solution

1. Show that R is an equivalence relation :

Let z,y,z € R, we have

(i).

23— 2% =0=2%—2%= Rz,

so, < is reflexive.

(ii).

Ry =23 —yd =22 -2
= (27 —y?) x (=1) = (2® — y?) x (-1
SN BN R B

= yRzr,

so, R is symmetric.
(iid).
xRy N 23— = 2% — ¢
YRz IR SR
= @ —y’)+ (1’ = 2%) = (@ —y*) + (v* = 2

=2 — 22 =222

= xRz,

so, R is transitive.
From (i), (ii) and (iii) we deduce that } is an equivalence relation.
2. Determine the equivalence class of x € R

Let z € R, we have

v = {yeR/yRe} = {yeR/y* -2’ =y> -7}
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yot=y -2 ey’ -2%) - (P —2%) =0

SWy—z) (P +yr+a®) —(z—y)(z+y) =0

Sy-—2) (Y +yr+a?-z-y)=0

N y—x=20
4+ (@-1)y+a?—z=0
We solve the second equation.

If z €] — 1, 1[, the equation has two solutions

1—2x—+/14+22—3z2

o _ 1—x+V14+22—322
y - 2 or y - 2

If x = 1, the equation has one solution

Ifx= —%, the equation has one solution
y=3-

If 2 €] — 0o, —5[U]1, +0ocl, the equation has no solutions.

So,

1—2—V14+2x—322 1—2++14+22—3x2 . 1
{l’, D) ) D) Zf Ie]_gal[

{0,1} if =1

Exercise 3.3

In Z, we define the binary relation R by :
V(z,y) € Z% xRy & x — y is multiple of 6

1. Show that R is an equivalence relation.
2. Determine the quotient set Z/R.

3. Showthat@zﬁandf??ﬂf?z@.
Solution

1. Show that R is an equivalence relation.
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Let z,y, z € Z, we have
().
r—r=0=0x6= xRz,

so, R is reflexive.

(ii).
xRy = x —y =06k, with k € Z

=y—c=06k,withk =—-keZ

= yRz,

so, R is symmetric.
(i)
L = {0t
= (x —y) + (y — z) = 6k + 6k,
= 1 — z = 6ks, with ks =k +ky € Z

= xRz,

so, R is transitive.
From (i), (ii) and (iii) we deduce that } is an equivalence relation.
2. Determine the quotient set Z/R.
We know that Z/R is the set of equivalence classes of all elements of Z. And since R is the
congruence relation, then
767 - {0.1,2.3,4,5).
3. Showthatéf9:2i5and5\70 f?z@.

We know that two equivalence classes are either the same or disjoint. We have
49 — 25 =24 =6 x 4,

which implies

49R25,

S0,
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And

57 — 17 =40 =6 x 6 + 4,
which implies

57 1s note related to 17,
S0,

5T N 17 = .

Exercise 3.4

In R?, we define the binary relation 3 by :

Y (z,y), (x',y') € R? (z,y) R (:pl,y,) & (a: < :17/) and (y < y/)

1. Show that R is an order relation.
2. Is the order total ?
Solution
1. Show that R is an order relation.
Let (z,y), (:v/,y') , <x,y> € R?, we have
().
(z <) and (y <y) = (z,y) R(z,y),

so, R is reflexive.

(ii).
(x,y) R (x',y') (z < :c') and (y < y/)

(a:/,y') R (z,y) (x' < :c) and (y' < y)
= (a: = x/) and (y = y/)

= (Jf,y) = (x/vyl) )
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so, R is antisymmetric.

(ii).
(x,y) R (xl,y’) (z < x’) and (y < y,)
=
(I,, y’) R (x”,y”) (a:/ < x”) and (y’ < y”)

= (x < a:) and (y < y)

= (z.y)R (2", y)
so, R is transitive.
From (i), (ii) and (iii) we deduce that $ is an equivalence relation.

2. Is the order total ?
Let (z,y) = (3,5), (z",y') = (1,7) € R% We have

(3,5) is note related to (1,7),

and

(1,7) is note related to (3,5),

we deduce that the order is partial.
Exercise 3.5

In R?, we define the binary relation T' by :

Vo,y e R, 2Ry & In e N,y = 2,

1. Show that T is an order relation.

2. Is the order total ?

Solution

1. Show that 7' is an order relation.
Let x,y,z € R%, we have

(i).

r=2'=3In=1€N,2=a2" = 2T,
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so, T is reflexive.

(ii).
xTy dn, e Ny =a™
yT'x dng, € Ny o = y™?

=y =a" = (y")"

:>y:y”2m1:>n2Xn1:1:>n2:n1:1

=T =1,
so, T' is antisymmetric.
(ii).
xTy dny, € Ny = 2™
=
yT'z dne € Ny 2z = ¢y

= » = ynQ — ({L‘nl)n2 — prXne
N — n,
= dng=mn; Xng €N, z=2a"

= 2Tz,
so, < is transitive.
From (i), (ii) and (iii) we deduce that $ is an equivalence relation.
2. Is the order total ?
Let (z,y) = (7,4) € R x R%.. We have

7 is note related to 4,
and

4 is note related to 7,

we deduce that the order is partial.
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3.8 Terminology translation

English

Frensh

Binary relation

Relation binaire

Order relation

Relation d’ordre

Inequality

Inégalité

Partial order

Ordre partiel

Total order

Ordre total

Pairwise comparable

Comparables deux & deux

Equivalence class

Classe d’équivalence

Quotient set

Ensemble quotient

Euclidean division

Division euclidienne




Chapitre 4

Algebraic structures

In this chapter, we present the algebraic structures.

4.1 Law of internal composition

Definition 4.1
Let E be a non-empty set.

- A law of internal composition on E is an application * from F x F to F.

x: FxFE — FE
(r,y) = xx*y

- The internal composition law can be noted by *, A, @, ..., or other symbols.

Example 4.1

- The composition laws defined by addition (4) and multiplication (x) on the sets N, Z, Q,

R are internal laws.

- Let E be any set. Let X,Y € P(F), the composition law (X,Y) — X UY is an internal

law on P(E).

- Let * be defined on R :

1

THY = o

Then * is not an internal composition law, because (0, —1) € R x R does not have a defined

image.
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4.1.1 Stability

Definition 4.2

Let be * an internal composition law in a set E.

A subset F' of F is said to be stable for this internal law if and only if

Ve,y € F,xxy € F.

4.1.2 Properties of an internal composition law

4.1.3 Associativity

Definition 4.3

Let * be an internal composition laws in a set E. We say that * is associative if and only if

Vo,y,z € B,z x (y*z) = (zxy) * 2.

Example 4.2. Let * be an internal composition law defined on R by

TxYy=x+Yy— Y.

Let z,y, 2z € R, we have

and

when (1)

rx(y*xz) =x+a—2xa
——

=r+y+z—yz)—x(y+z—1yz)

=x+y+z—yz—axy—xz+TYz ... (1),

(x*xy)*z =b+2z—0bz
b

=r+y—zy)+tz—(x+y—ay)z

=x+y+z—ay—xz—Yyz+TYz ...t (2),

(2), then = is associative.
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4.1.4 Commutativity

Definition 4.4

Let * be an internal composition laws in a set . We say that * is commutative if and only if
Yo,y € E,xxy=1y*u.
Example 4.3. Let * be an internal composition law defined on R by
TxY=x+1Yy— Y.
Let x,y € R, we have
TxY=T+Y—TY=yY+Tr—Yyr=yx*=c,

S0, * is commutative.

4.1.5 Neutral element

Definition 4.5
Let * be an internal composition laws in a set F.

The law * admits a neutral element (noted e) on F, if and only if

dee E.Nx € E,xxe=exx =e.

Remark 4.1
The neutral element, when it exists, is unique.
Indeed, suppose that e is another neutral element for the law *, then € = ¢ e =exe =e.
Example 4.4
Let % be an internal composition law defined on R — {1} by
TxY=x+Yy—2Y.

Let z € R — {1}, we have

r*xe=r <Srte—zre==zx

se(l—x)=0,

< e =0, because x # 1,
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and
exr =0 <>et+r—er==x

Se(l—x)=0,

< e =0, because x # 1,

then, e = 1 is a neutral element.

4.1.6 Symmetric element

Definition 4.6
Let x be an internal composition laws in a set F.
The element = of E is said to be invertible (or symmetrizable) for the law x if the law *

admits a neutral element e and if there exists an element 2 in F such that
rxx =1 %1 =e.

Remark 4.2
The symmetric ' of € E is unique for the law * .
Indeed, let z be a second symmetric element of x. Using the associativity of the law *, we

obtain

Example 4.5

Let % be an internal composition law defined on R — {1} by
TxYy=x+y—zxY.
Let z € R — {1}, we have
rxr =e Sr+r —ar =0
s (l-1)=—z,

/

S x = —7—=, because x # 1,
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and ) ) )
rxr—=—o0 v +rxr—xx=0
2 (l-g1)=—z,

’

_ T
&1 = —7, because x # 1.

=2 eR-{1}?

Suppose that, z° = — =2 =1

r=—"2=1—-—1r=1-r<0=-1,

1-z

This is a contradiction. Therefore, ' # 1.

! . .
Then x = —1*= is a symmertic element.

4.1.7 Distributivity

Definition 4.7

Let * and A be two internal composition laws in a set E.

We say that the law x is distributive with respect to the law A if

Vo,y,z € E;xx (yAz) = (xxy) A(zx2) and (yAz)xxz = (yxx)A(z*x).

4.2 Groups

Definition 4.8

Let % bean internal composition laws in a set G.

We say that (G, ) is a group if

(a) The law x is associative on G.

(b) There exists a neutral element e € G.

(c) Every element of G is symmetrizable for the law .

We also say that the set G has a group structure for the operation x.

And if in addition * is commutative, we say that (G, *) is an abelian (or commutative) group.
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Exemple 4.6
Let E =]—1,1[. We define on E the law * by

_ atb
Va,b € E, axb= {7

Show that (E,*) is an abelian group.
(a). Show that * is internal

Ya,be E, axb e FE.

Let a,b € E, we have :
a,be E =labl <1

= 14ab> 0,
S0,

axbeFE <:>—1<1Cf;’b<1

Ad }1a:fb| <1

S la+b <|1+abl=1+ab

Sla+b—-1—ab<0
First case : if a + b < 0, then
la+b—1—ab =—-a—b—1—ab

=—a(l14+b)—(14+0)

= —(1+a)(1+b)<0.

Second case : if a + b > 0, then
la+b—1—ab =a+b—1—ab

—a(l1-b)—(1-b)

= —(1-a)(1-0)<0.

In both cases, we deduce that the law * is internal in E.

(b). The law * is commutative
Va,be E, axb=">bxa.

Let a,b € E, we have :

atb __ bta

axb= 14+ab = 1+4ba

=bxa,
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S0, * is commutative.

(c). The law x* is associative

Va,b,c € E, ax(bxc) = (axb)*c
Let a,b,c € E, we have :

ax(bxc) = a*lbilfc

b+c
a+ 1+bc

- b+c
1+a 1+be

— (a+abc+b+c

i) % (Tretara)

1+bc+ab+ac

__ a+btctabe
" 1+bct+abtac?
and

(a*xb)xc = f:;’b*c

a+b

__ 14ab +e

- a+b
I+97a5¢

= (™)

X ( 1+ab )

1+ab+ac+be

_ atbtctabe

14+ab+ac+be”
(e). The law * admits a neutral element, that is to say

dee E,Va e E, axe=e¢x*xa=a.
Let a € E, we have :

axe=aqa & <

1tae @
&S a+e=a+a’e
Se(l—ad?)=0
=e=0, car |a]<1.
Since the law * is commutative, then

Oxa=ax0=a,
so, *admits a neutral element e = 0.

(f). Each element of F admits a symmetric in F, that is to say

Vo€ E, da' € E, axa =d xa=e.
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Let a € E, we have :
axad =e & L —(

1+aa’
Sa+a =0,
Sa =—a€ F.

Since the law * is commutative, then
axa=axa =0,

therefore, each element a of E admits a symmetric ¢ = —a in E.

Finally, (E, %) is an abelian group.

4.2.1 Sub-group

Definition 4.9
A subgroup of a group (G, ) is a non-empty subset G’ of G such that :
1. % induces an internal composition law on G .
2. With this law, G’ forms a group. We denote this as G' < G.
Proposition 4.3
The subset G C G is a subgroup of a group (G, ) if and only if
.G #@(ecd).
2.Vr,ye G xxyecG .
3Vee Gzt e
Proposition 4.4
The subset G C G is a subgroup of a group (G, ) if and only if
LG #£2(ecd).
2.Vr,ye G xxy ted.
Exemple 4.7
Let (Z,+) be a group, then 5Z is a subgroup of Z.
We have :
5Z = {5 x k/k € Z} = {...,—10,-5,0,5,10, ...}

(i). e=0 € 5Z.
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(ii). Let x,y € 5Z, then Jky, ke € Z, such that x = 5k; and y = 5ks, so
x+y:5k1+5k2:5k3, with k3 = k1 + ko GZ,

then, x +y € 5Z.
(iii). Let @ € 5Z, then 3k € Z, such that x = 5k, so

—z = —5k =5k, with k' = —k € Z,

then, —x € 5Z.
For (i), (ii) and (iii), then 5Z is a subgroup of Z.
Proposition 4.5
The intersection of any family of subgroups of a group (G, %) is a subgroup of (G, x).
Proof.
Let (H;);.; be a family of subgroups of a group (G, ). Let H = Njer (H;) be the intersection
of all H;.
(a). The set H is non-empty, because e € H;, then e € N;c; (H;) = H.
(b). Let z,y € H, then x,y € H;, so we have z x y~! € H; (because H; is a subgroup), then
rxyt € Nier (Hy) = H.
For (a) and (b), then H is a subgroup of (G, *).
Remark 4.1
The arbitrary union of subgroups of a group (G, *) is not necessarily a subgroup of (G, ).
Exemple 4.8. Let (Z,+) be a group, then 27 and 3Z are two subgroups of Z.
We have :
2ZU3Z = {...,—6,—4,—3,-2,0,2,3,4,6,...} .
For a = 2 and b = 3, we have

a+b=>5¢27U3Z,

then Ja,b € 2Z U 3Z, such that a + b ¢ 27 U 3Z. Therefore, 27 U 3Z is not a subgroup of
(Z,+) -

4.2.2 Quotient group

Let (E,*) be a group and F' a subgroup of E. We define a binary relation ® on E by :

Va,be E, aRbsaxblecF
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R is an equivalence relation on F.
Indeed, for a,b,c € E we have :

(i) R is reflexive, because
axal=ecF, because F is a subgroup of E,

so, a N a.

(ii) ® is symmetrical, because

aRb =axbleF
= (axb ) eF
=bxalEF
=bRNa
(iii) R is transitive, because
(aRb)and (bRc) = (axb € F)and (bxc ' eF)

= (axb V) *x(bxc )€ F, because F is a subgroup of E

=ax*x(blxb)xc' € F, because* is associative,

=axctEF

=aRc

We denote by E/F the quotient set £/R. We define on E/F x E/F the operation & by :

v(a,b) € E/FxEJF, a®b = a*b

Proposition 4.5

If (E,*) is an abelian group, then (E/F,®) is an abelian group, called the quotient group of
E by F.

Proof

(1) @ is a law of internal composition,

We prove that, * is an application from F/F x E/F to E/F.
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Let a,b, é,d € E/F, show that
(a,b) = (c,d) = adb = chd
Suppose that (d, b) = (C, d), then : Vo € F,
€ a®b ©xe axb

< R (axb)
srx(axb)  eF

Srxblxalel

= (zxbtxal)x(axc) € F, because F is a subgroup

= (zxb ') x (a7t xa)xct € F, because * is associative

= (xxb HxcleF

= ((zxb N xc )« (bxd™') € F, because F is a subgroup

= ax*x (b xb)xcxd ! € F, because * is associative and commutative
szxctxdteF

=zx(dsc) ' eF

= R (d*c)

= 2R (c * d), because * is commutative

=z € cxd

=zc ¢hdd
S0,
adb C cdd,
and in the same way we show that
cdd C adb,

consequently,

adb = ¢dd,
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which shows that the law @ is internal in E/F.

(2) @ is associative, because Va, 6, ¢ € E/F, we have
io (bed) - as ()
= ax(bxo)
= m , because * is associative
= (a ¥ b> X

- (aob)@c

(3) @ admits a neutral element,

If e is the neutral element of *, then e is the neutral element of @, because Va € E/F, we

have A
abe = axe = a
and
e®a =exa = a
(4) Every element is inversible,
Let a € E/F, then (a) ' =a~!
ad(0) = aral = ¢
and
(@) '®a =alxa = é

(5) @ is commutative, because Va,b € E /F, we have

a®b = axb
= bxa, because x is commutative

= b@a
For (1), (2), (3), (4) and (5) we deduce that (E/F,®) is an abelian group.
Example 4.5
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We know that nZ is a subgroup of (Z,+) with n € N. Therefore (Z/nZ,®) is a quotient

group.
4.2.3 Group of permutations

Definition 4.10

Let F be a set. A permutation of F is a bijection from E to itself. We denote by Sg the set of
permutations of E. If E = {1,2,...,n}, we simply denote it by S,. The set Sk, equipped with
the composition of applications, forms a group with identity e = ud, called the symmetric
group on the set F.

Example 4.10

Let’s assume E = {1,2,3,4}. A permutation o € Sy is represented as follows :

”:(ain aé) o?3> ai&))’

where 0 : ¥ — E is an application bijective.

Let 01,09 two permutations defined by

(1234 (1234
1=\3 1 42) %27\ 92341)

we have 01 (1) =3,01(2) =1,01(3) =4,0,(4) =2, and

o 1 2 3 4
912 2=\ 56 oy (1) 010 02(2) o010 02(3) 010 02(4) )’

with,
o10 g9(1)=0;1 (03(1)) =07 (2)=1
g10 09(2) =01 (02(2)) =07 (3) =14
o10 03(3) =01 (02(3)) =01 (4) =2
o10 02(4) =01 (02(4)) =01 (1) =3,
then

123 4
919 92=1 1 4 9 3 )"

With the same method, we find

Q

(V)

o

Q

—

I
VR
S =
N DO
— W
W =~
~~
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4.2.4 Group homomorphism

Definition 4.11
Let (E,*) and (F, A) be two groups. An application f from E to F is a group homomorphism
if

Vo,y € B, f(zxy) = f(z)Af (y).

Moreover :

1.If E = F and x = A, it is called an endomorphism.

2. If f is bijective, it is an isomorphism.

3. If f is a bijective endomorphism, it is an automorphism.
Exemple 4.8

Let f and g be two applications, such that :

fo R+) — (R, x)

and
g: R,x) — (R +)
r +— In|x|

For z,y7 € R and a,b € R* , we have

flaty)=eT=c"xe=f(z)xf(y),

and

g(axb)=1Inlaxb =Inla] +1Inb| =g (a)+g(b),

then, f is a group homomorphisme of (R, +) to (R*, x) and g is a group homomorphisme of
(R*, x) to (R, +).

Proposition 4.7 (Properties of Group Homomorphisms)

Let f be a homomorphism from (F, %) to (F, A).

1. f(eg) = ep.

2.Vz e E, f(z7) = (f ()",

3. If f is an isomorphism, then its inverse f~! is also an isomorphism from (F,A) to (E, *).
4. If E' < E (subgroup of E), then f(E') < F.

5. If F' < F (subgroup of F), then f~'(F') < E.
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Proof.
1. We have

flepxep)=f(er)=er A f(eg),

since f is a homomorphism, we deduce that

fleg) A f(eg) =er A f(er),

since, all the elements of the group (F,A) are regular, we deduce that

fler) =er

2. Let z € E, we have

f@) Af@™)=flzxa™)=[(ep) = er,

and

we deduce that

Proposition 4.8

Let f be a homomorphism from (E, *) to (F, A).

1. If E' < E (subgroup of E), then f(E') < F.

2. If F' < F (subgroup of F), then f~'(F') < E.
Proof.

1. Let E' a subgroup of F .

(i) We have e € E', because £’ is a subgroup of F, then

fle) e f(E),

S0,

f(E) #0.

(ii) Let a,b € f(E’), then there exists x,y € E’ such that a = f(z) and b = f(y), then

a Ab~H=f(x) A (f)7 = f@) A fy™h) = flwxy™)
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since £’ is a subgroup of E then z x y~! € E’ |, so

a A= flzxy™h) € f(E),

for (i) and (ii) we deduce that f(E’) is a subgroup of F.
2. Let F’ a subgroup of F', then
(i) f(e) = h, since F" is a subgroup of F', then

h e F,

so, e € fTH(F").
(i) Let z,y € f~1(F’), then
f(@), fly) € F,

since I is a subgroup of F, then
f@A(f(y) e F' e f)Af(y ) e F' & flaxy ™) € F,

S0,

wxy e [T,
for (i) an (ii) we deduce that f~!(F”) is a subgroup of FE.
4.2.5 Kernel and image

Definition 4.12
Let f be a homomorphism from E to F'.
1. The kernel of f, denoted ker(f), is the set of pre-images of ep :

ker f = f~ ({er}) ={z € E/f (z) = er}.
2. The image of f, denoted Im(f), is f(E) (set of images by f of elements of E)
Im f = f(E) ={f(z)/z € E}.

Proposition 4.8
Let f be a homomorphism from (E, %) to (F, A).
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1. f is injective if and only if ker(f) = {eg}.

2. f is surjective if and only if Im(f) = F.

Proof.

1. (=) Suppose that f is injective.

we have f (eg) = ep, then eg € ker f, so {eg} C ker f.
Let o € ker(f). Then f(z) = ep,

@) =er = f(x) = f(en), because [ (ep) = ex
= x = eg, because f is injective.
=T Ec {GE},

so, ker f C {eg}. Thus, ker(f) = {egr}.
(«<)Conversely, suppose ker(f) = {eg} and show that f is injective.
Consider z,y € E, such that f(z) = f(y).

fl@)=fly) = f@)A(f(Y) " = er, because f(YA(f(y) ™" = er
= f(x)Af M y) = ep, because (f(y))™" = f(y™")
= f(zxyY) =ep, because f is homomorphism
= xxy ! € ker(f)

1= ep, because ker(f) = {ep}

=T kY
=T =1,

then, f is injective.

2. We use the definition of surjectivity.

f is surjective < Vy € F,3x € E,y= f(x)
< Im(f) = f(E).
4.3 Rings

Definition 4.13

We call a ring any set A equipped with two internal composition laws 4+ and e such that :
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1. (A, +) is a commutative group with identity element denoted by 04.

2. The operation e is associative and distributive on the left and right with respect to * :

Vi,y,z€ Aze(yez)=(rey)ez.

3. The operation e is distributive on the left and right with respect to + :
Ve,y,z€ A,ze(y+2)=(zey)+(rez) and (y+z2)ex=(yex)+ (z0x).

If e is commutative, we say that (A, +, e) is a commutative ring.

If @ has a neutral element, the ring is said to be unitary.

We denote by 04 the neutral element of 4+ and by 14 the neutral element of e.

We denote by —z the symmetric of x by the law + (called opposite of z) and z~! the
symmetric of = by the law e (called inverse of x).

Example 4.13

(Z,+, %), (Q,+, x), (R,+, x), and (C, +, X) are unitary commutative rings.

4.3.1 Calculation rules in a ring

Let (A, +,e) be a ring, then we have the following calculation rules :
For any z,y and z € A,
1.Opex =200y =04.

2.x0(—y)=(—z)ey=—(rey).

B.xe(y—z)=(rey)—(rexz).
L (y—z)ex=(yex)—(z0x)
Proof

1. Let z € A, then
OAOJ?:(0A+0A)Ox:<0AOI)+(0AO$)

because e is is distributive with respect to +, since all the elements of A are symmetrizable,
we deduce that

Oon:OA.
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In the same way we show that

rze04 =04.
2. Let x,y € A and show that = e (—y) is the symmetry of (z e y). We have :
(zo(-y)+(rey)=ze(-y+y)=r00,4=0,4

as + is commutative we deduce that

(ze(=y)) = —(zey)

In the same way we show that

(—z)oy=—(zeoy).
The proof of properties 3 and 4 essentially uses the distributivity of the law e with respect
to +.
4.3.2 Integral rings

Definition 4.14

Let (A, +, X) be a commutative ring.

- We say that y € A* = A — {04} divides x € A, or that y is a divisor of z or that x is
divisible by y, if

dze At x=yez.

- If 04 does not have a divisor in A, we say that (A, +, X) is an integral ring or an integrity
ring.

- (A, +, x) is an integral domain if
Ve,ye Ajx xy=04=(x=04)V (y=04).

- Or, by contraposition, if

Ve,y € A (x £ 0a) AN (y #04) = 2 Xy # 04.



4.3 Rings 88

Example 4.14
1. (Z,+, x) of integers is integral, it has no zero divisors.

2. The ring Z/8Z of residue classes modulo 8 is not integral because
5% 4 =0
4.3.3 Sub-rings

Definition 4.15

Let (A, +,e) be a ring. A non-empty subset A" of A is a subring of A if :

The operations + and e induce binary operations on A, and with these operations, (A', +, ®)
is a ring.

Proposition 4.12

A subset A" of A is a subring if and only if

1. (A', %) is a subgroup of (A, *).

2Vz,ye A zAye A

Example 4.14

(Z,+, x) is a subring of (Q,+, x), which is a subring of (R,+, x), which is a subring of
(C,+, x).

4.3.4 Ring homomorphisms

Let (A, +,e) and (B, ®,®) be two rings. A ring homomorphism from A to B is a application
f from A to B such that :

Vo,ye A, f(x+y)=f(x) D f(y) and f(xxy)=f(z)@f(y).

4.3.5 Ideals

Let (A, +, X) be a commutative ring.
Definition 4.16
A subset I of A is an ideal on the right (respectively on the left) of a ring (A, +, x) if
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1. (I,+) is a subgroup of (A, +).

2.Ve e A, (Vyel), xeyel (respectively yex € 1).

If I is a right and left ideal of A, we say that [ is a two-sided ideal of A.

If the ring A is commutative, every ideal of A is two-sided, and in this case we only speak of
an ideal without specifying whether it is right, left, or two-sided.

Example 4.11

Let (A, +,e) be a ring, then I = {04} is a two-sided ideal of A.

In the commutative ring (Z, 4+, xX), nZ is an ideal.

4.3.6 Quotient rings

Let (A, +,e) be a commutative ring and [ is an ideal of A. We consider the quotient group

(A/I,®), and we define the application ® from A/l x A/I to A/I by
v(a,b) e AJIx A/l a®b = aeb

(A/I,®,®) is commutative ring. If furthermore A is an unitary ring, then (A/I, ®, ®) is an

unitary ring and 14 is its unit element.

4.4 Field

Definition 4.17

Let (k,+,e) be a unit ring.

We say that (k, +, e) is a field if every non-zero element of k is invertible. If ® is commutative,
we say that (k, 4+, e) is a commutative field.

Example 4.1

- (@, +, x) and (R, +, X) are commutative fields.

- (Z,+, x) is not a field because the elements of Z* — {—1, 1} have no inverses for the law x.
Proposition 4.10

Every field is an integral ring.

Proposition 4.11

Z/nZ is a field if n is prime.
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4.4.1 Sub-field

Definition 4.18

Let (k, +, ®) be a field and let k' be a non-empty subset of k.

We say that k' is a subfield of k if k' is stable under + and x in k, and k' equipped with the
induced operations from k forms a field itself.

Example 4.2

(Q, +, x) is a subfield of (R, +, x).

Proposition 4.12

Let (k, +, @) be a field. A subset k' of k is a subfield if and only if :

1. (k',+) is a subgroup of (k,+).

2. For all z;y € k', z;y € k' (stability of k' under x)

3. k' contains the identity element of k, and the inverse of every z € k' in (k, x) is also an

element of k.

4.5 Exercises

Exercise 4.1

We define on R — {%}, the composition law * by :
Ve,ye R— {3} axy=a+y—2zy.

1. Prove that (R — {%} , %) is an abelian group.
2. Let H be the subset of R — {3} defined by H = |—00,0]. Is (H, ) a subgroup of (R —
{1}, %) 7 Justify your answer.
3. Let f be the map defined by :
R et}

v 2l
Is f a group morphism ? Justify your answer.
Solution.

1. Prove that (R — {1} ,*) is an abelian group.

a. Internal composition law : we need to verify if

Ve,ye R— {3}, zxyeR—-{3}.



4.5 Exercises

91

Let z,y € R — {%} (x# 4 and y # 3),
Suppose that z %y = 3

TRY =3 <:>x—|—y—2my:%
S2r4+2y—4doy—1=0
S2r(1-2y)+(2y—1)=0
& (1-2y)(2r—-1)=0

satlor y#tl,

This is a contradiction. Therefore, = * y # % Then = is a internal composition law.

b. Commutativity : we need to verify if
Vm,yER—{%},x*y:y*x.
Let x,y e R — {%},We have
rxy=c+y—2zy=y+xr—2yr =yx*ux,

S0, * is commutative.

c. Associativity : we need to verify if

Let z,y,z € R — {%} , we have

rx(y*xz) = r+a—2za
~——

= o+ (y+2—2yz2) —2x(y+ 2 — 2y2)

=z+y+z—2yz—2zy — 2xz + dryz ....(1)
and
(r*xy)*z =b+2z—2bz

——
b

= (x4+y—2zy)+2z—-2(r+y—22y)2

=zr+y—2zy+2z—2xz—2yz +4ryz ....(2)
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since (1) = (2), Thus, * is associative.

d. Neutral Element : To find a neutral element e € R — {%}, we need to solve the equation
rxe=eckxx=rx, withe e R— {1},
Let z € R — {3}, we have
rxe=rSr+te—2re=x<e(l—-2r)=0&e=0, becausex;«é%,

since * is commutative, then e x x = x * e = x, so, e = 1 is a neutral element.

e. Inverse Elements : For all z € R — {%} we need find an inverse 7! € R — {%} , such that

rxr t=xlxx=c.

LethR—{%},we have
zxr =e <Sr+ax —2zx =0

&2 (1-27)=—n,

’

& x = —15-, because x # 2,
' 1
x __1—962x€R_{§}?
Suppose that, ' = e = %
r_ z 1 _ _
r=—15-=5e 2r=1-2r&0=1,

This is a contradiction. Therefore, =" # 1.

Since * is commutative, then @’ sz =z 4+ 2 =e, so, T = —175; 1s a symmertic element.
Conclusion : (R — {1}, %) is an abelian group.
2. Is (H, ) a subgroup of (R — {1} ,%)?

For z = —2 and y = —3, we have

ret = () + (i) ~2(-0) (—rity) -2+ d B - de A

then (H, *) is not a subgroup of (R — {3} ,%).
3. Let f be the map defined by :
fR*—=>R-— {%}

z+1
€T — —2
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Is f a group morphism ?

Let z,y € R — {3}, we have
)« fly) =F@)+fy)=2f(@)f )

z+l | ytl  gzt+lytl
7 T2 255

1 l—zy—x—y—1 1
- sttt _ La— f (xy),

then, f is a group morphism.
Exercise 4.2

We consider the following permutations

1 2 3 1 2 3
01— ) 02 =

1 3 2 2 1 3

1 2 3 1 2 3
03 = ) 04 =

2 3 1 3 1 2

1. Calculate 01 0 09, 01 003, 09 003, 030 0T9, 040 04.
2. (83, 0) is it a commutative group ?
Solution.

1. 01009

01002 =
o1003(1)  o01002(1)  o1002(3)

o1(02(1))  o1(02(1))  o1(02(3))

01(2)  o1(1) o01(3)

04

De la méme maniére, on trouve

1 2 3 1 2 3

01003 = ) 02003 =



4.5 Exercises

94

1 2 3 1 2 3
03009 = ) 04004 = =03
3 2 1 2 3 1

2. (S3,0) is not a commutative group, because
09003 # 030 09.

Exercice 4.3

Let + and e two internal composition laws in R? defined by :

V(a,b),(c,d) € R? (a,b)+ (¢,d) = (a+c,b+d)
V(a,b),(c,d) € R? (a,b)e(c,d) = (ac— bd,ad+ cb)

Show that (R?, +,e) is a commutative field.
Solution
1. (R% +) is an abelian group

(a). + is commutative
V(a,b),(c,d) € R?, (a,b) + (¢,d) = (¢,d) + (a,b)
Let (a,b), (c,d) € R?, we have
(a,b) + (¢,d) = (a+c,b+d)
— (c+a,d+D)
= (¢,d) + (a,b)
(b). + is associative,
V(a,b),(c;d), (e, f) €R% (a,0) + ((c,d) + (e, f)) = ((a,b) + (¢, d)) + (e, [)
Let (a,b), (c,d), (e, f) € R?, we have
(a,0) + ((c,d) + (e, f)) = (a,;b) +(c+e,d+f)
=(@+c+eb+d+f)
= (a+c,b+d)+ (e f)

= ((a,0) + (¢, d)) + (e, f)

(c). Neutral element
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d(e1,ez) € R2 Y (a,b) € R?,  (a,b) + (e1,e2) = (e1,€2) + (a,b) = (a,b)
Let (a,b) € R? we have

(a,b) + (e1,e2) = (a,b) < (a+e1,b+e2) = (a,b)

a+e =a
=

b—|—€2:b

61:0
A ;

62—0

as the law + is commtative, then
(617 62) + (a7 b) = ((l, b) + (81, 62) = <a7 b) )

hence + has a neutral element Og2 = (0,0) .

(d). Symmetrical element
V(a,b) €e R, 3(d,V) €R?  (a,b) + (a',0) = (d',V) + (a,b) = (e1,€2)

Let (a,b) € R?
(a,0) + (a',b') =(0,0) < (a+a,b+b)=(0,0)

a+a =0
=

b+t =

a =—a
<~

b =-b

as the law + is commtative, then
(CL/, b,) + (a7 b) = ((I, b) + (a,v b,) = (0’ O) )

hence all element (a,b) € R? is symmetrizable and its symmetrical is (a/, V) = (—a, —b).

2. e is associative,

V(a,b),(c.d), (e, f) €R? (a,b) o ((c,d) o (e, f)) = ((a,0) ® (c,d)) ® (e, f)
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Let (a,b),(c,d), (e, f) € R?, we have :
(a,b) ® ((c,d) e (e, f)) = (a,b) e (ce —df,cf + ed)
= (a(ce —df) —=b(cf +ed),a(cf+ed)+ (ce —df)b)
= (ace — adf — bef — bed, acf + aed + ceb — dfb),

and

((a,b) @ (c,d)) e (e, f) = (ac—bd,ad+ cb) e (e, f)
= ((ac — bd) e — (ad + ¢b) f, (ac — bd) f + e (ad + cb))

= (ace — bde — adf — cbf,acf — bdf + ade + cbe) ,

(a,0) o ((c,d) o (e, [)) = ((a,b) ® (c,d)) ® (e, f)
3. ¢ is commtative,
V(a,b),(c,d) € R?, (a,b)e(c,d) = (c,d)e(a,b)
(a,b) ® (¢,d) = (ac—bd,ad+ cb)
= (ca — db, cb + ad)
= (c,d) e (a,b)
4. e is distributive with respect to +, V(a,b),(c,d), (e, f) € R2,
(a,0) o ((¢,d) + (e, f)) = ((a,b) ® (¢, d)) + ((a, D) o (e, [))
and
((c,d) + (e, f)) @ (a,b) = ((c,d) @ (a,b)) + ((e, f) @ (a, b))
Let (a,b), (c,d), (e, f) € R?, we have
(a,b) o ((¢c,d) + (e, f)) = (a,b)e(c+ed+f)
=(a(c+e)—b(d+ f),a(d+ f)+ (c+e)b)
= (ac+ae — bd — bf,ad + af + cb+ eb),

and

((a,b) ® (c,d)) + ((a,b) ® (e, f)) = (ac —bd,ad + cb) + (ae — bf,af + eb)

= (ac—bd+ae —bf,ad+ cb+ af + eb),
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(a,b) o ((c,d) + (e, f)) = ((a,b) ® (¢, d)) + ((a,b) ® (e, [))
as the law e is commtative, then

((c,d) + (e, f)) o (a,b) = (a,b) e ((¢,d) + (e, f))
= ((a,b) o (¢,d)) + ((a,b) ® (¢, f))
= (¢, d) o (a,0)) + ((e, f) @ (a, 1))

hence e is distributive with respect to +.

5. Neutral element with respect to e

d(ay,az) € R%, Y (a,b) € R?,  (a,b) o (a1,az) = (a1, as) @ (a,b) = (a,b)
Let (a,b) € R?

(a,b) ® (ay,as) = (a,b) < (aa; — bay, aay + a1b) = (a, b)
aa; — bas = a
=
aas + alb =b
a; = 1
< ;
9 = 0

(CL17 a2) + (av b) = (a’ b) + (ala a2) = (a7 b) )

as the law e is commtative, then

hence e has a neutral element 1g2 = (1,0)

6. Element symmetrical with respect to e

Y (a,b) € R2 — {(0,0)},3(d", V') € R2 — {(0,0)}, (a,b) e (a’, b)) = (a', V) ® (a,b) = (1,0)
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Let (a,b) € R* — {(0,0)}, w have :

(a,0) o (', V) = (1,0) < (ad’ — bV, ab + a'b) = (1,0)

aa’ — bt =1
<~
abl +d'b=0
a’:ﬁeR*
- ;
V=2 eR*

as the law e is commtative, then

(@', V) + (a,b) = (a,0) + (a',0') = (1,0),

so, all element (a,b) € R* — {(0,0)} admits an inverse (ﬁ, ﬁ) in R? — {(0,0)}.

Exercice 4.4

1. Prove that Z/¢Z admits divisors of zero. Z/¢Z is it a field ?

2. Prove that Z/5Z is a field.

Solution.

1. Prove that 7Z/¢7Z admits divisors of zero. Z/¢Z is it a field ?
We know that

we have

NG|
>< .
wl-
I

ol

and
1x3=0
s0, Z/¢Z admits divisors of zero. Then Z/¢Z is not a field.
2. Prove that Z /57 is a field.
7./5Z is a field, because 5 is prime.
Exercice 4.5
Let n € N,n > 2. we consider the ring Z/nZ
1. Prove that n — 1 is an inversible element of Z/nZ.

2. Determine the set of all investible elements of Z/nZ.
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Solution.
Let n € N,n > 2. we consider the ring Z/nZ
1. Prove that n — 1 is an inversible element of Z/nZ

n — 1 is inversible if there exists p € Z/,Z such that

then,

SdkeZ,—p=1+kn

s dkeZ,p=FKn-—1,

so, we can take p=n — 1

n—1xn-1 = (n—1)(n—1)
=n?2—-2n+1
~1.

2. Determine the set of all investible elements of Z/nZ.

Let @ € Z/,7Z, We say that @ is inversible element if there exists b € Z/,Z such that
axb=T,

then,
ab=1[n] & 3k e€Z,ab=1+kn

& a 1s prime with n
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4.6 Terminology translation

English

Frensh

Algebraic structures

Structures algébriques

Law of internal composition

Loi de composition interne

Non-empty set

Ensemble non vide

Associativity

Assiciativité

Commutativity

Commutativité

Neutral element

Elémént neutre

Symmetric element

Elémént symétrique

Distributivity Distributivité
Sub-group Sous groupe
Kernel Noyau

Rings Anneaux
Integral ring Anneau intégré
Sub-ring Sous-anneau
Field Corps
Sub-field Sous-corps
Prime Premier




Chapitre 5

Polynomial rings

Throughout this chapter we shall assume that k is a commutative ring (k = R or C).

5.1 Definitions

Definition 5.1

We call a polynomial with coefficients in k any expression of the form :
P(X)=ay+a; X +a;X?>+ ... +0a,X"=> a; X",
i=0

where n € N and the coefficients ag, ai, as, ..., a,, are elements of k. The symbol X is called
the indeterminate (we set X° = 1).

- The set of polynomials with coefficients in k is denoted by k [X].

- The a; are called the coefficients of the polynomial.

- If all the coefficients a; are zero, P is called the zero polynomial and is denoted by 0.

- Polynomials with only one non-zero term (of the type a,X*) are called monomials.

- Let P(X) = ag + a1 X + ax X%+ ... + a, X" be a polynomial with a,, # 0. The monomial
a, X" is called the leading term. The coefficient a,, is called the leading coefficient of P.

- If the leading coefficient is 1, P is called monic.

Example 5.1

-P(X)=1+X"and Q(X) = -2+ 3X — X* are two polynomials.

-R(X) = ;Bg is not a polynomial.

Definition 5.2
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If n is the largest nonnegative number for which a,, # 0, we say that the degree of P is n and
write deg (P) = n.
- If P =0 is the zero polynomial, then the degree of P is defined to be —o0.
- A polynomial of the form P (X) = qq is called a constant polynomial. If ag # 0, its degree
is 0.
We note :

k, [X] ={P € k[X]/deg (P) <n}.

Example 5.2

- P(X) =1+ X7 is a polynomial of degree 7.
-Q(X)=—-2+3X — X" is a polynomial of degree 4.
- R(X) =5 is a polynomial of degree 0.

5.2 Polynomial operations

5.2.1 Equality

Two polynomials are equal exactly when their corresponding coefficients are equal.
That is, if we let
P(X)=ap+auX +aX?*+ ..+ a, X",

and

Q(X)=0by+bX +bX*+...+b,X"

then P (X) =@ (X) if and only if a; = b; for all i = 1,2, ..., n.
5.2.2 Addition
Let P,Q € k, [X], such as

P(X)=a¢+a; X +axX?>+ ... +a, X",

and

Q(X)=by+ b X +0X%+ ...+ b, X"
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Then the sum of P (X) and @ (X) is

(P+Q)(X) = (ag+bo)+ (ar+b1) X + (az +bo) X2+ ...+ (an + b,) X"

n

i=0
5.2.3 Multiplication
Let P € k, [X] and @ € k,, [X], such as

P(X)=ao+au X +aX?*+..+a,X",
and

Q(X)=0by+bX +bX?>+ ... +b,X™

We define the product of P (X) and @ (X) by :

(PxQ)(X) =c+aX + X2+ .+, X
= > X,
i=0

withr =n-+mand ¢, = > a;b; for k € {0,1,...,7}.
i+j=Fk

5.2.4 Multiplication by a scalar

Let P €k, [X] , such as
P(X)=ao+au X +aX?*+ ..+ a, X",

We define the product of P (X) and A € k by :

(/\P) (X) = )\CLO + )\CLlX + )\CLQXZ + ...+ )\aan
=0
Example 5.3

Suppose that
P(X)=1+X+3X?,
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and

Q(X)=2X +3X2— X%

The sum of these two polynomials is
(P+Q)(X)=1+3X +3X%+3X3 - x*

The product,
7 .
(P xQ)(X)= ;)CiXZ,

with ¢, = > a;b; for k € {0,1,...,7}

itj=Fk

Co — Z (libj = aobo =0 cl = 2 aibj = aobl + Cblbo =2 Cy = Z CLibj = a0b2 + CLQbO + Clel =5

i+j=0 i+j5=1 i+7=2
C3 = Z a,-bj:3 Cyp = Z aibj:E) Cs = Z a,-bj:8
i+j=3 i+j=4 i+j=5
Ceg — Z aib]’ = 0 Cr = Z aibj = —3,
i+j=6 i+j=7
then,

(PxQ)(X)=2X+4+5X?+3X3—5X*48X° - 3X".

Theorem 5.1

Let k be a commutative ring with identity. Then k [X] is a commutative ring with identity.
Proof

It is clear that (+) and (x) are two laws of internal composition.

We have :

(1) k[X] is an abelian group

Let Py, Py, P; € k[X] , such as

Pi(X) = YaX, Py(X)=Ya X', P3(X)=Ya; X7,
1=0 1=0 1=0

(a) Associativity
We verify
P+ P+ Py) = (P + P) + Ps,
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we have

(Pt (P + P3)(X) =P (X)+ (P + B) (X) =P (X) + R (X) + P5(X),
and

(P+P)+B)(X)=(P+R)X)+P(X)=P(X)+R(X)+ B(X),

then
(PL+ (P+ P))(X)= (P + P)+ P3) (X),

Hence, + is associative.
(b) Commutativity :
We verify
P+ P, =P+ P,

we have
n

(P +P) (X)) = Ya X' + Y a;X = (a; +a)) X7
=0

1=0 % 1=0

S0t = (P + P (X)),

=0

> (A, 4 a)) X' = Sa X +
=0

i=0
Therefore, 4+ is commutative.
(c¢) Neutral Element :

We seek a polynomial e = ZeiXi such that P +e=e+ P =P, .

=0
Setting P, + e = P; gives :

Sa X+ Y e X =Y aX &Y (a;+e) X =Y a,X e =0foralie{0,1,..,n}.
i=0 i=0 i=0 i=0 i=0
Therefore, the zero polynomial, e(X) = 0, is the additive identity.
(d) every element of k [X] is symmetrizable for the operation +.
We look for a polynomial @ = > b, X" such that P, + Q = Q + P, = e, where ¢ is the neutral
i=0

element.

Solving P, + () = e gives :

P1+Q:€<:>ZG@XZ—FZ[)ZXZ:O<:>Z(a@—i—bl)XZ:O@CLZ—i—bl:Oﬁbl:—al,
=0 1=0 =0
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Hence, the inverse of P; is —P;.
(2) The operation x is associative :
We verify
Py x (Py x P3) = (P, x Py) X P,

(3) The operation x is distributive on the left and right with respect to + :

We verify
P1X(P2+P3):(P1XP2)+<P1><P3>,

and

(P2+P3)XP1:(P2><P1)+<P3XP1),

(4) The operation x has a neutral element different from Ox[x], denoted by 1yx) =
1.

It is easy to verify that
P1X1k[X]:1k[X]XP1:P1.

Conclusion : From (1), (2), (3), and (4), we deduce that (k[X],+, X) is a commutative
ring with identity.

Proposition 5.1

Let P,Q € k[X], we have :

deg (P + Q) < max (deg P, deg Q)
deg (P x Q) = deg (P) + deg (Q)

deg (A\P) = deg (P), with A € k
5.3 Polynomial arithmetic

5.3.1 Division

Definition 5.3
Let P,Q € k|[X]|. We say that P divides @), denoted as P\ @, if there exists R € k [X] such
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that Q = PR.
Example 5.4
- The polynomial X? + 2X divides —X* — X3 4+ 3X2 42X

X4 - X34 3X2 42X = (X2 4+2X) (- X2+ X +1)

- The polynomial X? + 2X does not divide X3 + 3X? + 2X.
Proposition 5.2

Let P,Q,R,S € k[X].

1.If P\ @ and Q\ R, then P\ R.

2.1f P\ Q and P\ R, then P\ (Q + R).

3.If P\ @ and R\ S, then PR\ @S.

5.3.2 FEuclidean division

Theorem 5.2. (Euclidean Division)

Let A, B € k[X] be two polynomials with coefficients in a field k such that B # 0. Then
there exists a unique pair (@, R) of k [X] such that A = BQ + R and deg(R) < deg(B).

- @ is called the quotient and R the rest, and A = BQ + R is the Euclidean division of A by
B.

- The condition deg (R) < deg (B) means that R =0 or 0 < deg (R) < deg (B).

- R =0if and only if B\ A.

Example 5.5

Let A,BeR[X],suchas A(X)=X"+3X?+5X —1and B(X)= X%+ 1.

We have

A(X)=B(X)x (X*+2X)+(3X —-1).
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AX) B(X)
X>+3X3 +5X -1 X*+1
TOXS+x3 X3 4+ 2%
2X% 45X —1 '\
2X3 +2Xx Q(X)
3x -1
R(X)

5.3.3 Irreducible polynomials

5.3.4 Greatest common divisor

Definition 5.5

Let A, B € k[X] be two polynomials with coefficients in a field k, with A # 0 or B # 0.
There is a unique unit polynomial of higher degree that divides both A and B.

This unique polynomial is called the ged (greatest common divisor) of A and B, which is
noted as gcd(A, B).

Euclid’s algorithm

Let A and B be polynomials, B # 0.

We calculate the successive Euclidean divisions,

A=BQi+ Ry, deg(Ry) < deg(B)
B =RiQs+ Ry, deg(Ry) < deg(R1)

Ry = RyQs + Rs, deg(R3) < deg(Ry)

Ri_o = Rp1Qr+ R,  deg(Ry) < deg(Ry_1)

Ry—1 = RpQry1,
The degree of the rest decreases with each division. The algorithm stops when the rest equal

to zero.
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The ged is the last non-zero rest R, (made unitary).
Example 5.6
Let A,B € R[X],suchas A(X) = X°+X?+2X?2—-2X+6and B(X) = X3+4X2+2X +8.

We have
A(X)=B(X)x (X*—4X +15) + (—58X” — 62X — 114)

[ J/ N J/
-~ -~

Q1(X) R1(X)

B(X) =R (X)x (X?—4X 415) + (—58X* — 62X — 114)

Q2(X) Ra(X)

Ri(X) = Ry (X) x (X? —4X 4 15) + (—58X* — 62X — 114)

(. J (. J/

~~

Q3(X) R3(X)

The ged is the last non-zero rest (made unitary), so
ged(A, B) = X2 +2

Proposition 5.3 Properties of ged
Let P,Q € k[X]. Then
1. ged(P, Q) is a common divisor of P and Q.
2. If D is another common divisor of P and @, then D divides ged(P, Q).
3. There exist polynomials (U, V') € k[X] such that PU + QV = gcd(P, Q).
Definition 5.6 Coprime polynomial
Let A, B € k|[X] be two polynomials with coefficients in a field k.
We say that A and B are coprime if ged(A, B) = 1.
For any A, B € k[X] we can reduce to coprime polynomials : if gcd(A, B) = D, then A and
B are written : A= DA', B= DB’ with gcd(A’; B') = 1.
Example 5.7
Let A,BeR[X],suchas A(X)=X*4+2X3—-2X?-3X and B(X) = X*+3X?+ X — 1.
We have
ged (A, B) =1+ X,

S0,

AX)=(1+X)(X3+ X2 -3X)

B(X)=(1+X)(X%+2X —1)
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ged (X3 4+ X2 —3X, X% +2X — 1)

Bezout’s Theorem
Let A, B € k[X], with A # 0 or B # 0. Denote by D = gcd(A, B).
There exist two polynomials U, V' € k [X] such that

AU + BV = D.

Proposition 5.4
Let A, B € k[X], A and B are coprime if there exist two polynomials U, V' € k [X] such that

AU + BV =1.

5.3.5 Factorization

Definition 5.8

A polynomial A of k [X] is said to be irreducible if its degree is greater than or equal to 1
and if its only divisors are non-zero constant polynomials and polynomials of the form cA (
c e k*).

A polynomial A is therefore irreducible if it has exactly two unit divisors (these two divisors
are then 1 and %IA where d is the leading coefficient).

Theorem 5.3.

Let A € k[X] be a non-zero polynomial. Then A decomposes uniquely up to the order of
factors as :

A=cx R x R$? X R3® X ... X Ry*

where k € N*| R; are distinct, unit, irreducible polynomials in k [X| and ¢ € k* is the leading
coefficient of A and Vi € {1, ...k}, ; € N*.

Example 5.5.

Consider the polynomial P = 2X? + 9. Then P exists in both R[X] and C[X].

However, care must be taken as its factorization differs in these two rings :

1. P factors as (v2X — 3i) x (v2X + 3i) in C[X].

2. P is irreducible in R[X].
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5.4 Roots of a polynomial

Definition 5.9
Let P € k[X]| be such that

P(X)=ag+ a X +aX?+ ... +a,X"
Let a € k. We say that « is a root (or a zero) of P if
P(a) = ag + aya + asa® + ... + a,,a"0.

Example 5.7
Let A € R3[X] be such that

AX)=3— X +2X?% —4X3
We have :
A =3-(1)+2(1)* —4(1)° =0,

therefore, a = 1 is a root of A.
Proposition 5.5
Let P(X) =ag+ a1 X +aX?+ ... + a, X" € k[X] and « € k.

Pla) =0« (X — «) divides P (X).

Proof
Let P(X) =ag+ a1 X +ax X*+ ... +a,X" € k[X] and a € k.
The Euclidean division of P(X) by (X — «) gives

with degR < deg(X — o) = 1.
So, degR = 0 which gives R is a constant.
So,
Pla)=0< R(a) =0« R=0,

s0, (X — ) divides P(X).
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5.4.1 Multiplicity of roots

Definition 5.10

Let P(X) =ag+ a1 X +ax X*+ ... + a,X" € k[X] and a € k.

We say that « is a root of multiplicity k¥ € N* (or root of order k) of P if (X — «a)* divides
P while (X — a)*! does not divide P.

When k£ = 1 we speak of a simple root, when k£ = 2 of a double root, etc.

Derived Polynomial

We define the derived polynomial of P(X) = ag+ a1 X +as X2+ ...+ a,X" € k[X] as follows
P(X)=a; +2a3X + ... + na, X" .

We can define successive derivatives in the same way.
Proposition 5.6

Let P(X) =ag+ a1 X +axX?*+ ... + 4, X" € k[X] and a € k.
We have the equivalence between

1. « is a root of multiplicity k € N*.

2. There exists Q(X) € k[X] such that

with Q(«) # 0.
3.
P(a) = P'(a) = ... = P V(a) =0,
and
P8 (a) £0

5.5 Exercises

Exercise 5.1
In the following cases, perform the Euclidean division of A by B :
1.
A(X)=3X"+X*-2X%2+2and B(X)=X3+2X?-5X +4
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AX) =X+ X*+2X3 —3X +2 and B(X)=X2—-3X+5

Solution

1.
A(X)

\ L/B[X)

3xT +x* —2x% 42 X*42x2 55X +4

37 +6X% — 15%° + 12x* 3x* —6x® +27X%% — 95X + 349
—6X% +15%° —11x* —2x%2 +2 \
T _6x® —12X° +30x* — 24%° Q(x)

27%° —a1x* 4 24x° —2x% 42

T 27%° + 54x* — 135%° + 108%7

—95x* + 159%% —110%% + 2

 _o5x* — 100X® + 475X? — 380X

349%° —585X% + 380X +2

349x% 4+ 698X% — 1745X + 1396

—1283X% + 2125X — 1394

R(X)

A(X)= B(X)(3X"*—6X%+27X* — 95X + 349) + (—1283X> 4 2125X — 1394),

(. J/ (.

Q(X) R(X)

S0,
Q(X)=3X*—-6X3+27X%—95X + 349

R(X)=—1283X%+ 2125X — 1394

2. In the same method, we find

A(X)= B(X)(X?+4X?>+9X +7) + (—27X — 33),

O ) . J

~"

Q(X) R(X)

S0,

QX)=X3+4X?4+9X +7

R(X)=—27X —33

Exercise 5.2
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Determine the ged of the following polynomials :

1.
A(X):X6+7X4+7X2—15 and B (X) =X*—1
2.
A(X):X4—2X3—2X2—2X—3 and B (X) = X344X?24+8X +5
Solution

1. Apply the Euclidean algorithm :

A(X)= B(X)(X*+7) + (8X*—38),
—_—
Q1(X) Ri(X)

1 1
B(X)= R, (X) <§X2 + g) + (0)
Ry (X)

Q2(X)

The ged is the last non-zero rest (made unitary), so, we find :

ged (A(X),B (X)) = X? — 1.

2. Apply the Euclidean algorithm :

A(X)= B(X)(X —6)+ (14X> + 41X +27),
\‘/—J \ - J/
Q1(X) R1(X)

1 15 575 . 575
B(X)= R (X) | =X+ — X 4
(X) = Bul )<14 +196)+(196 +196)’

J/ (. J/
~~

Q2(X) Ra(X)

B (X) = Ro(X) (2744X+5292)+@.

575 575
~ ~~ - R3(X)
Qs3(X)

Thus, we find :

ged(A(X),B(X))=X+1

Exercise 5.3
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Montrer que les polynémes P et () suivants sont premiers entre eux. Trouver U et V € R [X]

telque UP+V(Q =1":

1.
P(X):X5+2X4+5X3+10X2+4X+8 andQ(X):X3—7X+6
2.
P(X):X3—2X2—|—X—2 and Q(X):X2+4X—I—3
Solution

1. We verify that ged (P, Q) = 1.

We calculate the successive Euclidean divisions,

P(X)=Q(X)(X*+2X +12) + (18X* + 76X — 64 )

Q1(X) Ri(X)

1 19 1165 730

(. J/ [ J/

-~

Q2(X) Ra(X)

1458 1647216 505440
Ry (X) = Ry (X X _
1(X) 2()(u% +2HM5>+< M%Q)
Qs(X) Ra(X)

12649337 3963097)

X)=Rs(X) (-
%<)Rﬂ)(&%m 4094064

~ ~~ R4(X)
Q4(X)

N J/

The ged is the last non-zero rest (made unitary), so

ged (P,Q) = 1.

Find U and V € R[X] tel que UP+VQ =1
We have

1458 1647216 505440
X) =Ry (X 2R L (Bql).
fy (X) = Ra (X) <1165 T 57145 > < 54280 ) (Eql)

N J/ N
-~ -~

Q3(X) R3(X)
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Then
(Eql) <« =55 = R (X) — R (X) (16X + S7ias)
& —Fh = R (X) - (QX) - - (X) (5X - §7)) (116X + 57 )
& —The = B (X) (1+ (X — §1) (18X + s ) Q (X) (FgX +
1+ (X -2
& - — (P(X) - Q(X) (X?+2X +12)) ( (@gég_i_ 1647%%6)
1165 271445
xQ(X) (115X + rians)
o 0 = P () (1+ (X - 1) (X 4 tomae))
Q (X) { (X?+2X +12)(1 i;&gEX :655?2)16(%)( + Srans ) }
+ (mX + Sriass )
S0,

54289

U (X) = (1 + (%X — 81/ \1165 271445

Q) (@X_i_ 1647216)) %

505440

X249X +12) (1 + (L X — 19) (1458 x| 1647216
1V (X) = — [ ( )_5 (&E)ggz_ N 165712)16()1165 271445 )) < 55045248490
1165 271445

2. We verify that ged (P, Q) = 1.

We calculate the successive Euclidean divisions,

P(X)=Q(X)(X —6)+ (22X + 16)
—_——  —,
Q1(X) Ri(X)
1 18 75
Q(X) =R (X) (ﬁX—F ﬁ) + (m)
N - RN ,
Q2(X) Ra(X)
2662 1936
Ry (X) =Ry (X X 0
() =m0 (22X 20 4 )
~ ~ ”  R3(X)
Q3(X)
The ged is the last non-zero rest (made unitary), so
ged (P,Q) = 1.

Find U and V € R[X]| tel que UP+VQ =1

We have . 8
Q) = 1 () (X

N J/
-~

Q2(X)

)

+ ﬁ) + (ﬁ) (Eq2).
——

R2(X)

1647216
271445
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So
(Eq2) & 155 = Q(X) = Ri (X) (5X + 157)
S 5= QX)) = (P(X) = Q(X)(X =6)) (55X + 157)
@1y =~ (X +17) P(X)+ (1+(X =6) (X +157)) Q(X),

1 18 121 11 6
UX)=(—5X —51) X B = 35X — 5

VX)) = (L4 (X =6) (55 +537)) ¥ 75 = 15X = 5X + 55

Exercise 5.4

Let the polynomial

P(X)=X5—7X*+16X% —16X2+ 15X — 9

1. Show that 3 is a double root of the polynomial P.

2. Factor P into R [X].

3. Deduce the roots of P in C.

Solution

1. Show that 3 is a double root of the polynomial P.
We have

/

P'(X)=5X%—28X3 +48X? — 32X + 15

P (X)=20X3—84X2 + 96X — 32
P(3) =3 —7x3"+16x3-16x32+15x3-9=0

/

P'(3) =hx3*—28x3%4+48x32-32x3+15
—5x 34— 28x33+48 x 32— 32x 3+ 15

=405—-T7564+432-96+15=0
P (3) =20x3%—84x32+96x3—32
= 540 — 756 + 288 — 32
— 4040
So, P(3) = P'(3) =0 and P (3) # 0, which shows that 3 is a double root of the polynomial
P.
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2. Factor P into R [X].
We perform the Euclidean division of P(X) by (X — 3)?, we obtain :

P(X)=(X—-3)2(X3-X24+ X —1)

We see that
X3-X?+X-1 =X32(X-1)+(X-1)

= (X -1)(X*+1),
So, we have

PX)=(X-3*(X?+1)(X -1).

3. Deduce the roots of P in C.

P(X)=0 & (X -32(X2+1) (X —1)=0

(X -32%2=0
s X?24+1=0
X—-1=0
X=3
S X =4
X =1

So, the roots of P in C are :

X =3 (double root ), X =i (simple root ), X = —i (simple root ), X =1 (simple root).

Exercise 5.5

Factorize the following polynomials in C [X] and then in R [X] :

14+ X4

1— X8

1—(X?+3X —4)?
Solution

1. We start by looking for the complex roots to factor in C [X], then we group the conjugate

complex roots.

(2k+1)7

1+ X4=0e Xt=—1laX=c 1, withke{0,1,2,3},
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so, the roots of P in C are :

= (X2 — (XO + Xg)X —|— X()Xg) <X2 — (Xl + XQ)X + X1X2>

= (X2 - V2X +1) (X2 +V2X +1)
The two polynomials X2 — v/2X + 1 and X? + v/2X + 1 have no real roots, so they are
irreducible in R [X].

) 1— X8 =(1—XY(1+XY
=(1-X?)(1+X%(1+XY
— (1= X) (14 X) (X —i) (X +1) (1 + X)
=1-X)0+X)(X =9 (X 4+ (X —Xo) (X —X7) (X — X3) (X — X3)
=(1-X)(1+X)(1+X%) (X* = V2X +1) (X* + V2X +1)

3.

1—(X?43X —4)? =[1—-(X*+3X —4)][1+(X?+3X —4)]

= (X2 = 3X +5) (X2 +3X —3)
Factorize the polynomial —X? —3X +5

then

thus

SX?-3X 45— - (X - =25 (y - =V

Factorize the polynomial X2 + 3X — 3

A= (3)"—4(1)(=3) =21,
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then
X =32 op x = 32
thus
~X?-3X 45— (X - ) (x - )
So,

1—(X?+3X —4)?2 = (X_%ﬁ> (X— 3+%/ﬁ> (*32‘/@—)() (X+3+5/E>

5.6 Terminology translation

English Frensh
Polynomial rings Anneaux de polynéme
Polynomial arithmetic Arithmétique polynomiale

Irreducible polynomials | Polynémes irréductibles
Greatest common divisor | Plus grand diviseur commun
Factorization Factorisation

Roots of a polynomial Racines d’un polynoéme
Multiplicity of roots Multiplicité des racines
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