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INTRODUCTION

This handout was intended for students enrolled in the first year of the LMD system, computer

science, first semester of the academic year.

The content of this handout corresponds to the official program for the subject Algebra 2

taught in the first year.

The manuscript contains four chapters :
- Vector spaces

- Linear applications

- Matrices

- Systems of linear equations

At the end of each chapter, solved exercises and equivalent terminologies in French are given.




Chapitre 1

Vector spaces

In this chapter, k denotes a commutative field.

1.1 Definition of a vector space

Definition 1.1
We call vector space on k or k-vector space, any not empty set E equipped with two laws :

- an internal composition law (noted +)

+: ExFE — FE

(u,v) +— u+wv
- an external composition law (noted e)

o: kxFEF — FE

(A\u) — Aew

which check the following properties :

1.Vuve Eju+v=v+u (commutative)
2. Vu,v,w € E;u+ (v+w) = (u+v)+w  (associative)
3. + has a neutral element : 0 € E,Yu € E, u+ 0g = u.

4. All u € E admits a symmetrical v’ :Yu € E,3u € E, u+ v = 0p.
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5. Yu e FE,1y.u=u.
6.Vue EVa,fek,ae(fou)=(af)eu .
7.Yu e ENa, ek, (a+L)oeu=aeu+ [eu.

8. Vu,v € ENaek,ae(u+v)=aeut+aeuv.

Definition 1.2

The elements of a vector space are called vectors. Those of the field k are called scalars.
Example 1.1

Let k = R and F = R%. We define a law of internal composition as follows

+: ExFE — F

((z,y),(y) = (z,y)+ @ Y) = (@+2",y+)
and the external composition law by

o: kx F — F

(A (z,9)) = Ae(z,y) = (Az,Ay)
The neutral element of the internal law is Og2 = (0, 0) and the symmetric of (z,y) is (—x, —y) .
Example 1.2
The following sets are R—vector spaces : R", C",R,, [X].
Example 1.3
Let E = R? equipped with two laws :

- an internal composition law (noted +)

+: ExFE — F

(w,y), (2" y) = (z+2",y+y)
- an external composition law (noted e)

o: kx F — F

A (z,9) — (Az,0)



1.1 Definition of a vector space

FE is it a R—vector space ?

For u = (z,y) € E, we have
Leu=(1x20) = (z,y).

Then, there exsits u = (1,2) € E, such that 1, e u # u, so, E is not a R—vector space.
Proposition 1.1

Let E be a k—vector space. We have the following properties :

1.Vue F,0eu=0g.

2.VA ek, Ao 0 =0p.

3.Vue E, (—1)eu=—u.

4. YVue EEViek ANeu=0g< A=0o0ru=_0g.

Proof

1. Let u € E, we have
ut+0oeu=1leu+0ou=(1+0)eu=1leu=u

and

Oeutu=00ut+leu=(0+1)ou=1leu=u

Hence, 0 @ u is a neutral element for + and by uniqueness, we have 0 @ u = 0.

2. let X\ € k, we have

S Aol t+Aelp=Xe0p

3. Let u € E, we have
u+t(—1)eu=1leu+(—1l)eu=(1+(—1)eu=00u=0g

and

(—l)eu+u=(—1)ou+leu=((-1)+1)eu=00u=0g
Thus, (—1) e u = —u.
4.
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(<) From (1) and (2) we deduce that if (A =0 or u = 0g), then A e u = 0p.
(=) Let u € E and X € k, suppose that A\ e u = 0g. If A # 0, we have

u=1leu= (N eu=(1)e(Neu)=(5)e0p=0pg.

>

1
A

1.2 Vector subspace

Definition 1.3

A subset F' of a k-vector space E is called a vector subspace if it is non-empty and itself
forms a k-vector space with the operations restricted to F' : internal addition (+) and external
scalar multiplication (e).

Proposition 1.2

A subset F' of k-vector space E is a vector subspace if and only if :

1. F # @ (F contains the zero element Of).

2. Forall u,v € Flu+v e F

3.Forall \ekandallu e F, Aeu € F.

Proposition 1.3

A subset F' of k-vector space E is a vector subspace if and only if :

1. F # @ (F contains the zero element Og).

2. Forall a,f €k and all u,v € F,aeu+ev e F

Example 1.4

Let Iy, Iy and F3 be three subset of R3, such that

Fi ={(z,y,2) e R¥/x +y—52=0}
Fy :{<$,y,Z)GR3/l'y—Z:0}
Fys={(z,y,2) e R¥/z + 2+ 1= 0}

- F is-it a vector subspace of R3?

We have :
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(). F} contains the zero vector, as Ogs = (0,0,0) € F.

(ii). Let u = (z,y,2),v = (¢,y,2) € F,u+v=(z+2,y+y,2+2) € I?

(z+2)+ (y+y)—-5(:+7) =@+y—52)+ (¢ +y —52)

so, u+v € Fi.
(iii). Let u = (z,y,2) € Fi, A€ k=R, du= (\z, \y, \z) € F}?

(Ax)+ (M\y) —=5(N\z) =AX(x+y—52)

S0, A\u € F}
Thus, F} is a subspace.

- F, is not a vector subspace of R?, because for u = (1,1,1), v = (=2, —2,4) , we have

u,v € Fy but ut+v=(-1,-1,5) ¢ F,.

- F3 is not a vector subspace of R3, because Ogs = (0,0,0) ¢ F3.
Proposition 1.4

Let E be a k-vector space and (F;);c; a family of vector subspaces of E. Then, iQIE is a
vector subspace of F.

Proof

Let us note F' = iQIFZ- , we have

(). F' contains the zero vector, because Og € F;.

(ii). Let u,v € F,u+v € F?

u,v € F S uve DIE<:>U,UEE
1€

S u+tvEF;

Su+ve NF;
i€l
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so, u+v € F.
(iii). Let w € F, A € k, Au € F?

uekl @uEAﬂIFZ-@uEFi
1€

<:>)\U€Fz
S u e NE;
el

so, \u € F
Thus, F' is a subspace.
Remark
The union of vector subspaces is not generally a vector subspace.
Indeed, for
Fi={(z,y) € R*/x =0} and F, = {(z,y) € R?/y = 0}.

We have : I} and F}, are vector subspaces of R? but F; U F} is not a vector subspace of R?,

because for

u=(0,1) and v=(1,0),

we have :

uw,ve U butu+v=(1,1) ¢ F} UF,.

1.3 Linear combination

Definition 1.4

Let uq,us,...,u, be n vectors in a k-vector space E. Any vector of the form v = ayu; +
Qally + ... + au,, where «; € Kk, is called a linear combination of the vectors wuq,us, ..., u,.
The scalars aq, ao, ..., u,, are called coefficients of the linear combination.

- We denote by Vect(uy,us, ..., u,) (or Span(us,us, ..., u,)) the set of all linear combinations
of the vectors uq, us, ..., Us,.

n
X € Vect(uy,ug, ..., un) < Jag, ag, ..., a, €k, X = > auu;.
i=1

Example 1.5
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In the R-vector space R®, X = (0, 3,5) is a linear combination of the vectors u; = (1,1,1) ,uy =

(2,—1,0) and us = (0,0, 1), because there exists (a, a2, a3) = (2, —1,3) € R?, such that
2u1 — U2 +3U3 =X.

Remark

Let X1, X5 be two vectors in a k-vector space F, such that X; = A X5, with A € k. Then, we
say that X; and X, are collinears.

Proposition 1.5

Let uq,ug, ..., u, be n vectors in a k-vector space E. The set Vect(uy,us, ..., u,) is a vector
subspace of E.

Proof

(i). We have

then Vect(uy, us, ..., u,) contains the zero vector.

(ii). Let X,Y € Vect(uy,ug, ..., u,), and o, 5 € k, aX + BY € Vect(uy, ug, ..., up)?
X, Y € Vect(uy,ug,...;u,) < X => asu; and Y =Y [, with oy, 5, € k
i=1 i=1

n

= aX + Y = ad ou; + B P = > (aa; + B;)u; € Vect(uy, usg, ...
i i=1 N———

=1 =1

Ai

Thus, Vect(uy,us, ..., u,) is a subspace.

Remark

For \; € k, we have

Vect(uy, ug, ..., U, Y Nu;) = Vect(uy, ug, ..., uy).
i=1

1.4 Direct Sums

Definition 1.5
Let E be a k-vector space and Fi, F5 be two vector subspaces of E. We define the set F; + F5

>un)
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as follows

Fi+F={u+v/ue F)andv € Fp}.

Example 1.6
Let Fy, I be two vector subspaces of R3, defined by

Fi={(z,y,2) e R3/2x +y — 2 = 0}
Fy={(z,y,2) € R¥/x — 2y =0}
We have the vector u = (1,2,3) € Fy+ Fy, because there exists two vectors X; = (1,2,4) € Fy
and Xy = (0,0, —1) € F, such that u = X; + Xs.
Is the vector w = (1,2,3) € F} + F5?
Can we find two vectors X = (z,y,2) € F; and Y = (:c', Y, z') € F, such that w =X +Y.

We solve the vector equation w = X +Y

!

1 T T x+$/:1
w=X+Ye |2 ]|=y |+|y | v+y =2,
3 z 2 242 =3

and moreover we have 2241y — z = 0 and ' — 2y = 0. Then we obtain the following system

r+z =1 z+2y =1 r=1-2y
y+y =2 y+y =2 y=2-y
24z =3 S 2r+y+z2 =3 &< 2 =—-1+5y
2¢+y—2=0 z=2x+y z2=4->5y
r —2y =0 =2y =2y

Then,
X=01-2y,2-y,4-5y) and Y = (Qy/,y/, -1+ 5y') .

Proposition 1.6

The finite sum of subspaces of a k-vector space E is a subspace of F.
Proof

Let Fi, F5, ..., F,, be n vector subspaces of k-vector space E.

Let us note F' = in , we have

=1
(i). F' contains the zero vector, becauselg + 0 + ... + Op = 0g € F.

vV
n times
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(ii). Let u,v € F, and «, 5 € k, au + pv € F?

n n n
uw,v€F Suved Feu=>Y u,v=> v, withu;,v; € F;
i=1 i=1 i=1

n n

= au+ fu = azn:ui + ﬁivi = > (au; + pv;) € Y F;
=1 =1

i=1 =1

= au+ pv € F.
Thus, F' is a subspace.
Proposition 1.7
Let Fi, F5 be two vector subspaces of a k-vector space E and B; a generating family of F}

and By a generating family of F». Then By U Bs is a generating family of F; + F5.

Fi+ F, =Vect (B UBy) or Fy+ Fy = Span (B; U By).

Definition 1.6
Let Fi, 5 be two vector subspaces of a k-vector space 2 . We say that the sum F; + F3 is
direct (or that F; and F; are in direct sum) and we denote F; @ Fy, if any vector X of F; + F}
can be uniquely expressed as X = u + v, with v € F} and v € F.
Proposition 1.8
Let Fi, F5 be two vector subspaces of a k-vector space E. The sum F; + F5 is direct if and
only if F; N Fy = {0g}.
Definition 1.7 (Supplementary Subspaces)
Let Fi, F5 be two vector subspaces of a k-vector space E. We say that F; and F, are supple-
mentary in F if F; @ F, = E. (That is, F1 N Fy = {0g} and F + F», = E).
In other words, F; and F, are supplementary in £ if every vector X in F can be uniquely
expressed as X = u + v with u € F; and v € F3.
Example 1.7
Let F, F5 be two vector subspaces of R3, defined by

Fi ={(z,y,2) € R¥/x — 3y + 22 = 0}

Fy={(x,y,2) e R®/y = 2 = 0}
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We have
(1) F1 N F2 == {ORS}
Let X = (z,y,2) € R?,

XeFNkhs XeF and X € Fy,

we solve the equation Xp = Xp,.

We have :
Xelh&sr—3y+22=0

and

XeF&sy=2=0

So, we obtain the following system :

r—3y+22=0 r=3y—22=0
y=20 &< y=0
z=0 z2=10

then,
FiNFy,={0gs}.
(). R+ F», =R?
We must show that any vector u = (z,y, z) of R® can be written in the form u = X5, + Xp,,
such that Xp = (21,11,21) € F1 and Xpg, = (22,99, 22) € Fo.

We solve the vector equation u = Xp, + Xp,

T Ty To T1+2T2=2
UIXF1+XF2<:> Y = Y1 + Y2 = n+ty=y ,
z 2 29 Z1+t 2=z

and moreover we have x; — 3y; + 221 = 0 and y3 = 2z = 0. Then we obtain the following

system
T+ Iy =1 To =1 — 3y + 22 r=1-2y
Y+ Y2 =y h =y y=2-y
21+ 29 =2 & 2=z & z =—145y
r1—3y1 +22; =0 r1 =3y — 22 z:4—5y'
y2222:() y2:22:O $l:2y/
Then,

XF1 = (33/ —2z,y, Z) and XFQ = (37 — 3y + 22,0,0) .

From (i) and (ii) we deduce that : F} @ Fy = R3.
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1.5 Linearly independent, dependent and generating
family, bases

1.5.1 Linearly independent, dependents

Definition 1.8
Let E be a k-vector space and B = (uy, ug, ..., u,) a family of n vectors of E.
- The family B is said to be linearly independent if and only if
Val, g, ..., 0 € k,
Zaiui:OEiOq:OQ:...:an:O.
i=1
- Otherwise, we say that the family is linearly dependent. That is to say there exists scalars

n
aq, Qg ..., ap, ot all zeros, in k satisfying > o;u; = 0p.
i=1

I, g, ..., ) € k™ —{(0,0,...,0)},
Zaiui = OE
i=1

Example 1.8

Let B; and B, be two sets of vectors in R? defined by :

Bl = {Ul = (1,2, —1) ,Ug = (—3, —6,3)}
B2:{u1 = (1,2,0),1,62: (1,1,1),1,63 = <O7170)}

The family B is linearly dependent in R3, since vy = —3v,. Geometrically, v; and v, lie on
the same line. We say that the two vectors are collinear.

The family B, is linearly independent in R3, since for oy, as, a3 € R, we have

\ 1 1 0 0
EO&Z"LLZ' =0ps = o 2 + Qo 1 + a3 1 = 0
=1 0 1 0 0

Oél—f—OéQ:O
= 200 + g + a3 =0

042:0
alz—OZQ:O

= a3 = —2a1 —ag =10
OéQIO

= ar=ay=a3=0
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1.5.2 Generating family

Definition 1.9

Let E be a k-vector space and B = (uq,us,...,u,) a family of n vectors of E. B is said
generating family or span of E if F = span(B). In other words, any vector of E can be
written as a linear combination of vectors of B.

Example 1.9

The family B = {v; = (1,2),v = (1,0)} is generates R?, because for all vector X = (z,y)
of R?, we can find two scalars o, 3 € R, such that X = av; + Bu,.

Indeed, for a, 8 € R, we have

oo (1) (3) 4(3)

a+f==x
=
200 =y
B:x—a:x—%y
=

1.5.3 Bases

Definition 1.9
Let E be a k-vector space and B = (uq, ug, ..., u,) a family of n vectors of E. B is said basis
of F if any vector of F can be written uniquely as linear combination of vectors of B.

In other words,

Vu € E, I, ..., a,) € K", such that u = > au;.
i=1

Proposition 1.9
Let E be a k-vector space and B = (uq, us, ..., u,) a family of n vectors of E. We say that B
is a basis for F if and only if, it is linearly independent and generating family of FE.

Example 1.10

a. Let be E a vector subspaces of R3, defined by

E={(z,y,2) e R®/z —y+22=0}.
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Let X = (z,y,2) € E, then x —y + 22 =0, so,x =y — 2z.
Which gives,

X =(z,y,2) = (y—22,9,2) = (y,9,0) + (=22,0,2) =y (1,1,0) + 2 (—2,0,1),

Therefore, F is the vector subspace of R? spanned by the vectors u; = (1,1,0) and uy =
(—2,0,1), since the family B = {u; = (1,1,0),us = (—2,0,1)} is linearly independent, be-
cause the vectors are not collinearas, so it forms a basis for E.

b. The family B = {u; = (1,1,0),us = (—2,0,1)} does not forms a basis for R?, because

two vectors cannot generate R3.

1.6 Finite-Dimensional Vector Space
1.6.1 Dimension of a vector space

Definition 1.10

We say that a vector space F is of dimension fini if it has a generating family fini (A generating
family having a number fini of vectors). Otherwise, we say that it is of dimension infini.
Theorem 1.1

Let E be a vector space of dimension fini. All bases of E' have the same cardinality n.
Definition 1.11

This cardinality n is the dimension of the vector space F over the field k, we denote by dim E.
By convention, if F = {0g}, we denote by dim £ = 0.

If F'is a vector subspace of a vector space F, then dim F' < dim FE.

Proposition 1.10

Let E be a vector space of dimension n.

- Every free family of n vectors in F is a basis of F.

- Every generating family of n vectors in E is a basis of E.

This proposition allows us to prove that a family is a basis without having to verify both
axioms (free and generating).

Proposition 1.11

Let E be a vector space of dimension finite n.

- Any free family of £ has at most n elements.
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- Any generating family of F has at least n elements.

Theorem 1.2 (Incomplete Basis Theorem)

Let E be a vector space of dimension n and B = {uy, us, ..., u,} a free family with p < n.
We can complete the family B with n — p vectors from E to form a basis of FE.
Theorem 1.3

Let E be a vector space of dimension finite and £’ a vector subspace of E.

Then F' is of dimension finite and dim F' < dim F. and furthermore
EF=F<«=dmF =diméFE.

Theorem 1.4
Let F}, F5 be two vector subspaces of dimension finite of a vector space F.

Then F; + F, and F; N F, are of dimension finite and

Proposition 1.12
Let I}, F5 be two vector subspaces of a vector space E of dimension finite. We have :

dim (F}) + dim (F3) = dim (£)
FioFh=F<
F1 N FQ - {OE}

Coordinates of a vector in a basis
Let E be a vector space, F' = {uy, us, ..., u,} a basis of F, and u a vector of E :

This vector is uniquely written in the form

n
U= > o;u;
i=1

The numbers «; are called the coordinates of the vector v in the basis F.

1.7 Rank

1.7.1 Rank of a finite family of vectors

Definition 1.12

Let E be a finite vector space and F' = {uy, us, ..., u, } a finite family of vectors in E.
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We call the rank of this family and denote by rk(F') the dimension of Vect(uy, us, ..., uy).
Proposition 1.13
1. The family F is free if and only if rk(F) =n :
2. The family F' generates F if and only if rk(F) = dim E.
Example 1.11
Let F = {u; = (1,1,2) ,us = (—1,3,5) ,u3 = (0,4,7)} be a family of three vectors of R3.
We consider F' a vector subspace engendered by the vectors u; = (1,1,2),uy = (—1,3,5)
and ug = (0,4,7)

F = Span (F).

The vectors are linearly dependent, because
U3 = U1 + Ua,

S0,

Span (uy, uy, us) = Span (uy, us) ,

and hence, u; and us are note colinears, thus the family {u, us} forms a basis of F. Then,

rk(F) =dim F = Card ({ug, us}) = 2.

Proof

Let F' = Vect(uy,ug, ..., up), then rk(F) = dim F.

1. If the family (uq, ug, ..., u,) is free, as it generates F, it is a basis of F', so its cardinality n
is the dimension of F' : n = rk(F).

Conversely, if n = rk(F'), then n = dim F', so the family (uy,us, ..., u,) generates F. Then it
forms a basis, which shows that the family (us,us, ..., u,) is free.

2. If the family generates F, then E = F, hence dim £ = dim F' and rk(F) = dim F

If rk(F) = dim E, then dim £ = dim F' and since we also know that ' C E, we obtain

E = F, therefore E = Vect(uy,us, ..., u,), then the family (uq,us, ..., u,) is a generator of E.
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1.8 Exercises

Exercise 1.1

Determine which of the sets Fi, F» and Fy are vector subspaces of R3.
F={(z,y,2) eR*/r+y—2=0}
Fy ={(z,y,2) e R®/a? + y* + 2 = 0}
Fs={(z,y,2) e R¥/zy +22=0}

Fy={(z,y,2) eER3/x —y+2+1=0}
Solution
1. i ={(z,y,2) eR¥/z+y—2=0}
(i). F1 contains the zero vector, as Ogs = (0,0,0) € F}.

(ii). Let u = (2,9,2),v= (2,4 ,2) € F,u+v=(z+2,y+y,z+2) € F?

(z+2)+ (w+y)—(z42) =@+y—2)+ (' +y —7)

so, u+v € Fi.
(iii). Let u = (x,y,2) € Fi, A e k =R, \u = (Az, \y, \z) € F}?

Ax)+ (A\y) — (A2) =A(z+y—2)

S0, A\u € F}
Thus, F} is a subspace.
2. F, ={(z,y,2) € R¥/2? + ¢y* + 2?2 = 0}
We have,
F ={(0,0,0)} = {Ops} ,

Thus, F3 is a subspace.
3. s ={(z,y,2) ER¥/ry+22=0}
For, A= —1and u = (2,1, —1), we have

u € F3, because 2 x 1 +2 x (—1) =0,
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but
A= (—2,-1,1) ¢ F;.

Thus, F3 is not a subspace.

4. Fy={(z,y,2) eR3/z —y+2+1=0}

F} is not a subspace of R? | since Ogs = (0,0,0) ¢ Fj.
Exercise 1.2

We consider the following families of vectors of R? :
By ={u; =(1,1,3),us = (1,2,0)},
By ={v;=(1,0,—1),v9 =(2,1,1),v3 = (3,0,0)}
By ={w; =(1,1,2) ,ws = (1,3,1) ,w3 = (0,0,1) ,wy = (2,4,0)}

Determine the free families, the generating families of R? and the bases of R3.
Solution

1. By = {u; = (1,1,3) ,us = (1,2,0)}

- Is family B, free?

Consider aq, as € R, such that aju; + asug = Ops.

Then,
1 1 0
Uy + asug = Ops = o 1 + Qg 2 = 0
3 0 0

a1+0z2:0
= oy + 209 =0 = a1 = ay =0,
30&1:0

thus, u; and us are linearly independent. Then the family B is free.
- Is family B, generative ?
We have

Card (B;) = 2 < dim (R?),

then the mamily B; is not generative.
Is family B, base of R3?
Since, the family B; is not generative, then it is not a base of R3.

2. BQ = {1)1 = (1,0, —].) , Vg = (2, 1, 1) , Vg = (3,0,0)}
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- Is family B, free?

Consider aq, as, az € R, such that aju; + asus + azus = Ops.

Then,
1 2 3 0
a1y + aous + aguz = Ops = a3 0 +as| 1 | +a3] O = 0
-1 1 0 0

a1+ 209 + 3a3 =0
= ag =0 = a1 =ay =az =0,
—a1p+oag =0

thus, uy, us and us are linearly independent. Then the family B is free.
- Is family B, generative ?
Let, X = (2,9, 2) € R3, we solve the following vector equation X = ayju; + aous + azus, with
a1, o, a3 € R.
We have,

a1 + 209 +3a3 =2

X = aqu; + asug + azus & g = 1Y
-]+ Qg =2

—a1—2 T—y+z—2 1 1
043236 Qa1 -0 Y y:—m—y—I—

3 3 3
= g =1y
O] =0y —2=1Y— %

1

3x—y+§z€R, such

Then, for all X = (z,y,2) € R3, there exists a1 =y — 2,00 = y, a3 =
that X = aquy + asus + asus.

Then the mamily B, is generative.

Is family B, base of R3?

Since, the family B, is generative and free, then it is a base of R3.

3. By = {w; = (1,1,2) ,ws = (1,3,1),w3 = (0,0,1),wy = (2,4,0)}

- Is family B3 free?

Consider aq, as, as, ay € R, such that ayw; + asws + azws + agwy = Ops.
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Then,
1 1 0 2 0
1w + oWy + asws + auws = Ops = oy 1 + Qo 3 + a3 0 + oy 4 = 0
1 1 0 0
a1+ as 4+ 204 =0 a1 = —Qig — 20
= a; +3as +4a4 =0 = —ag — 2004 + 30y + 4y =0
2a1+a2—|—a3:() 2a1—1—a2+a3:0
1] = —0y
= g = —0ly ,
a3 = —3Qy
we take ay = —1, we find ay = 1,2 = 1 and a3 = 3. Then there exists (a1, as, az, ay) =

(1,1,3,—1) # (0,0,0,0) such that, ajw; + asws + agws + agwy = Os.

Thus, wy, wy, w3 and wy are linearly dependent. Then the family Bs is not free.
- Is family B3 generative ?

Since

wy + we + 3ws — wy = Ogs,

then,

Spa/n (wla Wa, W3, w4) - Span (wh Wwa, w3)

Let, X = (z,y,2) € R we solve the following vector equation X = ayw; + asws + azws,
with aq, ag, a3 € R.

We have,
a1 +Qg =2
X =aqw; + agws + azwy & ¢ a;+3as =y
2041 +oart+a3 =2

3x—y

) = 3
o = 2
752x+y+22

g = 2

Then, for all X = (x,vy,2) € R3, there exists a; = 3“;”, g = — 2+y, a3 = _5%“22 € R, such

that X = aqwy + aswsy + azws.
Then the family Bj is generative.
- Is family B; base of R®?

Since, the family Bs is not free, then it is not a base of R3.
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Exercise 1.3

InR3 let F = {(x,y,2) € R¥/z+y—22=0and y — 2 =0} and F the subspace generated
by : u=(1,2,3), v =(1,0,—-2) and w = (0,4, 1).

1. Prove that E is a subspace of R3.

2. Determine a base and the dimension of F.

3. Determine a base and the dimension of F'N F.

Solution

1. Prove that £ is a subspace of R3.

(i). E contains the zero vector, as Ogs = (0,0,0) € E.

(ii). Let uw = (x,y,2) ,v = (x,,y',z') eFE utv= (x+x',y+y',z+z') SN
We have

(z+2)+(w+y)—2(:z+7) =@+y—22)+ (2" +y —27)

= (0)+(0) =0,
and ) ) ) )
(y+y)—(z+2) =y—2)+(y —7)
— (0) +(0) = 0.
so, u+v € L.
(iii). Let u = (z,y,2) € E, A € k=R, A\u = (Az, Ay, \z) € E?
We have
Az)+ (N\y) —2(X2) =Xz +y—22)
=A(0)=0,
and
(Ay) = (Az) =A(y —2)
=X(0)=0,
S0, \u € K

Thus, E is a subspace.
2. Determine a base and the dimension of FE.
Let X = (z,y,2) € E, we have
r+y—22=0 r=—-y+2z=z

= )
y—z=20 Yy=2z
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S0,

X =(x,y,2) = (2,2,2) = 2(1,1,1),
X
1

then, E is the subspace generated with the vector X; = (1,1,1). Since X; # Ogs, then the
family B = {X; = (1,1,1)} forms a base of E.
3. Determine a base and the dimension of F' N E.

Let X = (z,y,2) € R3,
XeFNE&s XeF and X € F,

we solve the equation Xp = Xp.
We have :
XeFeX=(y2z2=A1,11)

and
XelF & X=(r,9,2)=au+ pfv+yw

& X =(a+5,2a+4y,3a—28+7)

So, we obtain the following system :

a+ =2\ a=\—p
20044y =\ S 20=p0)+4y =X
30— 28+ = A 3(A—f)—28+~=A
a=A—-p a=\A—-p
s! 2pray=-x o —2814(—2)r+58) = -
53+ = —2) v =—2)\+53
a:%A
& 6:%?
Y =—13A
then,
X=X(1,1,1),
S0,

ENF =F=Span(X; =(1,1,1)).

Exercise 1.4
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Let E={(z,y,2) ER¥/x+y—22=0and 22 —y — z = 0} ,

F = {(z,y,2) e R®/x +y — 2z =0} two subsets of R® and v = (1,1,1), v = (1,0,1), w =
(0,1,1).

1. Prove that E and F are two subspaces of R3.

2. Determine a generating family of £ and prove that this familly is a base.

3. Prove that {v,w} is a base of F'.

4. Do we have E @ F = R3.

Solution

1. Prove that £ is a subspaces of R3.

(i). E contains the zero vector, as Ogs = (0,0,0) € E.

(ii). Let u = (z,y,2),v = (2',y,2') € E, au+ v = (ax + Bz, ay + By ,az + Bz) € E?
We have

(oz:z:—l—ﬁ:p/)—k(ay—kﬁy/)—2(042+Bz/) :oz(x+y—22)—|—6(x'—l—y'—22/)

and

so, au + fv € E.

Thus, E is a subspace.

Prove that F is a subspaces of R3.

(i). F' contains the zero vector, as Ogs = (0,0,0) € F.

(ii). Let u = (z,y,2),v = (2',y,2) € F, au+ v = (ax + Bz’ ay + By ,az + Bz') € F?
We have

(az+B2) + (ay+By) — (az+B2") =a@+y—2)+8(x +y —2)

so, au + fv € F.
Thus, F' is a subspace.

2. Determine a generating family of £ and prove that this familly is a base.
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Let X = (z,y,2) € E, we have

r+y—22=0 rT=y
g 5
20 —y—2z=10 z=1
S0,
X = (2,y,2) = (2,2,2) = 2(1,1,1),
——

u

then, F is the subspace generated with the vector v = (1,1,1). Since u # Ogs, then the
family B = {u = (1,1,1)} forms a base of E.

3. Prove that {v,w} is a base of F.

Let X = (z,y,2) € F, we have

r+y—z2=0&2=a+y,

S0,

X = ('I’y7x+y) = ('CC7O""I;) + (y7y70) = ‘/I:(]'707 1) +x(07’1)7
N—— S——

v w

then, F' is the subspace generated with the vectors v = (1,0,1) and w = (0,1,1). Since
{v,w} are linearly independant, then the family B" = {v = (1,0,1),w = (0,1,1)} forms a
base of F.

4. Do we have £ @ F = R3.

We have, dim E+dim F' = 3 = dim R? and the family BUB" = {u = (1,1,1),v = (1,0,1) ,w = (0,1,1)}
forms a base of R3, then £ @ ' = R3.

Exercise 1.5

We consider the subspace of R? defined by :

E={(r,y,2) eR3/z+y—22=0 et x—32=0}

1. Determine a base of E and specify the dimension of E.

2. Determine dim F such that F is the subspace of R? generated by vectors

wr = (1,2,2),us = (0,6, —2),uz = (1,5, 1)

3. Determine £ N F'.

4. Do we have E @ F = R3?

Solution

1. Determine a base of F
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Let X = (z,y,2) € E, we have
r+y—22=0 r=—z

y—32=0 y =3z

S0,
X = (z,y,2) = (—2,32,2) = 2(—1,3,1),
——
X1
then, E is the subspace generated with the vector X; = (—1,3,1). Since X; # Ogs, then the

family B = {X; = (—1,3,1)} forms a base of E.

The dimension of FE.

dim () = Card (B) = 1.

2. Determine dim F such that F is the subspace of R? generated by vectors

Uy = (1, 2, 2), Uy = (O, 6, —2),U3 = (1, 5, 1)
The family B" = {u; = (1,2,2),us = (0,6, —2),u3 = (1,5,1)} is generating F.
- Is family B’ free?

Consider aq, as, az € R, such that aju; + asus + azus = Ops.

Then,
1 0 1 0
a1u + s + asus = Ops = oy 2 + Qo 6 + Q3 5 = 0
2 —2 1 0
OZ1+043:0 a1 = —Q3
= 201 + 6ag +ba3 =0 = —2a3 + 6ag + baz =0
2@1—20&24-(13:0 —2a3—20z2+a3:0
Q= —Qag Qp = —Qs
= 6as +3a3=0 =
—2042 — Q3 = 0 Qg = —1053

2
we take a3 = —2, we find ; = 2 and a3 = 1. Then there exists (a1, as, a3) = (2,1, —2) #
(0,0,0) such that, aju; + asus + azug = Ogs.

Thus, uy, us and ug are linearly dependent. Then the family B’ is not free.
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We choose the family B” = {u; = (1,2,2),us = (0,6, —2)}, it is free, because for any ay, oy €

R, we have aju; + asus = Ogs. Thus the family B" is a base of F.
Then,
dim (F) = Card (B") = 2.

3. Determine E N F.
Let X = (z,y,2) € R?,

XeFNEs XeF and X € F,

we solve the equation Xg = Xp.
We have :
XeFeX=(ry2z2=A~-1,31)

and
XeF & X=(xy,2)=au+ v

< X = (a,2a+ 60,2a — 253)

So, we obtain the following system :

a=—\ a=—A\
204+ 68 =3\ & ({ =2X+60 =3\
200 — 20 = A =2 =28 =\
a= -\
& B=2x sa=0
3AN+26=0

then,
EnF =1{(0,0,0)} = {Ogs}.

4. Do we have E G F =R3?
We have :

(i). ENF = {0gs}.

(ii). E+ F =R3?
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Let X = (z,y,2) € R3, we solve the vector equation aX; + Su + yv = X with o, 3,7 € R.
Or we prove that the family B U B” = {X},u, v} is a base of R®.

—1 1 0 T
aXi1+pPut+yw=X &« 3 +61 2 | +7 6 =| y
1 2 —2 z
—at+f=1x f=a+z
S 3a+204+6y=y &< 3a+2(at+z)+6yv=y
a+20—-2y==z a+2(at+z)—2y==z2
B=a+zx b=a+zx
S ba+by=-20+y & o=
3a— 2y = —2x+2 3(@)—27:—2564-2

L R

7=%$+2—8y—%z
then, for all X = (z,vy, z) € R?, there exists a = —%az—l—ﬁy—l—l—iz,ﬁ: 1%374‘1_14?44‘1%277:
=T + =y — =z € R, such that aX; + fu+yv = X.
So, E4+ F =R3 Thus E® F =R3.
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1.9 Terminology translation

English Frensh
Vector Vecteur
Space Espace
Subspace Sous-espace
Field Corps

Rank Rang

Internal composition law

Loi de composition interne

External composition law

Loi de composition externe

Generating family

Famille génératrice

Basis Base

Neutral element Elément neutre
Scalar Scalaire
Non-empty Non vide
Subset Sous-ensemble

Linear combination

Combinaison linéaire

Direct Sum

Somme directe

Supplementary

Supplémentaire

Linearly independent

Linéqgirement indépendant

Free family

Famille libre




Chapitre 2

Linear applications

2.1 Definitions and properties

Definition 2.1
Let E, F' be two k-vector spaces.
A linear application from F to F' is an application f : F — F, with the following properties :
1. Vu,v € E|
flutv)=f(u)+f(v).
2.Yu € E,V\ €k,
S () = Af (u).

- A bijective linear application is called an isomorphism.

- A linear application from F to itself is called an endomorphism of FE.

- A bijective endomorphism is called an automorphism.

- The set of linear applications from E to F' is denoted by Ly(E, F) or L(E, F).

- If E = F the linear application is called endomorphism. The set of endomorphism of F is
denoted by Lx(E) or L(E).

Theorem 2.1

Let E, F be two k-vector spaces and let f : £ — F' be an application. For f to be a linear

application, it is necessary and sufficient that :

Yu,v € E\Va, B €k, f(au+ pv) =af (u)+Bf (v).
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Proof

1. Suppose f is a linear application. Then, for all u,v € E, and for all o, 5 € k, we have

fFlaw+ o] =F&X+y)=7(x)+ )
Y

= [ (au) + f (Bv) = af (u) + 6f (v).

2. Conversely, if f satisfies the given condition for all u,v € E, and for all «, 8 € k, then

- For a = 8 = 1}, we have

flau+fo) =af (u) +Bf (v) & flutwv)=f(u)+f(v).

- For « = X and 8 = 0, we have

flou+po) = af () +5f (v) & f(Au) = Af (u).

Example 2.1
Let f:R? — R3 be an application defined by : f (z,y) = (z + y,2z,2 — y) .
For u = (z,y),v = (2,y) € R? and A € k = R, we have

(i)
f(u+v) :f($+x',y—|—y/)

=@+2 +y+y,2@+a),2+2 —(y+y))
=(@+y2z,2—y) + (2 +y,22, 2 —y)
=flzy)+f(a"y) = F )+ f(v)

f ) = f Az, Ay)
= (Az + Ay, 207, Az — \y)

=AMz +y, 20,0 —y) = A (2,y) = Af (u),
from (i) and (ii) we deduce that f is a linear application.

Examples 2.2
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Let g : R? — R? be an application defined by : g (z,y) = (x + y, 2zy) .
For u = (1,2),v = (2,2) € R? we have
g(u+v)=yg(3,4) =(7,24),
and
g(u)+g () =(3,4)+ (4,8) =(7,12),
then, Ju = (1,2) ,v = (2,2) € R?, such that g (u+v) # g (u) + g(v). So, g is not a linear
application.

Theorem 2.2

Let f be a linear application. Then we have :
f(0g) =0F

and

f(=u)=—f(u), forallu e E.

Remark 2.1
If f(0g) # Op, then f is not a linear application.
Examples 2.3
Let f:R? — R? be an application defined by : f (z,y) = (z +y,z —y +1).
We have
f (Orz) = f(0,0) = (0,1) # Oge,
then, f is not a linear application.
Property 2.1
Let f, g be two linear applications from F to F' and A € k. The applications f + g and \f
defined by (f + g)(u) = f(u) + g(u) and (Af)(u) = Af(u) are linear.
Proof

Let u,v a vectors of ' and «, 8 a scalars of k. So, we have :

(f +9) (au+ Bv) = [ (au+ Bv) + g (au + Bv)
= af (u) + Bf (v) + ag (u) + Bg (v)
=a(f(u)+g()+B(f(v)+g())
=a(f+g)(w)+B(f+g) (v),
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then f + g is a linear application.

And we also have :

(Af) (au+ Bv) = Af (au + Bv)
= Aof (u) + B (v))
= a(Af(w) + B (Af (v))
=a(\f) (u) + B (Af) (v),

then \f is a linear application.

Property 2.2

Let f: E — F,g: F — G be two linear applications. The applications g o f defined by
(g0 f)(u) =g (f(u)) is linear.

Proof

Let u, v a vectors of E and a, 8 a scalars of k. So, we have :
(g0 f)lau+pv) =g (flau+pv)) =g (af(u)+Bf (v))
= ag (f (u)) + Bg (f (v))
=a(go f)(u)+8(go f)(v),

then g o f is a linear application.

2.2 Image and kernel of a linear application

Proposition 2.1

Let E, F be two k-vector space and f € L(E, F).

1. For any vector subspace F; of F, the inverse image f~*(F}) is a vector subspace of E.
2. For any vector subspace F; of E, the direct image f(FE;) is a vector subspace of F.
Proof

1. Let F} a vector subspace of F

(L.a). f7Y(F) # 2 : f(0g)=0p, then 0g € f~1(F}).

(1.b). Let o, 8 € k and u,v € f~(F}). We have

flou+pv) = af (u)+Bf(v) € Fr = aut v € [7H(F),
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from (1.a) and (1.b), we deduce that f~'(F}) is a vector subspace of E.

2. Let F; a vector subspace of

(2.a). f(E1) #9: f(0g)=0p, then Or € f(E1).

(2.b). Let a, f € k and w,v € f(E}). Then, there exists X,Y € FE, such that u = f (X) and
v=f(Y). We have

au+ v =af (X)+8f(Y)=f(aX +5Y) € f(E),

from (2.a) and (2.b), we deduce that f(FE;) is a vector subspace of F.
Definition 2.2
Let f be a linear application from F to F.

- The set :
ker (f) = f1 ({0r}) ={ue E/f (u) =0p},

is called the kernel of the linear application f.
- The set :

is called the image of the linear application f.

Examples 2.4

Let f:R3> — R? be a linear application defined by : f (z,y,2) = (z +y — 2,7 + 2).
- The kernel of f

ker (f) = f7 ({Op2}) = {u = (,,2) € R?/[f (u) = Oz2}.

We solve the vector equation f (u) = Oge.

r+y—2=0 y=—x+z=2z
f(u) =0re & &
r+2=0 T=—2z

then,
u=(z,y,2) = (—2,22,2) = 2(—1,2,1),
X
1

so, ker f is the vector subspace generated by the vector X; = (—1,2,1).

ker f = Span (X; = (—1,2,1)).



2.2 Image and kernel of a linear application 34

- The image of f
Im(f) ={f(u)/u=(2,y,2) € R}

={(z+y—z1+2)/(r,y,2) € R3}

={(z,2) + (,0) + (=2,2) / (z,y,2) € R?}

= z(L,1) +y(1,0)+2(=1,1)/ (z,y,2) € R?
S~~~ N~~~ ~——
v Ya Ya

Hence, Im f is the vector subspace of R? spanned by the family B = {V; = (1,1),Y; =
(1,0),Y3 = (—1,1)}, thus :

Imf:spcm(Yl = (171)73/2: (1’0)7}{3: (_171))'

Note that the vectors Y; and Y3 are linearly independent, while Y3 depends on them. There-
fore :

Im f = span (Y; = (1,1), Yz = (1,0)).

Proposition 2.2

Let E, F' be two k-vector spaces and f € L(FE, F).

1. f is injective if and only if ker(f) = {0g}

2. f is surjective if and only if Im(f) = F..

Proof

1. (=) Suppose that f is injective. Let u € ker f, then

f(u)=0r=f(0g),
since f is injective, then u = Og. Thus ker(f) = {0g} .
(<) Suppose that ker(f) = {0g}. Let u,v € E
fu)=f@) = f(u)—=f(v)=0F

:>f(u—v):0p
=u—v€Ekerf

=u—v=0g=u=uv;
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then f is injective.

2.
f is surjective < VY € F,dX € E\Y = f(X)

& f(E)=F

SImf=F
2.3 Rank of a linear application

Definition 2.3

Let E and F be two finite-dimensional k-vector spaces, and f be a linear application from
E to F.

We call the rank of f , denoted rank(f), the natural number defined by :

rank(f) = dim (Im f) .

Examples 2.5
Let f: R® — R3 be a linear application defined by : f (z,9,2) = (y + 2,2 + 2,2 + ¥).
- The image of f

Im (f) ={f(u)/u=(z,y,2) € R?}
={(y+z,z2+z,r+y)/(z,y,2) € R3}

= {(0,z,2) + (4,0,9) + (2,2,0) / (z,y,2) € R?}

S~—— ~—— S~——

Y; Y Y3

Hence, Im f is the vector subspace of R? spanned by the family B = {Y; = (0,1,1),Y, =
(1,0,1),Y; = (1,1,0)}, thus :

Im f = span (Y1 = (0,1,1),Y, = (1,0,1),Y3 = (1,1,0)) .
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Note that the vectors Y7, Y; and Y3 are linearly independent, because for all ay, ag, a3 € k =

R, we have :
, 0 1 1 0
Zai}/i =0r = 1 + 0 + asg 1 = 0
=1 1 1 0 0

OZQ—l—OZg:O
= 061+Oé3:0
CY1+042:0

= a1 =ay =ag =0,

then the familly B form a base to Imf. So,
Rank (f) = dim (Im f) = card (B) = 3.

2.3.1 Rank theorem

Theorem 2.3

Let f be a linear application from F to F, then we have
1. f is surjective if and only if rank (f) = dim (F') .

2. f is injective if and only if rank (f) = dim (F).
Theorem 2.4 Rank Theorem

Let f be a linear application from E to F'. If E is finite-dimensional, then :

rank (f) + dim (ker (f)) = dim (F) .

Proof

Let dim F = n and k = dimker(f) and consider a basis {vy, ..., vx} of ker f as a subspace of
E . We can always extend this basis, to a basis {vy, ..., vk, k41, ..., v } of the whole E.

We would like to prove that the familly {f(vgy1), ..., f(v,)} is a basis of the subspace Im(f)
of F.

1. Span : Let Y € Im(f). Then Y = f(X), for someX € E. As X is an element of £ and

{v1, ooy Vg, V1, .o, Un } 18 & basis, we can find a unique set of coefficients «; € k such that

X =001 + ... + o + a1V, + -+ Uy,
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But then :
Y =f(X) =f(avg + ... + @pog + Qpy1Vp11 + oo + y0p)

=arf (v1) + ... +arf (k) + i1 f (Vge) + o + anf (V)
=0.f (v1) + ... +0.f (v) + g1 f (Vks1) + oo + an f (V)

= g1 f (Vrg1) + o+ anf (vn)

And we obtain that the system of vectors {f (vxi1), ..., f (v,)} span the image Im f.
2. Linearly independent :

Suppose that a linear combination of {f (vg11), ..., f (vn)} gives 0. Say that we have

B (k1) + oo+ B, f (vn) =0 < f (5k+1vk+1 +.t 6nvn) =0p

and the element X' = Bri1Vk41 + ... + B,v, will be in the kernel of f . Since {vy,...,v;} is
a basis of ker f(f) and the whole system {v1, ..., Vg, V11, ..., v, } is linearly independent, the
only possibility is that X' = 0z and Bis1 = Bryo=...= B, =0.

We have therefore obtained that the vectors {f (vk+1), ..., f (v,)} are linearly independent in
F.

As a combination of (1) and (2), we have proven that {f (vxy1), ..., f (v,)} is a basis of Im f

and the dimension of Im f, which is the rank of f , is n — k. In any case, we have :

rank (f) + dim (ker (f)) = dim (E).

2.4 Inverse of a linear application

Definition 2.4

Let E, F two k—vector spacesdeux and f € L(E, F).

The application f : F — F' is said to be invertible if, for all Y € F, the equation Y = f(X)
admits a unique solution X € F.

Definition 2.5

Let E,F two k—vector spacesdeux and f € L(FE,F) invertible. Then its reciprocal f~! :
F — F is defined by

f7HY) = (the unique X € F,such thaty = f(X)),
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and we have :

flof=1Idy and fof'=Idp

Examples 2.6
The linear application f : R? — R? defined by : f (z,y) = (v + vy, z — y) is inversible, because,
for all Y = (a,b) € F = R?, the equation Y = f (X) admets a unique solution.

. a o Tr+y r+y=a ZL‘:aT-H)
v (5) =)= 0 et

then,

2.5 Exercises

Exercise 2.1
Determine whether the following applicationss are linear applications
1L f:R2 RS (z,y) = (v +y,y,7 — 3y)
2. f: R = R? (z,y,2) — (z+y,x— 32+ 1)
3. [ R R? (x,y,2) — (22 + 2y + 2).
Solution
1L f:R2 =R (z,y) — (x+y,y,7 — 3y)
Let u = (z,y),v = (2,y) € R?, and X € k = R, we have
().
flutv)=f@+2y+y) =@+2 +y+y,y+y.2+2 —=3(y+y))

=(@+yyr—3y) + (@ +y,y.2 —3y)

=f(zy)+f(zy)=f(u+f().

fw) = f Az, \y) = Az + Ay, Ay, Az = 3\y) = Az +y,y,2 — 3y) = Af (u),
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from (i) and (ii), we deduce that f is a linear application.
2. [ R =R (2,y,2) = (v +y, 2 —32+1)
We have

f<0R3) - f(07070) - (07 1) 7é 0R27

therefore, f is not a linear application.
3. [ R3 = R2 (n,9,2) — (22 + 9%y + 2).
For u = (1,2,1) and A = 2, we have

fQu) = f(2,4,2) = (20,6)
and
Af () =2(5,3) = (10,6),

then, Ju = (1,2,1) e R® , IN=2€ k=R, f(\u) # Af (u), so f is a linear application.
Exercise 2.2

Let f: R® — R? be an application defined for all u = (x,y, z) € R? by :
fzy2)=(@+2y—za+y+2)

1. Prove that f is linear.

2. Determine ker f et Im f.

Solution

1. Prove that f is linear.

Let u = (x,y,2),v = (x/,y/,z/) € R?, and A € k = R, we have

(i).

flutv)=f(z+2 y+y,2+2) =@+ +2y+2y —2z—2 a2+ +y+y +2+2)

=(@+2y—zx+y+z)+ (@ +2 — 2,2 +y +2)

= flz,y,2)+ f (2 y,2)=F(w+f(v).
(ii).

fu)=fAx, Ay, Az) = Az +2 \y — Az, e+ Ay + A 2) = A (e +2y —z, 2 +y+ 2) = Af (u),
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from (i) and (ii), we deduce that f is a linear application.
2. Determine ker f et Im f.
- The kernel of f

ker (f) = [~ ({Op2}) = {u = (2,9, 2) € R?/f (u) = Oz}

We solve the vector equation f (u) = Oge.

r+2y—z2=0 z=3y
f(u) =0 & &
r+y+z2=0 x:—%y
then,
_ _(_3 1, _ 1
U = (l‘,y,Z) - (_ﬁyaya §y) - §y(_35271)7
X1

so, ker f is the vector subspace generated by the vector X; = (—3,2,1).

ker f = Span (X; = (-3,2,1)).

- The image of f
Im (f) ={f(uv)/u=(2,y,2) € R}
={(z+2y—z,x+y+2)/(x,y,2) € R}

={(z.2) + Q2y,y) + (=2,2) / (x,y,2) € R}

=z(L1) +y2,1)+2(=1,1)/ (z,y,2) € R?
S~~~ S~~~ ~——
Y Y> Y3

Hence, Im f is the vector subspace of R? spanned by the family B = {Y; = (1,1),Y; =
(27 1) aY3 = (_17 1)}) thus :

Im f =span (Y1 = (1,1),Y2 = (2,1),Y3 = (—1,1)).

Note that the vectors Y; and Y; are linearly independent, while Y5 depends on them. There-

fore :

Im f = span (Vi = (1,1), Y3 = (2,1)).
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Exercice 2.3

Let f an endomorphism of R* whose image of the canonical base By = {ey, €2, 3} is

fle) =er+ex—es
f<€2)261—€2+63

f(e3) =2e; +es+ e3
1. For all u = (z,y, 2) € R3, determine f (u).
2. Determine the kernel of f.
3.Give a base of the image of f.
Solution
1. For all u = (z,y, 2) € R3, determine f (u).
Let u = (z,y,2) € R3,
fu)=f(2,y,2) = f(zer+yes+ zes)
=z f(e1) +yf(e2) +2f (e3)
=x(e1+ex—e3)+y(er —ex+e3)+2(2e1 + ez + e3)

=(x+y+22)es+(r—y+z2)ea+(—r+y+2z)es

=x+y+2zx—y+z,—r+y+2)

2. Determine the kernel of f.

ker () = £~ ({0s}) = {u = (2,9,2) € %/ (u) = Opo}.

We solve the vector equation f (u) = Ogs.

r+y+22=0
fuy=0pge 2—y+2=0 Sr=y=z=0,
—r+y+z=0

then,
ker f = {(0,0,0)} = {Ogs} .

3.Give a bse of the image of f.
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- The image of f
Im (f) ={f()/u=(2,y,2) € R’}
={(z+y+2z,2—y+z,—x+y+2z2)/(z,y,2) € R}
={(z,2z,—2) + (y, —y.y) + (22,2,2) / (2,9, 2) € R’}

=9zl 1, -1 +y(l,-1,1) +2(2,1,1)/ (z,y,2) € R?
—— —— ~——

Y1 Yo Y3
Hence, Im f is the vector subspace of R? spanned by the family B = {Y; = (1,1,—-1),Y; =
(1,—-1,1),Y3 = (2,1,1)}, thus:

Imf =span (Y =(1,1,-1),Yo =(1,-1,1), Y3 =(2,1,1)) .

Note that the vectors Y7, Y5 and Y3 are linearly independent, because for all a, ag, a3 € k =

R, we have :
, 1 1 2 0
ZO&Z‘Y; =0rs = 1 + -1 + (g 1 = 0
=1 -1 1 1 0

a1+ ag + 20[3 =0
= ap —ag+az3 =0
- + Qg + Q3 = 0
:>O[12062:Oé3:0,
then the familly B form a base to Imf.

Exercice 2.4

We consider the linear application f : R* — R3 defined by :
f (1,29, 23, 24) = (201 + o — T4, 1 + 3T, T3 — 41y)

Determine the kernel and image of f.
Solution

1. The kernel of f.

ker (f) = f71 ({O0re}) = {u = (21,22, 73, 24) € RY/f (u) = Ops} .
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We solve the vector equation f (u) = Ogs.
21‘1 + To — Ty = 0
f(u)=0rs << x3+322=0

1'3—4334:0

2(—3372) + To — Ty = 0

<~ r1 = —3%9
T3 = 41‘4
T4 = —DIy

<~ r1 = —3%9
T3 = —2OI2

then,

u = (r1, %2, x3,T4) = (=39, Ta, —20x9, —Bxs) = xo (—3,1, =20, —5),

so, ker f is the vector subspace generated by the vector u; = (—3,1, —20, —5).
ker f = Span (uy = (—=3,1,—20, —5)).
2. The image of f.

Im (f) ={f(u)/u= (21,22 73,24) € R}
= {(2[L’1 + To — Ty,T1 + 3[152, T3 — 4[154) / (131, T, T3, 1’4) € R4}

= {(21‘1, Xy, O) + (I’Q, 3232, 0) + (O, 0,273) + (—I‘4, O, —4234) / (1‘1, Ta, 1’3,$4) c R4}

= !13'1(27 1, 0) + ZCQ(L 3, O) + .1'3(0, O, 1) — $4<1, O, 4)/33'@ eR
1 2 3 4

Hence, Im f is the vector subspace of R? spanned by the family B = {Y; = (2,1,0),Y, =
(1,3,0),Y; = (0,0,1),Y; = (1,0,4)}, thus :

Im f = span (Y7 = (2,1,0),Y2, = (1,3,0),Y3 = (0,0,1),Y, = (1,0,4)) .

we see that, %YI — %Yg +4Y; =Y}, then

Im f = span (Y; = (2,1,0),Y; = (1,3,0),Y; = (0,0,1)).
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Exercice 2.5
Let f: R® — R? a linear application verifying :

f(1,2,4) =(3,-2,1)
f(3,0,1) =(1,4,2)

f(0,0,2) =(0,-3,5)
1. Calculate f (5,3,7).
2. Determine f (z,vy, z) with (z,y,2) € R3.
Solution
1. Calculate f(5,3,7).

We pose
B={u=(1,2,4),v=(3,0,1),w=(0,0,2)},

it is easy to verify that family B forms a basis of R3.

Now we calculate the coordinates of the vector X = (5,3,7) in the basis B.

a+38=5 B=552=1
X=au+pv+ywe 20=3 s a=3
— _ 7T—4a—p __ 1
da++2y=T7 == =2

Then,

2. Determine f (z,y,2) with (z,y,2) € R3.
[y, z) = f((2,0,0)+(0,9,0) + (0,0, 2))
= f(x(1,0,0) +y(0,1,0) + 2 (0,0,1))
=2f(1,0,0) +yf(0,1,0) + zf (0,0,1)
We calculate the coordinates of the vectors (1,0,0),(0,1,0) and (0,0,1) in the basis B.

0t 35=1 Bt
(1,0,0) =au+ fv+yw < ¢ 2a0=0 S a=0
4OK+6+2’)/:0 ’72_43_’62—%
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(0,1,0) =au+ fv+yw & 2a=1 S a=g
da+pB+2y=0 y=tat = 1
a+35=0 B==2=0

(1,0,0) =au+fv+yw << 2a=0 S a=0

_ _ 1-4a—pB __
da+pB+2y=1 y=1t =l

Then,
f(z,y,2) =2f(1,0,0)+yf(0,1,0) +2f(0,0,1)
=z [3f (v) = §f )] +y [3f (W) = §f () — 5f )] + 2 [5f (w)]
= (39) f () + (32— §9) f (v) = (= + 3y — 32) [ (w)

3 1 0
%y(2)+(%x%y)(4> (:c—l—lly—z)(?))
1 2 5)

_ (z+4y 22x+13y—18z 72x753y+30z)
o 3 12 ’ 12

Exercice 2.6

Let E = R, [X] the vector space of polynomials of degree less than or equal to n and

f: E — E defined by :

/

f(P)=P+(1-X)P

1. Show that f is a linear application 2. Give a basis of ker f 3. Give a basis of Im f.
Solution
1. Show that f is a linear application

Let P,Q € R, [X], and A € k = R, we have

(i).
f(P+Q) =(P+Q)+(1-X)(P+Q)

=P+Q)+(1-X)(P+Q)
=(P+1-X)P)+(Q+1-X)Q) =f(P)+ [(Q).

FOP)=(\P)+(1=X)(AP) = A(P+ (1= X)P') = Af(P),
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from (i) and (ii), we deduce that f is a linear application.

2. give a basis of ker f
ker (f) = /7 ({0r.1x1}) = {P € Ra [X] /S (P) = Og,px)}-

We solve the equation f (P) = Og,[x]-

f(P)=0r,x] ©P+(1-X)P =0« (X:%)aX) + (1 - X) (imixil) =0

=1

1=0 1=1 i=1
n n—1 ) n )
4 ZazX’ + Z (Z + 1) CLH_lXZ - ZiaiXZ =0
=0 =0 i=1

n—1

& (ag +ay) + (;((1—75)(12-—1—(2'—1—1)@“1))(") +a, (1-n)X"=0

ao+a1:0

= (i+1)ai+1—|—(1—i)ai:O, iE{l,...,n—l}

a, =0
apg = —ag ap = —a
= =
aiH:Z—}ai, ZZl agz...:an:(]

Then,
=0

ker f = Span (Q =1—-X).
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3. give a basis of Im f.

tn() = {£(P)/P=Saxte R, X1}

=0

— {p+ (1-X)P' /P = iaiXi €R, [X]}

~{ (a4 (= a+ (4D am) X) 4 (0 (1= ) X7 o € R

=1

={ag+ a1 +2aX + ...+ ((2—=n)a,_1 + (n)a,) X" '+ (a, (1 —n) X") /a; € R}

=q(ap+a)x 1 _+a(2X —X?)+ .. +a,(nX" '+ (1-n)X")/a; €R
Po Py P:;1

then,

Imf=Span(Py=1,P =2X — X2 P, =3X2—-2X3 ., P, =nX""14+(1-n)X").

2.6 Terminology translation

English Frensh

Linear application | Application linéaire
Kernel Noyau

Rank theorem Théoréme du rang
Inverse image Image réciproque
Direct image Image directe




Chapitre 3

Matrices

3.1 Definitions

Definition 3.1
Let n, m be two strictly positive integers. A matrix n x m with coefficients in k is an array

of elements of k with n rows and m columns, which we denote by

11 a2 - . . Qim
921 929 ... Qom
A= (ai;)1<i<n =
1<j<m
ap1 QAp2 . . . Qpm

- The terms a;; are called the coeflicients of the matrix A.
- The matrix A is said of type (n,m).

- The set of matrices with n rows and m columns with coefficients in k is denoted by M, ., (k).

Example 3.1
Let
1 2 01
A=|1 -1 1 0
2 3 15

A is a 3-row, 4-column matrix with coefficients in R, so A € M54 (R)
The element a3, is in the third row and second column, so azs = 3.
Definition 3.2

Let A = (ai;) 1<i<n be a matrix of M, ,, (k).

1<5<m
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- If n = m, the matrix A = (a;;)

of order n is denoted by M, (k).

1<ij<n 15 called a square matrix. The set of square matrices

ai; Q12 . . . Qin

921 Q292 . . . QA9pn
A= (i) 1< jen =

Ap1 QAp2 . . . Qpp

- If n =1, the matrix A is called a row matrix.

A:(CLH aig . . . alm)

- If m = 1, the matrix A is called a column matrix.

Definition 3.3

A matrix A = (a;j) 1<i<n , whose all the elements are zero is called a zero matrix.

1<j<m
00 0
00 0
A= = (0)

0 O . 0
Definition 3.4
Let A = (aij),<; j<, be a square matrix. The elements a;; are called the diagonal coefficients
of A.

Definition 3.5
A matrix is said to be diagonal when it is square and its non-diagonal coefficients are zero.

It is of the form :

a1 0 e 0
0 9292 0 0

D =
0
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Definition 3.6
A matrix A is said to be upper triangular (respectively : lower) when it is square and its
non-diagonal coefficients below (respectively : above) the diagonal are zero.

Upper triangular matrix : a; = 0 for all ¢ > j

11 A12 . - - Q1p

0 Q99 Q23 . . QA9p

A— 0 0 asz . . 0d3zp
0 O .. 0 anum

Lower triangular matrix : a; = 0 for all 7 < j

a1 0 . .o 0
a921 Q929 0 .. 0
a31 a3z aA33 0 . 0
A=
0
Ap1 A2 . .. QApp

Definition 3.7
The identity matrix of size n is an n X n matrix with ones on the main diagonal and zeroes

elsewhere. We denote it by I, :

1 0 . 0
010 . 0

I = 0010 0
. 0

00 01

3.2 DMatrix associated with a linear application

In this section, £ and F' are finite dimensional vector spaces over a field k, with dimensions
m and n respectively. Let Bg = (uy,us, ..., Uy,) and Bp = (v1,vg,...,v,) bases of £ and F
respectively.

Definition 3.8

Let f be a linear application from E to F. The matrix of f in the bases Br and Br denoted

Mg, .(f) is the the matrix of the type (n, m) with coefficients in k, whose elements of the
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j 7™ column are the coordinates of the vector f(u;) in the basis Bp.

MBE,BF(f) = (aij) 1<i<n ,

1<j<m
with
f(uj) = iéazj X v;.
Example 3.2
Let f be a linear application of R? in R? defined by

V(z,y) €R? f(z,y) = (v +y,22 — 3y, v+ 2y)
We consider the canonical bases of R? and R3.
By ={e1 =(1,0),e; = (0,1)}
By = {e; = (1,0,0),e, = (0,1,0) ,e5 = (0,0,1) } .

We have,
fle)=f(1.0)=(1,2,1) = €| +2e; +e3,

S0, the elements of the first column are 1,2 and 1. Then

fle2) = f(0,1) = (1,-3,2) = €] — 3e, + 2es,
S0, the elements of thesecond column are 1, —3 and 2. Then

1
Co=| -3
2

Then, the matrix associated with the application f in the bases By and Bj is

1 1
MBO,Bl (f) = 2 -3
1 2

Example 3.3
Let f : R? — R? be a linear application defined by

V(z,y) € R?, f (z,y) = (z + 3y, 2z — 5y)



3.2 Matrix associated with a linear application 52

Determine the matrix associated with f in the basics B = {u; = (1,2) ,us = (3, —1)}.

We have,
fu) = aup + Buy = & (7,-8) = (a + 33, 2a — )

a+ 30 =
20 — 3= -8
_ _17
{4

so, the elements of the first column are —1—77 and 2—72 Then

and
f(u2) = auy + Buy & (0,11) = (a + 353,2a — 3)

- a+38=0
200 — =11

so, the elements of the second column are 2 and —+. Then

33

7
02 —
11

7

Then, the matrix associated with the application f in the basis B

17 33
7 7

Mz(f) = 22 11

7 -7

Proposition 3.1
Let f € Ly (E,F) and A = Mg, g.(f). f u= > a; x u; and f(u) = Y5, X v;, then we
i=1 i=1

have :
a1 51
%) 52
Y = AX, with X = . and Y =

Uy B
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Example 3.4

Let f : R? — R? be the linear application whose matrix in the canonical basis is
1 -3 .
A=Mg(f)= 54 , with B = {e; = (1,0),e2 = (0,1)}.

So, for all real numbers x and y, we have :
1 -3 T\ r— 3y
5 —4 y )] \brx—4y )’

f(z,y) = (v — 3y, 5z — 4y) .

then,

Proposition 3.2
Let f,g € Ly (F, F). We have

MBE,BF(f + g) = MBE‘aBF (f) + MBE,BF (g)

Mg, . (Af) =X X Mp, g.(f), where A € k.
Proposition 3.3
Let G be a finite dimensional vector space over a field k, with dimension p. Let Bg =
(w1, ws, ...,w,) base of G. let f € Ly (E, F) and g € Ly (F,G) .
We have
Mpy.B:(9° f) = Mp. 5 (9) X Mpy, 5. (f)-

3.3 Equality of two matrices

Definition 3.9

Let A = (aj) 1<i<n and B = (b;j) 1<i<n, be two matrices of M, ,,,(k). We say that A = B if
1<j<m 1<j<m

all the elements of A are equal to the corresponding elements of B.

A=B <& Qi = bij; for all 7 € {1, ,n} ,J] € {]., ,m} .

Example 3.5
Let
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Let us determine z and y so that the two matrices are equal.

rT—y=2 r=1
A=B& ( xz=1 & .
y+l=ax-1 y=—1

3.4 Transpose of a matrix

Definition 3.10
Let A = (a;j) 1<i<n be a matrix of M,, ,,(k). We call the transpose of A the matrix (a;;)1<j<m

1<j<m 1<i<n

of M, (k) and we denote *A.

A=B < Q5 = bija for all 7 € {]_, ,TL} ,J € {1, ,m} .
Example 3.6
Let

1
A= 2
-3

- O Ot

Then, the transpose of A is the matrix defined by
1 2 -3
tA
A= ( 5 0 4 > ’
Property 3.1

Let A and B be two matrices of M, (k). Let A € k. Then, we have :
FPA)=A, "(MA)=AX("A), (A+B)="A+'B.

Property 3.2
Let A be a matrix of M, (k) and B a matrix of M,, (k). Then, we have :

{(Ax B) = ('B) x (*A).

3.5 Trace of matrix

Definition 3.11
The sum of the diagonal elements of a square matrix A is called the trace of A, denoted by

Tr(A).
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Example 3.7
Let
1 2 3
A=10 -4 5 |,
1 -1 7

its trace is

Tr (A) == ia” = a1 + ao + asz = (1) + (—4) + (7) =4.

=1

Theorem 3.1

Let A and B be two matrices of order n, then
1.Tr(A+ B) =Tr(A)+ Tr(B).

2. VX €k, Tr(AA) = ATr(A).

3. Tr(*A) =Tr(A).

4. Tr(AB) =Tr(BA).

3.6 Operations on matrices

3.6.1 Multiplication par un scalaire

Let A = (aij) 1<i<n , be a matrix of M, ,,(k) and A € k. The product of A by A is the matrix

1<j<m

AA of M, (k) defined by :
ANA = ()\ X aij) 1<i<n -

1<5<m

1 2 3
=0 %3),

2 4 6 -3 —6 -9
2A_(0 -8 10)’ _3A_( 0 12 —15)'

Example 3.8
Let

then,
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3.6.2 Sum of two matrices

Let A = (aij) 1<i<n and B = (b;;) 1<i<n , be two matrices of M, ,, (k). The sum of matrices A
1<j<m 1<j<m

and B is matrix A 4+ B of M, ,,(k) defined by :

A + B = C = (Cij) 1<i<n , with Cij = aij + blj

1<j<m
Example 3.9
Let
1 2 3 1
A=10 -4 |, B=| 2 5 ,
1 -1 1 —4
then,
4 3 2 4 -9 =3 -7 1
A+B=| 2 1 , and 2A—-3B=| 0 -8 |+ | —6 —15 =| —6 —-23
2 =5 2 =2 -3 12 -1 10

Property 3.3

Let A, B and C be three matrices of the same dimension, and «, 5 two scalars.

1. A+ B = B + A, which characterizes the commutativity of matrix addition.

2. A+ (B+C) = (A+ B) + C, which characterizes the associativity of matrix addition.
3. a(A+ B) = aA+ (B.

4. (a+ P)A = aA + BA.

5. a(BA) = (af)A.

3.6.3 Product of two matrices

Let A = (aij) 1<i<n, be a matrix of M, (k) and B = (bij)1<i<m, be a matrix of M, (k).

1<5<m 1<j<p

The product of matrices A and B is the matrix AB of M, ,(k) defined by

A x B = (cij)i<i<n,

1<j<p

with,

m
Cij = > Aikby;.
k=1
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Example 3.10

Let
1 2
1 -1
then,
2
Ax B = (Cij)1§i§3 , with Cij = Zazkbkj
1552 k=1
9 2
c11= Y ayby =1 X3+2X2=7, c19= > aybr =11,
k=1 k=1
9 2
C1 = Za%bkl = -3, Co2 = Eazkbkz = —20,
k=1 k=1
2 2
cs1 = askbp =1, C32 = askbro = —4,
k=1 k=1
S0,
7 11
AB=1] -8 —20
1 -4
Remark

The product of matrices is not commutative.

Example 3.11
2 3 10
A—(_15) and B—<21>,

Let
8 3 2 3
AB—<95) and BA—(3 11).

We can clearly see that the matrix product is not commutative. AB # BA.

then we have :

Property 3.4

Let A, B, and C be three matrices. If the indicated operations exist, then we will assume the

following equalities :
1. A(B+C)=(AB) + (AC)
2. (A+ B)C = (AC) + (BC)
3. A(BC) = (AB)C.
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Definition 3.12
Let A = (aij)léi’jgn
define the k-th power of A as follows :

be a square matrix of order n and £ a non-zero natural number. We

Ak:AxAxAx...xé

k times

A =1,
Example 3.12
Let

A
I

(55)
e (2020 ( L)

121 2 3 ~19 108
3 _ A2 _ —
AT=4 XA_(-? 22)(—1 5)_(—36 89)'

3.7 Inversion of a matrix

then we have :

Definition 3.13
Let A = (aij)1<; j<ps

B of M, (k) such that AB = BA = I,,. We denote A~! = B.

Example 3.13
4 7 2 =7
A_(IZ) aundB—(_1 4>.

Let
10 1 0
AxB—(Ol) andeA_(Ol),

therefore, the matrix A is inverse invertible and A~ = B.

be a matrix of M, (k). We say that A is invertible if there exists a matrix

We have,

Property 3.5

Let A be an invertible square matrix. Then,

(A =t (A4 and (ATH) = A



3.7 Inversion of a matrix 59

Proposition 3.1

Let A and B be two invertible square matrices of the same dimension. Then,
(AB)"' =B 1A,

Proof
It suffices to show that (B~*A™!) (AB) = (AB) (B~'A™') = I,,. We have :

(B'AY)(AB) = B*(A*A) B = B~\I,B = B~'BI,,

and

(AB) (B 'A™Y) = A(BB ) A= AILAL = AAL = ],.

Proposition 3.2
Let A be a square matrix of order two defined by

with ad — cb # 0.

Then, A is invertible and

d )
Afl — ( acl—ccb a(cll—cb >
" ad—cb ad—ch
Proof
We verify that AA™! = A71A = I,.

Example 3.14
Let

37
=(11)
the inverse of A is defined by

2 7
A1 — ( 3x2—11x7 3><%—1><7 > — ( -2 7 )
T 3X2—-1Xx7  3X2—1x7 L =3

3.7.1 Gauss’s method for inverting a matrix

Let A = (a;)) be a matriz of M, (k). This method consists of performing elementary

1<i,j<n

operations on the rows of the matrix A until it is transformed into the identity matrix I,,.
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These elementary operations on the rows of the matrix A are :
RZHRl—F)\R‘] s Aek andj#z

So to apply this method, next to matrix A, we add the identity matrix to form the following
table :

ajpr A2 . . Qip ’ 10 . .0
ag axp . . . | 01
(ALY : | . . i

On the rows of this matrix (called augmented matrix), we carry out elementary operations

until we obtain the table

1 0 . 0 | bll b12 .o bln
o1 . . . ’ bgl b22
(I,|B) : : ) : ;
0 0 . 1 | bm - bnn
Then, A~' = B.
Exemple 3.15
Let
1 21
A=13 1 2
2 11
Here is the augmented matrix
121|100 R,
(AlL): 131 2] 010 Ry
21 11] 001 Rs

By the following elementary operations Ry <+ Ry — 3R; and R3 «— R3 — 2R;, we find the

following new augmented matrix

1 2 1 | 100\ RV
(ADBM): 0 -5 -1 | =3 10 | RV
0 -3 -1 | 201/ g

3
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We multiply the row Rél) by (—%) , (Rél) — (—%) Rg)), we find

1 2 1] 1 0 0 R
|

R I
|

— — _ 2

0 -3 -1] -2 0 1 RY)

By the following elementary operation R?) — R§2> - 2R§2), Rg) — R:(f) + 3R§2), we find

1 0 g i —z 2 0 R®
(A®B®): o 1 L | 2 1 g R
|
2 1 3
0 0 -5 -5 -5 1/ RY

We multiply the row RS by (—3) (RY) — —3RY), we find

(S )
[@n)
;/ \__/
=
B

10§ -3
|
(AWp@y: [o 1 L] 3 1 o | po
|
I A

By the following elementary operations Rgl) — Rgl) — %R?) and R§4) — R§4) — %R§4), we find

10 o -1 -1 3 R
|
(A®B®): o 1 o | L -1 1 R
|
O A
Therefore,
1 13
2 2 2
_ 1 1 1
A= 3 -3 3
1 3 _s
2 2 2

3.8 Determinant
3.8.1 Determinant of a square matrix of order 2

Defenition 3.14
Let A= (aij)lgi,jSQ be a matrix of Mg(k)
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We call the determinant of A the number denoted det A or |A]

1

det A = '
Example 3.16
Let
we have,
3
det A = ‘

3.8.2 Determinant of a

Definition 3.15

ailr Aaig

= @11 X Q22 — Q21 X Q12
a21 A22

square matrix of order n

Let A= (az‘j)lgi,jgn be a matrix of Mn(k>

We define the determinant of A as follows :

det A = Z (—1)i+j X ajj X det (Aﬁ),
j=1

where A;; is the matrix obtained by removing the i-th row and the j-th column. Its determi-

nant det (A;;) is called the minor of a;; in A and the number (—1)""/ det (A,;) is called the

cofactor of a;; in A.

Remark

To calculate det A. We can expand along the j-th column

det A = Z (—1)i+j X 5 X det (Aij)y
i=1

Example 3.17
Let
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We can expand along the rows or columns. Let’s expand along the first row, we have,

1 2 4 3 .
detA=|3 =5 7| =3 (=1)"7 xay; x det (Ay,)
6 1 2 j=1
-5 7 3 7 3 -5
= (1) x 1 9 ‘—(2)>< 6 2 ‘+(4)x 6 1 ‘
= (—17) —2(—36) + 4 (33) = 187.
We can check the result if we expand along the 2nd row or the 3rd row.
Let’s expand along the 3rd column :
1 2 4 3 '
detA=|3 -5 7 = Z (_1)7,+3 X i3 X det (Azg)
6 1 2 =1
3 -5 1 2 1 2
=(4) x 6 1 ‘—(7)>< 61’+(2)>< _5’

— 4(33) = 7(=11) +2(—11) = 187.
3.8.3 The properties of determinants

Property 3.6

Let A and B be two square matrices of order n. Then, we have :
1. det(AB) = det Adet B

2. det A = det(*A)

3. det A1 = In the case where A is invertible.

_1
det A
Property 3.7
The determinant of a matrix is zero if and only if the row vectors or column vectors are
linked.

Property 3.8

If two rows or two columns of a determinant are swapped, the determinant changes sign while
keeping the same absolute value.

Property 3.9

If we multiply a row (or column) of a matrix by a real number A, the determinant of the new

matrix is multiplied by A.
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Property 3.10

If we add a multiple of a row (or column) to a row (or column), the determinant does not
change.

Theorem 3.2

A square matrix A is invertible if and only if det A # 0.

Proposition 3.3

Let A be a square matrix of order n. We say that A is invertible if detA # 0. And furthermore,

we have :

A= LlC

T detA
where C' is the cofactor matrix. C' = (¢;5)1<ij<n, With ¢;; = (=1)"7 | A, :

Example 3.18

Let
11 1
A=\ 2 3 -5
1 2 -1
We have,
11 1
detA =12 3 =5 ,R2<—R2—R1,R3<—R3—R1
1 2 -1
1 0 O
=12 1 -7
11 =2
1 =7

so, the matrix A is invertible. and we have :

_ 1t
We calculate the cofactors

3 -5 2 -5 2 3
m=lg 1|77 012:_'1 —1‘:_3 613:‘1 2‘:1

1 1 1 1 11
021:_’2 —1‘:3 622:‘1 —1':_2 023:_‘1 2‘:_1

1 1 1 1 1 1
631_‘3 _5‘__8 632__‘2 _5‘:7 033:‘2 3’:1
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Then, the matrix C' is

7 -3 1
c=| 3 -2 -1 |,
-8 7 1
therefore,

7 3 -8 z 3 8
A1=1 -3 —2 7 I T R
; 511
=11 5 75 5

3.9 Transition matrix

Definition 3.16

Let E be a vector-space of dimension n, and B = {uy, us, us ..., u, } and B = {v1,v9, ..., 0}
two bases of F.

Each vector in the second basis has coordinates in the first, let p;; denote the i-th coordinate
of v; in the basis B :

Vj = Prjui + P2z + ...+ Ppjln.

The square matrix P with coefficients p;; is called the transition matrix from B to B'. We
denote it P = My p(Idg).

Example 3.19

Let B ={u; =(1,1,1),uy = (1,0,2) ,u3 = (—1,3,0)}

and B" = {v; = (2,0,0),v, = (1,—1,1),v3 = (1,3,0)} two bases of R.

We calculate the coordinates of u; in the base B'.
Uy = av +6U2+’}/’U3 <~ (20&4-5—’-7,-54-3’7,5) = (17171)

2a+B+y=1
& —B+3y=1
f=1

Wl

™= R
I
— wWiN |
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U2:04U1+BU2+’7U3 <l;>(2a+6+77_6+37a6):<1ﬂ072)

2a+pF+v=1
& —B+3y=0
g=2

=

™= R
Il
DO w N |

U3:OZ01+502+’W3 <:>(2a+6+’77_6+37>ﬁ) = (_17370)

20+ F+v=-1

& —B+3y=3
p=0
a=—1
Sq v=1
f=0
So,
Uy = —% X’l}1+(1 XUQ—F(%)X'U;;
Ug = —% X1)1+(2 ><’U2+(§)XU3
U3:( 1)X1)1+(0)><U2—|—(>XU3

Then, the transition matrix from B’ to B is

1 1
-3 —§ 1
P=Mgp(ldg) = 1 2 0
’ 2 2
3 3
We can also find that
V1 = 12u1 — 6U2 — 4U3
vy = —3uy + 2us + %u;;
V3 = 12U1 — 6U2 — 3U3
Then, the transition matrix from B to B’ is
12 -3 12
Q:MBQB(IdE) = -6 2 -6
-4 2 _3

3

We can verify that Q = P~

Proposition 3.4

The transition matrix P = My p(Idg) is invertible and its inverse is the transition matrix
P = My ,(Idg).

Let u € E of coordinates (a1, ag, ..., a,) in the basis B and of coordinates (34, f,, ..., 5,,) in
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the basis B'.
aq By
Q2 By

We note X = . and Y = . , then we have Y = P71 X,
an B

3.10 Change of base formula for a linear application

Let f € L(E,F), and let By = {u1,us, ...,u,} and By = {uy, u,, ..., u, } two bases of E,
and Br = {v1,vs, ..., v, } and By = {v}, 05, ...,v, } two bases of F. We note A = Mp, 5, (f),
B = MB}37B;(f)7 P = MB’E,BE(IdE) and Q = MBF,B;(IdF)' Then, we have B = Q 1AP.

’ f /
(E.Bg) 5 (F. Bp)
Idg | P Q7' 1 Idp
(E, By) " (E, By)
If E = F, we have
B =P AP

Definition 3.17

Two matrices A and B are called similar, if there is an invertible matrix P such that A =
P~1BP.

Example 3.20

Let f: R3> — R? be a linear application defined by

V(z,y,2) € R f(x,y,2) = (x+y — 2,22 —y+32)

let By = {u; = (1,1,1),uy = (1,2,0) ,uz = (1,0,0)}

and B; = {uj = (1,-1,0) ,uy = (0,1,0) ,u5 = (2,1, —1)} two bases of R?,

and By = {v; = (1,1) 03 = (2,—1)} and B, = {v; = (0,1),v, = (3,1)} two bases of R
We have :

f(uy) =avy +bvy & (1,4) = (a+2b,a — b) < (a,b) = (3,—1),

and

f(u2) = avy +bvy < (3,0) = (a +2b,a — b) < (a,b) = (1,1),



3.10 Change of base formula for a linear application 68

and

f(ug) = avy + bvy & (1,2) = (a+2b,a — b) < (a,b) = (g,—%) ,
Then, the matrix associated with the application f in the basis By and B; is

5
A:MB1,Bz<f):(_31 1 3 )

Wl

We calculate the transition matrix P from B; to B
ull = QU +ﬁU2+’}/U3 A (1,—1,0) = (CY‘{'B‘F’Y,O&‘FQB,OZ)
atfB+y=1

S a+28=-1
a=20

O ™
Il

O | i
ey

and
U;:Oéul—i-ﬁUQ—l—’}/Ug @}(071,0):<O[—|—6+’y,04—|—26,06)

a+B+v=0
S a+26=1
a=0

O NI |
N[ =

3
2 w2
I

and
u;,:ozul—i—ﬁuQ—i—vu;), @(2717_1):(a+6+7705+2ﬁ7a>

a+pB+v=2
S a+26=1
a=-—1
v=2
S =1
a=-1
then, the matrix P is defined as
0 0 -1
Pty d=( -1 1 1
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With the same method, we find the transition matrix Q' from B, to B,

_5
3
2
3

Q' = MBQ,B;(Id) = (

W =W N

We apply the base change formula, we find

B = MBQ,B;(f) =Q 'AP = (

W= N
SN
\/

N
|
N =

N VRS
I o
—_

— =
I coen
W=
~_
=
N[ —
o= O
o = |
—_

| o
-y
o |
Wl
QOO >
N———

W=
Wi
N——

3.11 Rank of a matrix

Definition 3.18

The rank of a matrix A is the dimension of the vector subspace generated (spanned) by its
columns or its rows.

Example 3.21

Let A be a matrix defined by :

3 1 1
A= ( 1 -1 2 ) '
By definition, we have

rk (A) = dim (Span (R; = (3,1,1), Ry = (1, —1,2)))

rk (A) = dim (Span (C; = (3,1),Cy = (1,-1),C5 = (1,2)))
The vectors Ry = (3,1,1), Ry = (1, —1,2) are linearly independent, then the rank of A is 2.
Proposition 3.5
The rank of a matrix with columns C7, (s, ..., C), is not modified by the following three
elementary operations on vectors :
1. A column can be multiplied by a non-zero scalar. C; «— AC; with A # 0.
2. A multiple of another column C; can be added to column Ci. C; « C; + AC; with A € k
and i # j.

3. Two columns can be exchanged. C; < Cj.
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3.12 Exercises

Exercise 3.1

Determine the representative matrices of linear applications relative to canonical bases

1. f: R? —  R? 2. f: R2 — R
(x,y,2) — (x+y—2z,20—y+32) (r,y) — (2z+3y,xz—y,z+4y)
3. f: R3 — R3 4. f: R? — R2?
(v,y,2) — (z+2z,0—2z,24+y+2) (x,y) — 2z +y,z+ 3y)
Solution

Let B = {e; = (1,0),e2 = (0,1)} be the basis of R? and B' = {e; = (1,0,0), e, = (0,1,0),e5 = (0,0,1)}
be the basis of R3.
1. [ R =R f(r,y,2)=(v+y—2z,2—y+32)
We have,
f (e’l) =(1,1) = ey + €9,

so, the elements of the first column are 1 and 1. Then

1
Cy =
1

f (6'2) =(1,—-1) =e; — ey,

so, the elements of the second column are 1 and —1. Then

f (e;) =(—2,3) = —2¢; + 3ey,
so, the elements of the third column are —2 and 3. Then

-2
Cs =
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Then, the matrix associated with the application f in the bases B and B’ is
1 1 =2
MB’,B(f ) =
1 -1 3

2. [iRE=R, f(r,y)= (2 +3y,v—y,x+4y)

2 3
MB7B/(f): 1 -1
1 4

3. fIRESRY, f(x,y,2)=(v+2,2—2z,2+y+2)

4. [R*—=>R?*, f(z,y) =2z +y,x+ 3y)

Exercise 3.2

Consider the following matrices A, B and C', such that

12 1 -1 14 1
A_(z 3)’ B‘(z 3 ) and C_<2 3 —2)
Compute 24 — 3B, A+ B, A2 + B2, BC,AB, BA and 'C'B.

Solution

1. Compute 24 — 3B

amap= (2 0) (22 A< (2h )

2. Compute A + B
1 2 1 -1 2 1
wer=(5 )+ (25 )-(50)

3. Compute A? + B2

wer (5 3)(2a) (232 3)
() (8 7))
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4. Compute BC, AB, BA

(-1 1 3
“\ 8 17 —4

5. Compute 'C'B

Exercise 3.3

Calculate the determinants of the following matrices :

1 2 -3 1 1 -1 2 -1 1
A= 5 7 4 , B= 2 3 5 , C=16 4 0],
-3 3 6 —4 2 1 3 2 1
1 2 -1 0
2 3 5 —4
D= —4 -5 —-17 12
4 -1 1 3
Solution
1. Calculate the determinants of A
1 2 -3
A= 5 7 4
-3 3 6
We develop along the first row, we obtain :
1 2 -3 ; |
detA=| 5 7 4 | =3 (=17 xay; xdet(Ay)
-3 3 6 J=1
7 4 5 4 5 7
= (1) x 36‘—(2)>< _36'+(—3)>< _33‘——162.
2. Calculate the determinants of B
1 1 -1
B = 2 3 5
—4 2 1



3.12 Exercises

73

We can do elementary operations to find more than zero in a row or column. For example,

for the following operations, Cs «+— Cy — C; and C5 < C3 + C, we obtain

1 1 -1 1 0 O
detB=| 2 3 5 =/ 2 1 7
—4 2 1 —4 6 -3
1 7
= ()x| ¢ _3'_—45.
3. Calculate the determinants of C
2 -1 1
C=16 4 0
3 2 1
By the operation R, <+ Ry — Rs, we get
2 -1 1 -1 -3 0
detC=|6 4 0| =] 6 4 0
3 2 1 3 2 1
-1 -3
(1) x 6 4 ‘ = 14.

3. Calculate the determinants of D

1 2 -1 0
2 3 5 -4
-4 -5 =17 12
4 -1 1 3

We have, R3 = 2Ry — 3R5, then

1 2 -1 0
2 3 5 —4
det D = 4 —5 17 19 =0.

4 -1 1 3
Exercise 3.4

We consider the matrix

—_ =
—_ O =

1. Show that A is invertible.

2. Determine A~! using the cofactors.
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3. Determine A~! using the Gauss-Jordan method.

Solution

1. Show that A is invertible.

We have :
—1

1
det A= 2
1 J

1
1

= (

so, A is invertible.

1
0 = Z (-1)1+j X ay; x det (Alj)
1

2. Determine A~! using the cofactors.

we have :

We calculate the cofactors

10
-1 1
Co1 — — ’ 1 1 ‘ =2
-1 1
C31 — ‘ 1 0 ‘ = —1
Then, the matrix C' is
therefore,
- 1
A7l = i

3. Determine A~! using the Gauss-Jordan method.

Here is the augmented matrix

(Allo) :

1 0 20
] 1‘—(—1)>< 11’+(1)><
_ t
At = C
20 2
C2=—1 4 4 = -2 Gz = | 4
1 1 1
022—‘1 1‘—0 023——‘1
11 1
2=—|45 =2 33 = |
1 -2 1
c=[ 2 o -2,
-1 2 3
2 N (44
Pl B
-2 3 i T2 1
1 11100\ R
2 1 0]010]| R
1 1 1100 1) R
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By the following elementary operations Ry < Ry — 2R; and R3 «— R3 — R;, we find the

following new augmented matrix

1 -1 1 | 1 00\ RV

(AVBM): {0 3 -2 | -2 10 | Ry

_ 1

002 0 | -101) gb

. (1) 1 (1) 1\ p(1)
We multiply the row Ry’ by (%), (Ry’ « (1) Ry’), we find

1 -1 1 | 1 00 RP
orse): (o1 3| 310
02 0 | -101/) RO

3

By the following elementary operation Rg ) R + R(2) R — Rg) - 2R§2), we find

10 5 | 5 50 R
(A@BEY: o1 -2 | -2 1 0 R
4 1 2
00 35 | 5 —-351/) RY
We multiply the row Ré?’) by (2) (R?) — %Rs’)), we find
Lo 5 | 5 50 R
N A I A
o0 I e R

By the following elementary operations Rgl) — RéA‘) + §R§4) and R§4 — R§4) — %R:(f), we find

1oo | + L 1\ RY
(A®)|B®)) 010 -+ 0 4 R
oot | ¥ -t ) gb
Therefore,
1 1
-1 41 2 14
A= -5 0 3
r _1 3
4 2 4

Exercise 3.5

Let A be a squar marix of order 2 defined by
31
A= ( i ) |
1. Compute AZ2.

2. Determine o and /3 such that A? + aA + B3I, = 0.
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3. Deduce that A is invertible and determine A=,

22— 31 3 1\ (135
S\ 4 2 4 2 ) \ 20 8
2. Determine o and /3 such that A? + aA + B3I, = 0.
13 5 3 1 10 0 0
2 _ _
A*+aA+ (I, =0 @(208)+a(42)+5(01)—(00)

R 134+ 3a+p 5+« (00
20+4a 8+2a+p ) L0 0O

Solution

1. Compute A2

134+3a+5=0 a= -5
N 5+a=0 N

20+4a =0

8+2a+5=0 g =2
3. Deduce that A is invertible
We have,

31

detA:'4 2':3><2—4><1=27A0,

then, A is invertible.
Determine A~*
A2 —bA+2L, =0 —LA*+2A=1,

S A (—%A + glg) = (—%A + 212) A= ]2,
then, there exists a matrix B = —%A + gfg, such that AB = BA = I, so A is invertible and

B 31 10 1 -1
Al:‘%f‘”%:—%(z; 2)+§(0 1):(—2 32)'

Exercise 3.6

Let f be the linear map defined by :

f: R3 — R3

(I,y,Z) — (—I+y+z,x—y+z,x+y—2)
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1. Write the matrix associated with f relative to the canonical basis B of R3.

2. Consider the family B of vectors of of R,
B" = {uy(1,-1,0),u(1,0, —1), us(1,1,1)}

a- Show that B’ is a basis of R.

b- Determine the transition matrix P from B to B and calculate P~

c- Write the matrix associated with f in the basis B'.

Solution

1. Write the matrix associated with f relative to the canonical basis B of R3.

We consider the canonical bases of R3.
B ={e; =(1,0,0),e2 = (0,1,0),e3 = (0,0,1)}.

We have,
f (61) = (_]—a ]-7 1) = —€ + €2 + €3,

S0, the elements of the first column are —1,1 and 1. Then

—1
Cy = 1
1

f (62) = (17 _17 1) =e —e+ €3,

so, the elements of the second column are 1, —1 and 1. Then

1
CQ — —]_
1

f (63) = (1, 1, —1) =e]+ 6y — €3,

so, the elements of the second column are 1,1 and —1. Then

1
Cs = 1
-1

Then, the matrix associated with the application f in the basis B is
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2. Consider the family B’ of vectors of of R?,
Bl = {ul(lv _17 0)7 u2(1> 07 _1)7 U3(1, 17 1)}

a- Show that B’ is a basis of R3.
1 1
det (ug,ug,uz) = =1 0 1 ]|=3#0,
1

then, B’ is a basis of R3.

b- Determine the transition matrix P from B to B’

We have,
U1<]., —].,O> = (].) X e+ (—1) X €9 + (O) X €3
u2(1,0, —]_> = (1) X e+ (0) X €9 + (—1) X €3
U3(1,1, ): ].) X€1+(1) X€2+(1) X e3
then,
1 1 1
P=My  (Id)=| -1 0 1
0 -1 1
Calculate P!
Uy = €1 — €9 61:%U1+%U2+%U3
Uz = €1 — €3 <~ €2=—§U1+%u2+%u3
U3:€1+€2+63 63:%’&1—%U2+%U3
then,
2 1
B fil 3 3
P IZMB,B'(Id): 3 % _§
1 1 1
3 3 3

c- Write the matrix associated with f in the basis B'.

We have,u;(1,—1,0),uz(1,0,—1),uz(1,1,1)
f<u1) = (17 _17()) = (_2,2,()) = —2U,1’

so, the elements of the first column are —2,2 and 2. Then
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f (Ug) = (-2,0,2) = —2U2,

S0, the elements of the second column are 0, —2 and 0. Then

f (U3) = (17 1, ]-) = us,
so, the elements of the second column are 0,0 and 1. Then

0
Cs=1| 0
1

Then, the matrix associated with the application f in the basis B’ is

-2 0 0
My (f) = 0 -2 0
0 0 1
2nd method :
We apply the base change formula, we find
i —2 3 -1 1 1
M =P 1xM P = A —
B'(f)_ X B(f)x = 33 3 1 1
5 03 3 11 -l
REAVE Y
BEE A A
-2 0 0
= 0 -2 0
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3.13 Terminology translation

English Frensh
Matrix Matrice
Column Colomme

Diagonal coefficients

Coefficients diagonaux

Lower triangular

Triangulaire inférieure

Sum

Somme

Transition matrix

Matrice de passage

Row

Ligne

Square matrix

Matrice carrée

Upper triangular

Triangulaire supérieure

Identity matrix

Matrice identité

Product

Produit




Chapitre 4

Solving systems of linear equations

4.1 System of Linear Equations

Definition 4.1
A linear system of n equations in m variables x1, T, ..., x,, is a list of n linear equations, it

is of the form : )
a11T1 + 12T + a1373 + ...+ A1mTm = b1
2171 + A20%2 + G23T3 + ... + Q2T = by

;171 + ;979 + ;33 + ...+ Qi T, — bZ

([ Gn1T1 + Ap2T2 + Ap3T3 + oo + QT = by

The numbers a;; are the coefficients of the system.

We can write (S) in matrix form

a1; Qi ... QAim T by
21 A2 ... QAgm ) b2
ap1 Ap2 ... Qpm Tm bn

=4
<
w
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We call A € M, ,,,(k) the coefficient matrix of the system. B € M, ;(k) is the right-hand side
vector.

The vector X € M,, (k) is a solution to the system if and only if

AX = B.

Example 4.1

Consider the following three linear systems :

r+y+z=3 r+y+2z=1 r+y=1
(S1):4 20 —y+52=6, (S2):4 —3x—-3y+62=2, (S3):
r+3y—z=3 r—y—z=4 20+ 2y =3

1. (S1) is a system of three equations with three unknowns x,y and z. The matrix form of

(Sy) s :

1 1 1 T 3
1 3 -1 z 3
X X B

admits an infinity of solutions of the following form
X e {(3—=2t,t,t),t e R}

2. (5;) is a system of three equations with three unknowns z,y and z. The matrix form of

(S3) is :

1 1 2 x 1
(So): [ -3 -3 6 Y = 2 1,
1 -1 -1 z 4
~ N —
A X B
admits a unique solution
X = (3-20)

3. (53) is a system of three equations with three unknowns z,y and z. The matrix form of

(Sg)iSI
o (10 - ()

A X B
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does not admit solutions.
Definition 4.2

The augmented matrix associated with system (S) is defined by

ay; a2 ... QAim bl

21 A22 ... QA9m bg
(A/B) :

Anl QAp2 . Qpm On

4.2 Solving linear systems
4.2.1 Solving Linear Systems Using Gauss method

Whatever the values n and p of the system, its solutions can be determined using the Gaussian
elimination method.

The principle is as follows :

Using successive linear combinations, we transform the initial system, which we take as is
without changing the order of the equations, into an upper triangular system (the associated
matrix is upper triangular), which is then solved starting with the last of the transformed
equations.

Example 4.2

Let’s solve the following system :

r+y+z=4 ... (1)

(9) 20 —y+32="7 .. (2)

—r+2y+2z=5 ... (3)

The matrix form of (5) is :

1 1 1 T 4

(9) 2 -1 3 Yy = 7

-1 2 2 z 5t
—~ N — ——

A X B

In the first step of the method, we eliminate the unknown x in equations Fq2 and F¢3. So

we replace equation (Fq2) by (Eq2) — 2(Eql) and (Eq3) by (Eq3) + (Eql).
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After this first step, we obtain the equivalent system

r+y+z=4
(5 - -3y+z=-1 ... (4)
3y+32=9 ... (5)

In the second step, the second row acts as a pivot if y is present (otherwise, we swap (Eq.4)
with (Eq.5)). To eliminate y from equation (Eq.5), we replace it with (Fq.5) + (Eq.4). We
then obtain the following equivalent upper triangular system :

r+y+z=4

SEM TP

We solve the system by "ascending" starting with the last equation.

Eq.6 gives z = 2.

Eq.4 gives y = 22 = 1.
Eqlgivesz =4—y—2z=1.
Therefore, the solution to (S) is

X =(1,1,2).

Remark 4.1
We can solve a system of n equations with n unknowns by transforming the augmented ma-

trix (A/B) to the new matrix as follows :

10 0 (0%}
010 . 0 (6D)
0010 .0

00 1 «a,

We use the following elementary operations :

L; — AL;, with A #0 (For find 1)

L; — L;+ \L;, with i # j (For find 0)

Then the solution is

X = (21,22, ..., xy) = (1, 2, ..., ) .
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Example 4.3

Let’s solve the following system :

r+y+z+t=1
rT—y+2z2—1t=2

() : —r+y+3z+2t=2
3v—2y+z2+3t=—-4
The matrix form of (5) is :
1 1 1 1 x 1
1 -1 2 -1 Y B 2
() -1 1 3 2 z N 2
3 -2 1 3 t —4
P N —
A X B
Write the augmented matrix
11 1 1 1
1 -1 2 -1 2
(4/B): 1 1 3 2 2
3 -2 1 3 -4

Use row operations to transform the matrix into Reduced Row-Echelon Form (RREF) :

Step 1 : Eliminate the first column below the pivot.

Ly« Ly— Ly, L3+ Lg+ Ly, Ly<+ Ly— 3Ly,

11 1 1 1

1) o -2 1 -2 1

(A/B) 0o 2 4 3 3
0O -5 =2 0 -7

Step 2 : Scale the second row.
L(21) - —%Lél)

1 1 1 1 1

@.[0 1 -3 1 —3

(A/B)™ 0 2 4 3 3

0 -5 -2 0 -7

Step 3 : Eliminate the second column.

[P 1P 19 1P — 1 —2r?, L — L 4518

Y
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10 2 0

@.] 01 51

B g0 5 1

00 -25

Step 4 : Scale the third row.

10 2 0

@ |01 51

SR R

00 -5 5

Step 5 : Eliminate the third column.

AR S 5 R/ S

9

(A/B)®

Step 6 : Scale the fourth row.

—

100 —3
@. [ 010 5
<A/B)'001§

000 1

Step 7 : Eliminate the fourth column.

?

LO O30 1O O _np® O o

(4/B)D

then, the solution is

N[

|
wlg
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4.2.2 Solving Linear Systems Using Cramer method

Let )
a11r1 +a1229 —|—a13x3 + .. —|—a1nxn = b1
(211 -+a92x9 —+ao3x3 + ... .. F+QAopT, = bQ
a; 11 +a;pres  +a;373 + ... +a;nr, = bz
{ Gn1T1 +ap2T2 +ap3r3 + . FpaTn, = by

a system of linear equations with n equations and n unknowns. This system can also be

written
ay;; a1 .... QAip T b1
a91 A29 .... Qdgpn i) bg
Al Ap2 e Oy, T by,
~ ~ s N—— ——
A X B

We define the matrix A; as follows

ayy ... G15-1 bl a1 j+1 ..o Aip
ail a1 by azjy1 ... Q2p
A; =
a1y ... Qpj-1 bn Qpj+1 -+ App
§* column

In other words, A; is the matrix obtained by replacing the j™ column of A by the second

member B.
Theorem 4.1
Let

AX =B

a system of linear equations with n equations and n unknowns. Suppose that det A # 0.

Then, the unique solution of the system is given by

_det(Aj)
Tj = “et(A)
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Proof
We assumed that
det A # 0.

Then, A is inversible. So

X =A"'B,

the unique solution of the system. On the other hand, we have seen that

-1 _ 1t
A T detA C’
where C'is the cofactor matrix. C'= (cy),; ;o, with c;j = (—1)"7 4.
Then,
_ 1t
X = det A CB
which gives
T Ci1 €1 . . Cn1 by
T2 Cl2 C2 . . Cp2 by
_ _ 1
X = T det A
Ty, Cln Con . . Cpp bn

that’s to say
T = ﬁ (011b1 + co1by + ... + Cnlbn)

m’b —= ﬁ (Clzbl + CQZbQ + ----- + anbn)

Tn = ﬁ (Clnbl + C2nb2 + .. + cnnb")
But

clibl -+ Cgibg + .. -+ Cmbn,

is the cofactor expansion of det (A;) with respect to its i column. Therefore

Ty = ie;((AX))-
Example 4.4
Let’s solve the following system :

r—y—z2=0

(S):¢ 22 +3y+2=-1
v —y —4z = -7
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The matrix form of (5) is :

1 -1 -1 x 0
S): 1 2 3 1 Y = -1 |,
3 -1 —4 z -7

A X B

let’s calculate det (A),
1 -1 -1
det(A)=|2 3 1 [=| 2 1|42 L1212 3 |—_11z0
-1 —4 3 —4 3 —1
3 -1 —4
then, the system admits a unique solution.
We can apply the Cramer method, we have :
det A det A det A
- dstAl’ Y= d;tAz’ z= dettA37
with,
0 -1 -1 1 0 -1 1 -1 0
A= -1 3 1 , A= 2 -1 1 , A3=1|2 3 -1 ],
-7 —1 —4 3 =7 —4 3 -1 -7

then, the solution is

_ detAd; _ (—-11) _ 1

T detA T (—11)

det A 22
= Gk = o = 2
__detAsz _ —33 __
iyl T

4.2.3 Resolution by the inverse matrix method of the coefficients

Let the following system :

aipr a2 ... QAip i bl
21 Q292 .... Q9 i) b2
= )
Ap1 Ap2  .... Qpp Tn bn
TV 7
A X B

where, A € M, (k) is an invertible square matrix. Then, the unique solution of the system is
given by
X =A"1B.
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Example 4.5

Let’s solve the following system :

1 -1 -1 T 3
S$: |1 3 2 y | = 1],
3 -1 -5 z 7
~ ~ A —
A X B

The determinant of matrix A is —14, therefore matrix A is invertible and its inverse is,

3 2 1

1 T

A TR

5 1 _2

77 7

Then, the unique solution of the system is given by

1B 2 _1 3 18
1 o1 g s
X=A"B=| -5 7 1 L)=1 -7
50 1 2 7 2
77 7 7

4.3 Number of solutions
Let (S) be a system of n linear equations with p unknowns. Therefore, (S) is equivalent to :

AX =B

Y

where A € M, ,(k), B € M, (k) and X € M,,;(k).

Theorem 4.2

A linear system has either an infinite number of solutions, a unique solution, or no solution.
To understand this result, note that using Gauss’s algorithm, we simply need to reason on
an echelon system. There are several cases :

- If there exists a line of the form 0z; 4+ Oxo+---4+0x,, = b with b # 0, then the system is
incompatible.

- Otherwise, the system is compatible, more precisely, it has a unique solution if there is
no secondary unknown, and it has an infinite number of solutions if there is at least one
secondary unknown.

Proposition 4.1

A linear system has either

e 10 solution (r < n and incompatible system).
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e a unique solution (r = m < n and compatible system).
e an infinite number of solutions (r < m and compatible system).

Where, r is the rank of the matrix A, (augmented matrix).

4.3.1 Case where n =m (A is a square matrix)

Homogeneous system (B = 0)

The system (S) is said to be homogeneous if the right-hand side is zero (B = 0).

The set of X such that AX = 0 constitutes the kernel of the application associated with A.
The kernel always contains the zero vector, but it can also contain non-zero vectors.

This type of system therefore has at least one solution, the zero solution.

- If A is inversible (detA # 0)

The system has the unique solution X = 0, zero vector.

- If A is not inversible (detA = 0)

The system has an infinity of solutions (in addition to the zero solution).

Example 4.6
- The system :
1 2 1 x 0
1 3 5 Y = 01,
4 7 =3 z 0
~ ~~ N—— S~——
A X B
0
has the unique solution X = [ 0 | , the determinant of the matrix is —3, the rank of the
0
matrix is 3.
- The system :
1 2 3 x 0
1 3 4 Y = 0 1,
1 -4 -3 z 0
A X B
has an infinity of solutions X = ( , with 2 € R. The determinant of the

matrix is 0, the rank of the matrix is 2
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The set of these solutions constitutes a vector space of dimension 1 generated by the vector
1
1
1

Non-homogeneous system (B # 0)

- If A is inversible (detA # 0)

The system has the unique solution X = A~1B.

- If A is not inversible (detA = 0)

For there to be at least one solution, the rank of A must be the same as the rank of matrix
C = (A/B), the matrix formed by A to which B is attached.

If Xy is a particular solution of the inhomogeneous system AX = B, then we have :
AXy =B,
then,
A(X — Xp) =0.

Let X = X — X be the solution of the homogeneous equation.
Therefore, the solution of the inhomogeneous system is X = X + X,.
Example 4.7

- We consider the folowing system :

1 1 -2 3 x 10
2 -1 0 1 y | | 5
3 1 6 7 | | -8 |
-1 4 2 5 t 3
~ TV M
A X B

the determinant of the matrix is 36, so the matrix A is invertible and its inverse is

—
[e=]

loog| %5

)

i
9

1

Al =

O |00 | 0o | 00
ol—o|zo|

>
ol |
f.olcnmlH@

3
8
9

|
wlot

|
©ol

©|H©|E
-

-

© w I3

Then the system has the unique solution X =

©|Ze|

- The system :
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1 2 =3 T 1
2 1 4 Y = 2 |,
1 -1 7 z 3

A X B

has no solution. We can verify that the determinant of the matrix is 0.

The rank of the matrix

Q

Il
— N =
| =
—_
ENTITN
w N

is 3 and the rank of the matrix A is 2.

- The system :
1 2 =3 x 1
2 1 4 Y = 2 1,
1 -1 7 z 1
~~ AN—— S——
A X B

has an infinity of solutions. We can verify that the determinant of the matrix is 0.

The rank of the matrix
1
C = 2 1
1
is 2 and the rank of the matrix A is 2.

4.3.2 Case where the number of equations is different from the
number of unknowns (n # m)

n > m there are more equations than unknowns

Example 4.8
- The system :
1 2 1 5
-1 3 2 Y4
2 1 -1 A I N
1 -2 5 : 1
~~ X
A B

has no solution. To verify this, either with the Gauss method, which will specify the impos-

sibilities, either determine the rank of C' and we compare it to that of A.
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The rank of the matrix

is 4 (because det C' = 12 # 0) and the rank of the matrix A is 3.

n < m there are fewer equations than unknowns

Example 4.9
- The system :
1 1 1 1 o 4
2 -1 3 1 Y1 =1 3 |,
3 2 —45 : —2
~~ o\ 1t ———
A T B

1-12¢ 19—5t 37+7t t) ,t e R.

has an infinity solutions X :( T T ey

4.4 Exercises

Exercise 4.1

Let the system :
r+y—z=-—4
(S):¢ 22 +3y+2=-1
—r+y+22=3

1. Write the system (5) in the matrix form AX = B and find the inverse of A.
2. Deduce the solution of the system (5).
Solution

1. Write the system (5) in the matrix form AX = B

1 1 -1 x —4

(S) & 2 3 1 Yy = -1

-1 1 2 z 3

A b's B

So,

1 1 -1 —4 x
A= 2 3 1 , B=1 —1 and X =| vy
-1 1 2 3 z
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- The inverse of A

We have :
1 1 -1
Cg — Cg —Cl
detA =| 2 3 1
© 1 1 ’ 03 — 03 + Cl
1 00
=] 2 1 3
-1 2 1
1 3
T2 1 “‘57&0’
then, the matrix A is invertible, and we have :
A= Lfc
det A
We calculate the cofactors
31 2 1 2 3
‘= 12'_5 012__'—1 2‘__5 013_‘ 1 1‘_5
1 -1 1 -1 1 1
021:_‘1 2 ':_3 022:‘ 1 2 ‘:1 023:_‘—1 1':_2
1 -1 1 -1 11
631:‘3 1 ‘:4 632:_'2 1 ’:_3 633_'2 3’:1
Then, the matrix C' is
5 =5 5
c=| -3 1 -2,
4 -3 1
therefore
5 -3 4 -1 % —%
- 1 _ 13
Alf_—5 -5 1 =3 |= 1 =5 5,
5 -2 1 -1 —
2. Deduce the solution of the system (S)
—1 % —‘51 —4 1
AX=B&X=A"'B=| 1 —-i ¢ -1 =1 -2,
-1 2 -1 3 3
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Exercise 4.2

Solve the system by using Gaussian elimination.

rT4+2y—22=3 r+2y—22=3
(S1): 2—y+2z=6 , (S):¢ z—y+2=6
r+3y—32=2 r+3y—32=1
Solution
1.

r+2y—2z2=3 ... (1)
(S1): 4 z—y+2=6 ... (2) ,
r+3y—3z2=2 ... (3)

In the first step, we eliminate the unknown z in equations Fq2 and F¢3. So we replace
equation (Eq2) by (Eq2) — (Eql) and (Eq3) by (Eq3) — (Eql).
After this first step, we obtain the equivalent system

r+y+z=4
(87 —3y+32=3 ... (4)
y—z=-1 ... (5)

In the second step, we eliminate y from equation (Eq.5), we replace it with (Eq.5) + 3(Eq.4).
We then obtain the following equivalent upper triangular system :

. r+y+z=4
(s); —3y+32=3
Oxz=0 .. (6)

We now have an echelon form system in which Eq.6, 0 x z = 0, is satisfied by any number z.
Therefore, we have infinitely many solutions. Let z = ¢, where ¢ is any number. Eq.4 implies
y=2z—1=1t—1. Finally, we get  from Eq.1, 2 =4—y—2=4—(t—1) -t =5 — 2t.

Infinitely many solutions are given by
r=5—-2tby=—-1+tz=t.

2. Note that the system of equations given here is the same as that in part (1) except for the
right side of Eq.3. The same elementary operations performed in the solution to (S;) yield
the following echelon form for the system.

r+y+z=4
—3y+32=3
O0xz=-1
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Since no number z satisfies the equation 0 x z = —1, the system has no solution.
Exercise 4.3
Determine, according to the value of the parameter m € R and using the Gauss algorithm,

the set of solutions of the system :

r+y—z=1
(S):q 3x+y—2z=1
rT—2y+2z2=m

Solution
We have
r+y—z=1 r+y—z=1
(S) 3x+y—z:1 ~ —2y+2z:—2 Ry +— Ry — 3R,
rT—2y+2z2=m —3y+3z=m-—1 Rs «+— R3 — Ry
r+y—z=1
& y—z=1 R2<——%R2

—3y+3z=m-—1

r+y—z=1
= y—z=1
O0=m+2 Rs+ R3+3R,

We can then discuss according to the values of m :
-If m+ 2 # 0, that is, if m # —2, the system has no solutions.

- If m = —2, then the system is equivalent to
x=0
y=1+z2 ’

{(0,142,2),z € R}.

then, the set of solutions is

Exercise 4.4

Determine the rank of the following systems and solve them.

3v—2y="7 r—y+2z=-3 r+y—2z=3
(S1) : : (S2): z4+y—32=6 (S3) 14 3z +3y—62=10
r+3y=414 20+ 3y + 5z =3 —2r —4y+3z2=-—7
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Solution
1.
dr—2y="7
(1)
r+3y=4
The matrix form of (Sy) is :
3 =2 x 7
(Sl) : = )
1 3 Y 4
A B
we have,
3 =2

then, 7k (S1) = rk (A) = 2. Then the system (S;) has an unique solution.

By the method of Cramer, we obtain

‘7 —2‘ '3 7‘
4 3 9 1 4 5
T=‘—gga— =10 ad Y=Y =7

so, the set of solution of (5) is

r—y+2z=-3
(S2):4 z4+y—32=6
20 + 3y + 52 =3

The matrix form of (Ss) is :

1 -1 2 x -3

(S): |1 1 -3 y | = 6 |,
2 3 5 2 3
X X B

we have,
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then, 7k (S2) = rk (A) = 3. Then the system (S3) has an unique solution.

By the method of Cramer, we obtain

-3 -1 2 1 -3 2 1 -1 -3
6 1 -3 1 6 =3 1 1 6
3 3 5 2 3 5 2 3 3 _
= det A =5=1, y= det A =5 =2 and z= det A =5 =1
so, the set of solution of (55) is
{(1,2,-1)}
3.
r+y—2z=3

(S3): 8 3z +3y—62=10
—2r —4y+3z2=-7

The matrix form of (S3) is :

1 1 -2 T 3
(S3) : 3 3 -6 Y = 10 |,
-2 —4 3 z -7
~ ~ N —
A X B
we have,
1 1 -2
detA=| 3 3 —6|=0, because Ry = 3R;.

-2 —4 3

then, rk (53) = rk (A) < 2. We choose a square submatrix of order 2, for example we take

, 3 3
(5 5)

3 3
-2 -4

the following matrix

we have,

det A = ‘ = —6 7£ 0’
then, 7k (S3) = rk (A) = 2.

we choose the following subsystem

(S')' 3x 4+ 3y — 6z =10+ 62
30 =2 —4y+32=-7-3z

The matrix form of (Sy) is :
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Then the system (Sé) has an unique solution. By the method of Cramer, we obtain

‘ 10+62 3 3 10462
—7—-32 —4 19+152 -2 —-7-3z 1-32
L= det A’ = 6 Y= det A’ =76

we replace x and y in the equation (1), we obtain

T4y —2z=3& 10tz 4 182

_ 19415241-32—122 _
. 2z =3 & 5 =

so, the system (S3) has note a solution.

4.5 Terminology translation

English Frensh
Linear équation Equation linéaire
Unknown Inconnue

Elementary operation

Opération élémentaire

Unique solution

Solution unique

Homogeneous system

Systéme homogéne

Matrix form

Forme matricielle

Augmented matrix

Matrice augmentée

Cofactor

Cofacteur

Linear system

Systéme linéaire

Zero vector

Vecteur nul
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