
 

  

 الجمهوريــــــــــــــــــــــة الجزائريـــــــــــة الديمقراطيـــــــــة الشعبيـــــــة

 وزارة التعليـــــــــــم العـــــــــــالي و البحـــــــــث العلـــــــمي

 جامعة وهران للعلوم والتكنولوجيا محمد بوضياف
 

THE PEOPLE'S DEMOCRATIC REPUBLIC OF ALGERIA 

MINISTRY OF HIGHER EDUCATION AND SCIENTIFIC RESEARCH 

UNIVERSITY OF SCIENCE AND TECHNOLOGY OF 

ORAN MOHAMED BOUDIAF 

Faculty of Mathematics and Computer Science 

Department of Mathematics 

 

 

 

 

 

 

 

 

 

 

 

 

 

Academic year: 2025-2026 
 

 



THE PEOPLE�S DEMOCRATIC REPUBLIC OF ALGERIA

MINISTRY OF HIGHER EDUCATION AND SCIENTIFIC RESEARCH

UNIVERSITY OF SCIENCE AND TECHNOLOGY OF

ORAN MOHAMED BOUDIAF

Faculty of Mathematics and Computer Science

Department of Mathematics

Handout of Algebra 02

Courses and Exercises for Algebra 02

Academic Year : 2025 -2026

moham
Machine à écrire
Author : Dr. ANBER Ahmed



Table des matières

1 Vector spaces 2

1.1 De�nition of a vector space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Vector subspace . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3 Linear combination . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.4 Direct Sums . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.5 Linearly independent, dependent and generating family, bases . . . . . . . . . 12

1.5.1 Linearly independent, dependents . . . . . . . . . . . . . . . . . . . . . 12

1.5.2 Generating family . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.5.3 Bases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.6 Finite-Dimensional Vector Space . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.6.1 Dimension of a vector space . . . . . . . . . . . . . . . . . . . . . . . . 14

1.7 Rank . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

1.7.1 Rank of a �nite family of vectors . . . . . . . . . . . . . . . . . . . . . 15

1.8 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.9 Terminology translation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2 Linear applications 29

2.1 De�nitions and properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.2 Image and kernel of a linear application . . . . . . . . . . . . . . . . . . . . . . 32

2.3 Rank of a linear application . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35



TABLE DES MATIÈRES 3

2.3.1 Rank theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

2.4 Inverse of a linear application . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.5 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

2.6 Terminology translation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3 Matrices 48

3.1 De�nitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.2 Matrix associated with a linear application . . . . . . . . . . . . . . . . . . . . 50

3.3 Equality of two matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.4 Transpose of a matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.5 Trace of matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.6 Operations on matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.6.1 Multiplication par un scalaire . . . . . . . . . . . . . . . . . . . . . . . 55

3.6.2 Sum of two matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.6.3 Product of two matrices . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.7 Inversion of a matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

3.7.1 Gauss�s method for inverting a matrix . . . . . . . . . . . . . . . . . . 59

3.8 Determinant . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.8.1 Determinant of a square matrix of order 2 . . . . . . . . . . . . . . . . 61

3.8.2 Determinant of a square matrix of order n . . . . . . . . . . . . . . . . 62

3.8.3 The properties of determinants . . . . . . . . . . . . . . . . . . . . . . 63

3.9 Transition matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

3.10 Change of base formula for a linear application . . . . . . . . . . . . . . . . . . 67

3.11 Rank of a matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

3.12 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

3.13 Terminology translation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

4 Solving systems of linear equations

81

4.1 System of Linear Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

4.2 Solving linear systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83



TABLE DES MATIÈRES 4

4.2.1 Solving Linear Systems Using Gauss method . . . . . . . . . . . . . . . 83

4.2.2 Solving Linear Systems Using Cramer method . . . . . . . . . . . . . . 87

4.2.3 Resolution by the inverse matrix method of the coe¢ cients . . . . . . . 89

4.3 Number of solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

4.3.1 Case where n = m (A is a square matrix) . . . . . . . . . . . . . . . . . 91

4.3.2 Case where the number of equations is di¤erent from the number of

unknowns (n 6= m) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

4.4 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

4.5 Terminology translation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

Bibliography 100



Introduction

This handout was intended for students enrolled in the �rst year of the LMD system, computer

science, �rst semester of the academic year.

The content of this handout corresponds to the o¢ cial program for the subject Algebra 2

taught in the �rst year.

The manuscript contains four chapters :

- Vector spaces

- Linear applications

- Matrices

- Systems of linear equations

At the end of each chapter, solved exercises and equivalent terminologies in French are given.



Chapitre 1

Vector spaces

In this chapter, | denotes a commutative �eld.

1.1 De�nition of a vector space

De�nition 1.1

We call vector space on | or |-vector space, any not empty set E equipped with two laws :

- an internal composition law (noted +)

+ : E � E ! E

(u; v) 7! u+ v

- an external composition law (noted �)

� : |� E ! E

(�; u) 7! � � u

which check the following properties :

1. 8u; v 2 E; u+ v = v + u (commutative)

2. 8u; v; w 2 E; u+ (v + w) = (u+ v) + w (associative)

3. + has a neutral element : 90E 2 E; 8u 2 E, u+ 0E = u.

4. All u 2 E admits a symmetrical u
0
: 8u 2 E; 9u0 2 E; u+ u0 = 0E.
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5. 8u 2 E; 1|:u = u.

6. 8u 2 E; 8�; � 2 |; � � (� � u) = (��) � u .

7. 8u 2 E; 8�; � 2 |; (�+ �) � u = � � u+ � � u.

8. 8u; v 2 E; 8� 2 |; � � (u+ v) = � � u+ � � v .

De�nition 1.2

The elements of a vector space are called vectors. Those of the �eld | are called scalars.

Example 1.1

Let | = R and E = R2: We de�ne a law of internal composition as follows

+ : E � E ! E

((x; y) ; (x0; y0)) 7! (x; y) + (x0; y0) = (x+ x0; y + y0)

and the external composition law by

� : |� E ! E

(�; (x; y)) 7! � � (x; y) = (�x; �y)

The neutral element of the internal law is 0R2 = (0; 0) and the symmetric of (x; y) is (�x;�y) :

Example 1.2

The following sets are R�vector spaces : Rn;Cn;Rn [X] :

Example 1.3

Let E = R2 equipped with two laws :

- an internal composition law (noted +)

+ : E � E ! E

((x; y) ; (x0; y0)) 7!
�
x+ x

0
; y + y

0�
- an external composition law (noted �)

� : |� E ! E

(�; (x; y)) 7! (�x; 0)
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E is it a R�vector space ?

For u = (x; y) 2 E; we have

1| � u = (1� x; 0)
?
= (x; y) :

Then, there exsits u = (1; 2) 2 E, such that 1| � u 6= u; so, E is not a R�vector space.

Proposition 1.1

Let E be a |�vector space. We have the following properties :

1. 8u 2 E; 0 � u = 0E:

2. 8� 2 |; � � 0E = 0E:

3. 8u 2 E; (�1) � u = �u:

4. 8u 2 E; 8� 2 |; � � u = 0E , � = 0 or u = 0E:

Proof

1. Let u 2 E; we have

u+ 0 � u = 1 � u+ 0 � u = (1 + 0) � u = 1 � u = u

and

0 � u+ u = 0 � u+ 1 � u = (0 + 1) � u = 1 � u = u

Hence, 0 � u is a neutral element for + and by uniqueness, we have 0 � u = 0E:

2. let � 2 |; we have

0E + 0E = 0E , � � (0E + 0E) = � � 0E

, � � 0E + � � 0E = � � 0E

, � � 0E = 0E:

3. Let u 2 E; we have

u+ (�1) � u = 1 � u+ (�1) � u = (1 + (�1)) � u = 0 � u = 0E

and

(�1) � u+ u = (�1) � u+ 1 � u = ((�1) + 1) � u = 0 � u = 0E

Thus, (�1) � u = �u:

4.
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(() From (1) and (2) we deduce that if (� = 0 or u = 0E), then � � u = 0E:

()) Let u 2 E and � 2 |; suppose that � � u = 0E: If � 6= 0; we have

u = 1 � u =
�
1
�
�
�
� u =

�
1
�

�
� (� � u) =

�
1
�

�
� 0E = 0E:

1.2 Vector subspace

De�nition 1.3

A subset F of a |-vector space E is called a vector subspace if it is non-empty and itself

forms a |-vector space with the operations restricted to F : internal addition (+) and external

scalar multiplication (�).

Proposition 1.2

A subset F of |-vector space E is a vector subspace if and only if :

1. F 6= ? (F contains the zero element 0E).

2. For all u; v 2 F; u+ v 2 F

3. For all � 2 | and all u 2 F; � � u 2 F .

Proposition 1.3

A subset F of |-vector space E is a vector subspace if and only if :

1. F 6= ? (F contains the zero element 0E).

2. For all �; � 2 | and all u; v 2 F; � � u+ � � v 2 F

Example 1.4

Let F1; F2 and F3 be three subset of R3; such that

F1 = f(x; y; z) 2 R3=x+ y � 5z = 0g

F2 = f(x; y; z) 2 R3=xy � z = 0g

F3 = f(x; y; z) 2 R3=x+ z + 1 = 0g

- F1 is-it a vector subspace of R3?

We have :
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(i). F1 contains the zero vector, as 0R3 = (0; 0; 0) 2 F1:

(ii). Let u = (x; y; z) ; v =
�
x
0
; y

0
; z

0� 2 F1; u+ v = �x+ x0 ; y + y0 ; z + z0� 2 F1?�
x+ x

0�
+
�
y + y

0�� 5 �z + z0� = (x+ y � 5z) +
�
x
0
+ y

0 � 5z0
�

= (0) + (0) = 0;

so, u+ v 2 F1:

(iii). Let u = (x; y; z) 2 F1; � 2 | = R; �u = (�x; �y; �z) 2 F1?

(�x) + (�y)� 5 (�z) = � (x+ y � 5z)

= � (0) = 0;

so, �u 2 F1
Thus, F1 is a subspace.

- F2 is not a vector subspace of R3; because for u = (1; 1; 1), v = (�2;�2; 4) ; we have

u; v 2 F2 but u+ v = (�1;�1; 5) =2 F2 :

- F3 is not a vector subspace of R3; because 0R3 = (0; 0; 0) =2 F3:

Proposition 1.4

Let E be a |-vector space and (Fi)i2I a family of vector subspaces of E. Then, \
i2I
Fi is a

vector subspace of E.

Proof

Let us note F = \
i2I
Fi , we have

(i). F contains the zero vector, because 0E 2 Fi:

(ii). Let u; v 2 F; u+ v 2 F?

u; v 2 F , u; v 2 \
i2I
Fi , u; v 2 Fi

, u+ v 2 Fi

, u+ v 2 \
i2I
Fi
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so, u+ v 2 F:

(iii). Let u 2 F; � 2 |; �u 2 F?

u 2 F , u 2 \
i2I
Fi , u 2 Fi

, �u 2 Fi

, �u 2 \
i2I
Fi

so, �u 2 F

Thus, F is a subspace.

Remark

The union of vector subspaces is not generally a vector subspace.

Indeed, for

F1 = f(x; y) 2 R2=x = 0g and F2 = f(x; y) 2 R2=y = 0g :

We have : F1 and F2 are vector subspaces of R2 but F1 [ F2 is not a vector subspace of R2;

because for

u = (0; 1) and v = (1; 0) ;

we have :

u; v 2 F1 [ F2 but u+ v = (1; 1) =2 F1 [ F2:

1.3 Linear combination

De�nition 1.4

Let u1; u2; :::; un be n vectors in a |-vector space E. Any vector of the form u = �1u1 +

�2u2 + ::: + �nun, where �i 2 |, is called a linear combination of the vectors u1; u2; :::; un.

The scalars �1; �2; :::; un are called coe¢ cients of the linear combination.

- We denote by V ect(u1; u2; :::; un) (or Span(u1; u2; :::; un)) the set of all linear combinations

of the vectors u1; u2; :::; un:

X 2 V ect(u1; u2; :::; un), 9�1; �2; :::; �n 2 |; X =
nP
i=1

�iui:

Example 1.5
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In theR-vector spaceR3,X = (0; 3; 5) is a linear combination of the vectors u1 = (1; 1; 1) ; u2 =

(2;�1; 0) and u3 = (0; 0; 1) ; because there exists (�1; �2; �3) = (2;�1; 3) 2 R3; such that

2u1 � u2 + 3u3 = X:

Remark

Let X1; X2 be two vectors in a |-vector space E, such that X1 = �X2, with � 2 |. Then, we

say that X1 and X2 are collinears.

Proposition 1.5

Let u1; u2; :::; un be n vectors in a |-vector space E. The set V ect(u1; u2; :::; un) is a vector

subspace of E:

Proof

(i). We have

0E =
nP
i=1

(0� ui) ;

then V ect(u1; u2; :::; un) contains the zero vector:

(ii). Let X; Y 2 V ect(u1; u2; :::; un); and �; � 2 |; �X + �Y 2 V ect(u1; u2; :::; un)?

X; Y 2 V ect(u1; u2; :::; un) , X =
nP
i=1

�iui and Y =
nP
i=1

�iui; with �i; �i 2 |

) �X + �Y = �
nP
i=1

�iui + �
nP
i=1

�iui =
nP
i=1

(��i + ��i)| {z }
�i

ui 2 V ect(u1; u2; :::; un)

Thus, V ect(u1; u2; :::; un) is a subspace.

Remark

For �i 2 |; we have

V ect(u1; u2; :::; un;
nP
i=1

�iui) = V ect(u1; u2; :::; un):

1.4 Direct Sums

De�nition 1.5

Let E be a |-vector space and F1; F2 be two vector subspaces of E. We de�ne the set F1+F2
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as follows

F1 + F2 = fu+ v=u 2 F1 and v 2 F2g :

Example 1.6

Let F1; F2 be two vector subspaces of R3, de�ned by

F1 = f(x; y; z) 2 R3=2x+ y � z = 0g

F2 = f(x; y; z) 2 R3=x� 2y = 0g

We have the vector u = (1; 2; 3) 2 F1+F2; because there exists two vectorsX1 = (1; 2; 4) 2 F1
and X2 = (0; 0;�1) 2 F2 such that u = X1 +X2:

Is the vector w = (1; 2; 3) 2 F1 + F2?

Can we �nd two vectors X = (x; y; z) 2 F1 and Y =
�
x
0
; y

0
; z

0� 2 F2 such that w = X + Y .
We solve the vector equation w = X + Y

w = X + Y ,

0@ 1
2
3

1A =

0@ x
y
z

1A+
0@ x

0

y
0

z
0

1A,
8<:
x+ x

0
= 1

y + y
0
= 2

z + z
0
= 3

;

and moreover we have 2x+ y� z = 0 and x0 � 2y0 = 0: Then we obtain the following system8>>>><>>>>:
x+ x

0
= 1

y + y
0
= 2

z + z
0
= 3

2x+ y � z = 0
x
0 � 2y0 = 0

,

8>>>><>>>>:
x+ 2y

0
= 1

y + y
0
= 2

2x+ y + z
0
= 3

z = 2x+ y
x
0
= 2y

0

,

8>>>><>>>>:
x = 1� 2y0

y = 2� y0

z
0
= �1 + 5y0

z = 4� 5y0

x
0
= 2y

0

Then,

X = (1� 2y0 ; 2� y0 ; 4� 5y0) and Y =
�
2y

0
; y

0
;�1 + 5y0

�
:

Proposition 1.6

The �nite sum of subspaces of a |-vector space E is a subspace of E.

Proof

Let F1; F2; :::; Fn be n vector subspaces of |-vector space E:

Let us note F =
nP
i=1

Fi , we have

(i). F contains the zero vector, because0E + 0E + :::+ 0E = 0E| {z }
n times

2 F:
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(ii). Let u; v 2 F; and �; � 2 |; �u+ �v 2 F?

u; v 2 F , u; v 2
nP
i=1

Fi , u =
nP
i=1

ui; v =
nP
i=1

vi; with ui; vi 2 Fi

) �u+ �v = �
nP
i=1

ui + �
nP
i=1

vi =
nP
i=1

(�ui + �vi) 2
nP
i=1

Fi

) �u+ �v 2 F:

Thus, F is a subspace.

Proposition 1.7

Let F1; F2 be two vector subspaces of a |-vector space E and B1 a generating family of F1

and B2 a generating family of F2. Then B1 [B2 is a generating family of F1 + F2.

F1 + F2 = V ect (B1 [B2) or F1 + F2 = Span (B1 [B2) :

De�nition 1.6

Let F1; F2 be two vector subspaces of a |-vector space E . We say that the sum F1 + F2 is

direct (or that F1 and F2 are in direct sum) and we denote F1�F2, if any vector X of F1+F2

can be uniquely expressed as X = u+ v; with u 2 F1 and v 2 F2:

Proposition 1.8

Let F1; F2 be two vector subspaces of a |-vector space E. The sum F1 + F2 is direct if and

only if F1 \ F2 = f0Eg.

De�nition 1.7 (Supplementary Subspaces)

Let F1; F2 be two vector subspaces of a |-vector space E. We say that F1 and F2 are supple-

mentary in E if F1 � F2 = E. (That is, F1 \ F2 = f0Eg and F1 + F2 = E).

In other words, F1 and F2 are supplementary in E if every vector X in E can be uniquely

expressed as X = u+ v with u 2 F1 and v 2 F2:

Example 1.7

Let F1; F2 be two vector subspaces of R3, de�ned by

F1 = f(x; y; z) 2 R3=x� 3y + 2z = 0g

F2 = f(x; y; z) 2 R3=y = z = 0g
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We have

(i). F1 \ F2 = f0R3g

Let X = (x; y; z) 2 R3;

X 2 F1 \ F2 , X 2 F1 and X 2 F2;

we solve the equation XF1 = XF2 :

We have :

X 2 F1 , x� 3y + 2z = 0

and

X 2 F2 , y = z = 0

So, we obtain the following system :8<:
x� 3y + 2z = 0
y = 0
z = 0

,

8<:
x = 3y � 2z = 0
y = 0
z = 0

then,

F1 \ F2 = f0R3g :

(ii). F1 + F2 = R3

We must show that any vector u = (x; y; z) of R3 can be written in the form u = XF1 +XF2 ;

such that XF1 = (x1; y1; z1) 2 F1 and XF2 = (x2; y2; z2) 2 F2:

We solve the vector equation u = XF1 +XF2

u = XF1 +XF2 ,

0@ x
y
z

1A =

0@ x1
y1
z1

1A+
0@ x2
y2
z2

1A,
8<:
x1 + x2 = x
y1 + y2 = y
z1 + z2 = z

;

and moreover we have x1 � 3y1 + 2z1 = 0 and y2 = z2 = 0: Then we obtain the following

system 8>>>><>>>>:
x1 + x2 = x
y1 + y2 = y
z1 + z2 = z
x1 � 3y1 + 2z1 = 0
y2 = z2 = 0

,

8>>>><>>>>:
x2 = x� 3y + 2z
y1 = y
z1 = z
x1 = 3y � 2z
y2 = z2 = 0

,

8>>>><>>>>:
x = 1� 2y0

y = 2� y0

z
0
= �1 + 5y0

z = 4� 5y0

x
0
= 2y

0

Then,

XF1 = (3y � 2z; y; z) and XF2 = (x� 3y + 2z; 0; 0) :

From (i) and (ii) we deduce that : F1 � F2 = R3:
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1.5 Linearly independent, dependent and generating
family, bases

1.5.1 Linearly independent, dependents

De�nition 1.8

Let E be a |-vector space and B = (u1; u2; :::; un) a family of n vectors of E.

- The family B is said to be linearly independent if and only if

8�1; �2; :::; �n 2 |;

nP
i=1

�iui = 0E ) �1 = �2 = ::: = �n = 0:

- Otherwise, we say that the family is linearly dependent. That is to say there exists scalars

�1; �2; :::; �n not all zeros, in | satisfying
nP
i=1

�iui = 0E:

9 (�1; �2; :::; �n) 2 |n � f(0; 0; :::; 0)g ;

nP
i=1

�iui = 0E:

Example 1.8

Let B1 and B2 be two sets of vectors in R3 de�ned by :

B1 = fv1 = (1; 2;�1) ; v2 = (�3;�6; 3)g
B2 = fu1 = (1; 2; 0) ; u2 = (1; 1; 1) ; u3 = (0; 1; 0)g :

The family B1 is linearly dependent in R3; since v2 = �3v1: Geometrically, v1 and v2 lie on

the same line. We say that the two vectors are collinear.

The family B2 is linearly independent in R3; since for �1; �2; �3 2 R; we have

3P
i=1

�iui = 0R3 ) �1

0@ 1
2
0

1A+ �2
0@ 1
1
1

1A+ �3
0@ 0
1
0

1A =

0@ 0
0
0

1A
)

8<:
�1 + �2 = 0
2�1 + �2 + �3 = 0
�2 = 0

)

8<:
�1 = ��2 = 0
�3 = �2�1 � �2 = 0
�2 = 0

) �1 = �2 = �3 = 0
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1.5.2 Generating family

De�nition 1.9

Let E be a |-vector space and B = (u1; u2; :::; un) a family of n vectors of E. B is said

generating family or span of E if E = span(B). In other words, any vector of E can be

written as a linear combination of vectors of B:

Example 1.9

The family B = fv1 = (1; 2) ; v2 = (1; 0)g is generates R2, because for all vector X = (x; y)

of R2; we can �nd two scalars �; � 2 R; such that X = �v1 + �v2:

Indeed, for �; � 2 R; we have

X = �v1 + �v2 ,
�
x
y

�
= �

�
1
2

�
+ �

�
1
0

�

,

8<:
�+ � = x

2� = y

,

8<:
� = x� � = x� 1

2
y

� = 1
2
y

1.5.3 Bases

De�nition 1.9

Let E be a |-vector space and B = (u1; u2; :::; un) a family of n vectors of E. B is said basis

of E if any vector of E can be written uniquely as linear combination of vectors of B.

In other words,

8u 2 E; 9!(�1; :::; �n) 2 |n; such that u =
nP
i=1

�iui:

Proposition 1.9

Let E be a |-vector space and B = (u1; u2; :::; un) a family of n vectors of E. We say that B

is a basis for E if and only if, it is linearly independent and generating family of E.

Example 1.10

a. Let be E a vector subspaces of R3, de�ned by

E = f(x; y; z) 2 R3=x� y + 2z = 0g :
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Let X = (x; y; z) 2 E; then x� y + 2z = 0; so,x = y � 2z:

Which gives,

X = (x; y; z) = (y � 2z; y; z) = (y; y; 0) + (�2z; 0; z) = y (1; 1; 0) + z (�2; 0; 1) ;

Therefore, E is the vector subspace of R3 spanned by the vectors u1 = (1; 1; 0) and u2 =

(�2; 0; 1) ; since the family B = fu1 = (1; 1; 0) ; u2 = (�2; 0; 1)g is linearly independent, be-

cause the vectors are not collinearas, so it forms a basis for E.

b. The family B = fu1 = (1; 1; 0) ; u2 = (�2; 0; 1)g does not forms a basis for R3, because

two vectors cannot generate R3:

1.6 Finite-Dimensional Vector Space

1.6.1 Dimension of a vector space

De�nition 1.10

We say that a vector space E is of dimension �ni if it has a generating family �ni (A generating

family having a number �ni of vectors). Otherwise, we say that it is of dimension in�ni.

Theorem 1.1

Let E be a vector space of dimension �ni. All bases of E have the same cardinality n.

De�nition 1.11

This cardinality n is the dimension of the vector space E over the �eld |, we denote by dimE.

By convention, if E = f0Eg ; we denote by dimE = 0.

If F is a vector subspace of a vector space E, then dimF � dimE:

Proposition 1.10

Let E be a vector space of dimension n.

- Every free family of n vectors in E is a basis of E.

- Every generating family of n vectors in E is a basis of E.

This proposition allows us to prove that a family is a basis without having to verify both

axioms (free and generating).

Proposition 1.11

Let E be a vector space of dimension �nite n.

- Any free family of E has at most n elements.
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- Any generating family of E has at least n elements.

Theorem 1.2 (Incomplete Basis Theorem)

Let E be a vector space of dimension n and B = fu1; u2; :::; upg a free family with p < n.

We can complete the family B with n� p vectors from E to form a basis of E.

Theorem 1.3

Let E be a vector space of dimension �nite and F a vector subspace of E.

Then F is of dimension �nite and dimF � dimE: and furthermore

E = F () dimF = dimE:

Theorem 1.4

Let F1; F2 be two vector subspaces of dimension �nite of a vector space E.

Then F1 + F2 and F1 \ F2 are of dimension �nite and

dim (F1 + F2) = dim (F1) + dim (F2)� dim (F1 \ F2) :

Proposition 1.12

Let F1; F2 be two vector subspaces of a vector space E of dimension �nite. We have :

F1 � F2 = E ,

8<:
dim (F1) + dim (F2) = dim (E)

F1 \ F2 = f0Eg

Coordinates of a vector in a basis

Let E be a vector space, F = fu1; u2; :::; ung a basis of E, and u a vector of E :

This vector is uniquely written in the form

u =
nP
i=1

�iui

The numbers �i are called the coordinates of the vector u in the basis F:

1.7 Rank

1.7.1 Rank of a �nite family of vectors

De�nition 1.12

Let E be a �nite vector space and F = fu1; u2; :::; ung a �nite family of vectors in E.
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We call the rank of this family and denote by rk(F ) the dimension of V ect(u1; u2; :::; un).

Proposition 1.13

1. The family F is free if and only if rk(F ) = n :

2. The family F generates E if and only if rk(F ) = dimE:

Example 1.11

Let F = fu1 = (1; 1; 2) ; u2 = (�1; 3; 5) ; u3 = (0; 4; 7)g be a family of three vectors of R3:

We consider F a vector subspace engendered by the vectors u1 = (1; 1; 2) ; u2 = (�1; 3; 5)

and u3 = (0; 4; 7)

F = Span (F) :

The vectors are linearly dependent, because

u3 = u1 + u2;

so,

Span (u1; u2; u3) = Span (u1; u2) ;

and hence, u1 and u2 are note colinears, thus the family fu1; u2g forms a basis of F: Then,

rk (F) = dimF = Card (fu1; u2g) = 2:

Proof

Let F = V ect(u1; u2; :::; un), then rk(F ) = dimF:

1. If the family (u1; u2; :::; un) is free, as it generates F , it is a basis of F , so its cardinality n

is the dimension of F : n = rk(F ):

Conversely, if n = rk(F ), then n = dimF , so the family (u1; u2; :::; un) generates F . Then it

forms a basis, which shows that the family (u1; u2; :::; un) is free.

2. If the family generates E, then E = F , hence dimE = dimF and rk(F ) = dimE

If rk(F ) = dimE; then dimE = dimF and since we also know that F � E, we obtain

E = F , therefore E = V ect(u1; u2; :::; un), then the family (u1; u2; :::; un) is a generator of E.
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1.8 Exercises

Exercise 1.1

Determine which of the sets F1; F2 and F3 are vector subspaces of R3:

F1 = f(x; y; z) 2 R3=x+ y � z = 0 g

F2 = f(x; y; z) 2 R3=x2 + y2 + z2 = 0g

F3 = f(x; y; z) 2 R3=xy + 2z = 0 g

F4 = f(x; y; z) 2 R3=x� y + z + 1 = 0 g

Solution

1. F1 = f(x; y; z) 2 R3=x+ y � z = 0 g

(i). F1 contains the zero vector, as 0R3 = (0; 0; 0) 2 F1:

(ii). Let u = (x; y; z) ; v =
�
x
0
; y

0
; z

0� 2 F1; u+ v = �x+ x0 ; y + y0 ; z + z0� 2 F1?�
x+ x

0�
+
�
y + y

0�� �z + z0� = (x+ y � z) +
�
x
0
+ y

0 � z0
�

= (0) + (0) = 0;

so, u+ v 2 F1:

(iii). Let u = (x; y; z) 2 F1; � 2 | = R; �u = (�x; �y; �z) 2 F1?

(�x) + (�y)� (�z) = � (x+ y � z)

= � (0) = 0;

so, �u 2 F1
Thus, F1 is a subspace.

2. F2 = f(x; y; z) 2 R3=x2 + y2 + z2 = 0g

We have,

F2 = f(0; 0; 0)g = f0R3g ;

Thus, F2 is a subspace.

3. F3 = f(x; y; z) 2 R3=xy + 2z = 0 g

For, � = �1 and u = (2; 1;�1), we have

u 2 F3; because 2� 1 + 2� (�1) = 0;
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but

�u = (�2;�1; 1) =2 F3:

Thus, F3 is not a subspace.

4. F4 = f(x; y; z) 2 R3=x� y + z + 1 = 0 g

F4 is not a subspace of R3 , since 0R3 = (0; 0; 0) =2 F4.

Exercise 1.2

We consider the following families of vectors of R3 :

B1 = fu1 = (1; 1; 3) ; u2 = (1; 2; 0)g ;

B2 = fv1 = (1; 0;�1) ; v2 = (2; 1; 1) ; v3 = (3; 0; 0)g

B3 = fw1 = (1; 1; 2) ; w2 = (1; 3; 1) ; w3 = (0; 0; 1) ; w4 = (2; 4; 0)g

Determine the free families, the generating families of R3 and the bases of R3.

Solution

1. B1 = fu1 = (1; 1; 3) ; u2 = (1; 2; 0)g

- Is family B1 free ?

Consider �1; �2 2 R; such that �1u1 + �2u2 = 0R3 :

Then,

�1u1 + �2u2 = 0R3 ) �1

0@ 1
1
3

1A+ �2
0@ 1
2
0

1A =

0@ 0
0
0

1A

)

8<:
�1 + �2 = 0
�1 + 2�2 = 0
3�1 = 0

) �1 = �2 = 0;

thus, u1 and u2 are linearly independent. Then the family B1 is free.

- Is family B1 generative ?

We have

Card (B1) = 2 < dim (R3) ;

then the mamily B1 is not generative.

Is family B1 base of R3 ?

Since, the family B1 is not generative, then it is not a base of R3:

2. B2 = fv1 = (1; 0;�1) ; v2 = (2; 1; 1) ; v3 = (3; 0; 0)g
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- Is family B2 free ?

Consider �1; �2; �3 2 R; such that �1u1 + �2u2 + �3u3 = 0R3 :

Then,

�1u1 + �2u2 + �3u3 = 0R3 ) �1

0@ 1
0
�1

1A+ �2
0@ 2
1
1

1A+ �3
0@ 3
0
0

1A =

0@ 0
0
0

1A

)

8<:
�1 + 2�2 + 3�3 = 0

�2 = 0
��1 + �2 = 0

) �1 = �2 = �3 = 0;

thus, u1; u2 and u3 are linearly independent. Then the family B2 is free.

- Is family B2 generative ?

Let, X = (x; y; z) 2 R3; we solve the following vector equation X = �1u1+�2u2+�3u3; with

�1; �2; �3 2 R:

We have,

X = �1u1 + �2u2 + �3u3 ,

8<:
�1 + 2�2 + 3�3 = x
�2 = y
��1 + �2 = z

,

8<: �3 =
x��1�2�2

3
= x�y+z�2y

3
= 1

3
x� y + 1

3
z

�2 = y
�1 = �2 � z = y � z

Then, for all X = (x; y; z) 2 R3; there exists �1 = y � z; �2 = y; �3 = 1
3
x� y + 1

3
z 2 R; such

that X = �1u1 + �2u2 + �3u3:

Then the mamily B2 is generative.

Is family B2 base of R3 ?

Since, the family B2 is generative and free, then it is a base of R3:

3. B3 = fw1 = (1; 1; 2) ; w2 = (1; 3; 1) ; w3 = (0; 0; 1) ; w4 = (2; 4; 0)g

- Is family B3 free ?

Consider �1; �2; �3; �4 2 R; such that �1w1 + �2w2 + �3w3 + �4w4 = 0R3 :
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Then,

�1w1 + �2w2 + �3w3 + �4w4 = 0R3 ) �1

0@ 1
1
2

1A+ �2
0@ 1
3
1

1A+ �3
0@ 0
0
1

1A+ �4
0@ 2
4
0

1A =

0@ 0
0
0

1A

)

8<:
�1 + �2 + 2�4 = 0
�1 + 3�2 + 4�4 = 0
2�1 + �2 + �3 = 0

)

8<:
�1 = ��2 � 2�4
��2 � 2�4 + 3�2 + 4�4 = 0
2�1 + �2 + �3 = 0

)

8<:
�1 = ��4
�2 = ��4
�3 = �3�4

;

we take �4 = �1, we �nd �1 = 1; �2 = 1 and �3 = 3: Then there exists (�1; �2; �3; �4) =

(1; 1; 3;�1) 6= (0; 0; 0; 0) such that, �1w1 + �2w2 + �3w3 + �4w4 = 0R3 :

Thus, w1; w2; w3 and w4 are linearly dependent. Then the family B3 is not free.

- Is family B3 generative ?

Since

w1 + w2 + 3w3 � w4 = 0R3 ;

then,

Span (w1; w2; w3; w4) = Span (w1; w2; w3)

Let, X = (x; y; z) 2 R3; we solve the following vector equation X = �1w1 + �2w2 + �3w3;

with �1; �2; �3 2 R:

We have,

X = �1w1 + �2w2 + �3w3 ,

8<:
�1 + �2 = x
�1 + 3�2 = y
2�1 + �2 + �3 = z

,

8<:
�1 =

3x�y
2

�2 =
�x+y
2

�3 =
�5x+y+2z

2

Then, for all X = (x; y; z) 2 R3; there exists �1 = 3x�y
2
; �2 =

�x+y
2
; �3 =

�5x+y+2z
2

2 R; such

that X = �1w1 + �2w2 + �3w3:

Then the family B3 is generative.

- Is family B3 base of R3 ?

Since, the family B3 is not free, then it is not a base of R3:
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Exercise 1.3

In R3, let E = f(x; y; z) 2 R3=x+ y � 2z = 0 and y � z = 0g and F the subspace generated

by : u = (1; 2; 3), v = (1; 0;�2) and w = (0; 4; 1) :

1. Prove that E is a subspace of R3.

2. Determine a base and the dimension of E.

3. Determine a base and the dimension of F \ E.

Solution

1. Prove that E is a subspace of R3.

(i). E contains the zero vector, as 0R3 = (0; 0; 0) 2 E:

(ii). Let u = (x; y; z) ; v =
�
x
0
; y

0
; z

0� 2 E; u+ v = �x+ x0 ; y + y0 ; z + z0� 2 E?
We have �

x+ x
0�
+
�
y + y

0�� 2 �z + z0� = (x+ y � 2z) +
�
x
0
+ y

0 � 2z0
�

= (0) + (0) = 0;

and �
y + y

0�� �z + z0� = (y � z) +
�
y
0 � z0

�
= (0) + (0) = 0;

so, u+ v 2 E:

(iii). Let u = (x; y; z) 2 E; � 2 | = R; �u = (�x; �y; �z) 2 E?

We have
(�x) + (�y)� 2 (�z) = � (x+ y � 2z)

= � (0) = 0;

and
(�y)� (�z) = � (y � z)

= � (0) = 0;

so, �u 2 E

Thus, E is a subspace.

2. Determine a base and the dimension of E.

Let X = (x; y; z) 2 E; we have8<:
x+ y � 2z = 0

y � z = 0
,

8<:
x = �y + 2z = z

y = z
,
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so,
X = (x; y; z) = (z; z; z) = z(1; 1; 1)| {z }

X1

;

then, E is the subspace generated with the vector X1 = (1; 1; 1) : Since X1 6= 0R3 ; then the

family B = fX1 = (1; 1; 1)g forms a base of E:

3. Determine a base and the dimension of F \ E.

Let X = (x; y; z) 2 R3;

X 2 F \ E , X 2 F and X 2 E;

we solve the equation XE = XF :

We have :

X 2 E , X = (x; y; z) = � (1; 1; 1)

and
X 2 F , X = (x; y; z) = �u+ �v + 
w

, X = (�+ �; 2�+ 4
; 3�� 2� + 
)
So, we obtain the following system :8<:

�+ � = �
2�+ 4
 = �
3�� 2� + 
 = �

,

8<:
� = �� �
2 (�� �) + 4
 = �
3 (�� �)� 2� + 
 = �

,

8<:
� = �� �
�2� + 4
 = ��
�5� + 
 = �2�

,

8<:
� = �� �
�2� + 4 (�2�+ 5�) = ��

 = �2�+ 5�

,

8<:
� = 11

18
�

� = 7
18
�


 = � 1
18
�

then,

X = � (1; 1; 1) ;

so,

E \ F = E = Span (X1 = (1; 1; 1)) :

Exercise 1.4
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Let E = f(x; y; z) 2 R3=x+ y � 2z = 0 and 2x� y � z = 0g ,

F = f(x; y; z) 2 R3=x+ y � z = 0g two subsets of R3 and u = (1; 1; 1) ; v = (1; 0; 1) ; w =

(0; 1; 1) :

1. Prove that E and F are two subspaces of R3:

2. Determine a generating family of E and prove that this familly is a base.

3. Prove that fv; wg is a base of F .

4. Do we have E � F = R3:

Solution

1. Prove that E is a subspaces of R3:

(i). E contains the zero vector, as 0R3 = (0; 0; 0) 2 E:

(ii). Let u = (x; y; z) ; v =
�
x
0
; y

0
; z

0� 2 E; �u+ �v = ��x+ �x0 ; �y + �y0 ; �z + �z0� 2 E?
We have�

�x+ �x
0�
+
�
�y + �y

0�� 2 ��z + �z0� = � (x+ y � 2z) + �
�
x
0
+ y

0 � 2z0
�

= (0) + (0) = 0;

and

2
�
�x+ �x

0�� ��y + �y0�� ��z + �z0� = � (2x� y � z) + �
�
2x

0 � y0 � z0
�

= (0) + (0) = 0;

so, �u+ �v 2 E:

Thus, E is a subspace.

Prove that F is a subspaces of R3:

(i). F contains the zero vector, as 0R3 = (0; 0; 0) 2 F:

(ii). Let u = (x; y; z) ; v =
�
x
0
; y

0
; z

0� 2 F; �u+ �v = ��x+ �x0 ; �y + �y0 ; �z + �z0� 2 F?
We have �

�x+ �x
0�
+
�
�y + �y

0�� ��z + �z0� = � (x+ y � z) + �
�
x
0
+ y

0 � z0
�

= (0) + (0) = 0;

so, �u+ �v 2 F:

Thus, F is a subspace.

2. Determine a generating family of E and prove that this familly is a base.
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Let X = (x; y; z) 2 E; we have8<:
x+ y � 2z = 0

2x� y � z = 0
,

8<:
x = y

z = y
,

so,
X = (x; y; z) = (z; z; z) = z(1; 1; 1)| {z }

u

;

then, E is the subspace generated with the vector u = (1; 1; 1) : Since u 6= 0R3 ; then the

family B = fu = (1; 1; 1)g forms a base of E:

3. Prove that fv; wg is a base of F .

Let X = (x; y; z) 2 F; we have

x+ y � z = 0, z = x+ y ,

so,
X = (x; y; x+ y) = (x; 0; x) + (y; y; 0) = x(1; 0; 1)| {z }

v

+ x(0; ; 1)| {z }
w

;

then, F is the subspace generated with the vectors v = (1; 0; 1) and w = (0; 1; 1) : Since

fv; wg are linearly independant; then the family B0
= fv = (1; 0; 1) ; w = (0; 1; 1)g forms a

base of F:

4. Do we have E � F = R3:

We have, dimE+dimF = 3 = dimR3 and the familyB[B0
= fu = (1; 1; 1) ; v = (1; 0; 1) ; w = (0; 1; 1)g

forms a base of R3; then E � F = R3.

Exercise 1.5

We consider the subspace of R3 de�ned by :

E = f(x; y; z) 2 R3=x+ y � 2z = 0 et x� 3z = 0g

1. Determine a base of E and specify the dimension of E.

2. Determine dimF such that F is the subspace of R3 generated by vectors

u1 = (1; 2; 2); u2 = (0; 6;�2); u3 = (1; 5; 1)

3. Determine E \ F .

4. Do we have E � F = R3 ?

Solution

1. Determine a base of E
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Let X = (x; y; z) 2 E; we have8<:
x+ y � 2z = 0

y � 3z = 0
,

8<:
x = �z

y = 3z
,

so,
X = (x; y; z) = (�z; 3z; z) = z(�1; 3; 1)| {z }

X1

;

then, E is the subspace generated with the vector X1 = (�1; 3; 1) : Since X1 6= 0R3 ; then the

family B = fX1 = (�1; 3; 1)g forms a base of E:

The dimension of E.

dim (E) = Card (B) = 1:

2. Determine dimF such that F is the subspace of R3 generated by vectors

u1 = (1; 2; 2); u2 = (0; 6;�2); u3 = (1; 5; 1)

The family B
0
= fu1 = (1; 2; 2); u2 = (0; 6;�2); u3 = (1; 5; 1)g is generating F:

- Is family B0 free ?

Consider �1; �2; �3 2 R; such that �1u1 + �2u2 + �3u3 = 0R3 :

Then,

�1u1 + �2u2 + �3u3 = 0R3 ) �1

0@ 1
2
2

1A+ �2
0@ 0

6
�2

1A+ �3
0@ 1
5
1

1A =

0@ 0
0
0

1A

)

8<:
�1 + �3 = 0
2�1 + 6�2 + 5�3 = 0
2�1 � 2�2 + �3 = 0

)

8<:
�1 = ��3
�2�3 + 6�2 + 5�3 = 0
�2�3 � 2�2 + �3 = 0

)

8<:
�1 = ��3
6�2 + 3�3 = 0
�2�2 � �3 = 0

)

8<:
�1 = ��3

�2 = �1
2
�3

we take �3 = �2, we �nd �1 = 2 and �2 = 1: Then there exists (�1; �2; �3) = (2; 1;�2) 6=

(0; 0; 0) such that, �1u1 + �2u2 + �3u3 = 0R3 :

Thus, u1; u2 and u3 are linearly dependent. Then the family B
0
is not free.
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We choose the family B
00
= fu1 = (1; 2; 2); u2 = (0; 6;�2)g ; it is free, because for any �1; �2 2

R; we have �1u1 + �2u2 = 0R3 : Thus the family B
00
is a base of F:

Then,

dim (F ) = Card
�
B

00�
= 2:

3. Determine E \ F .

Let X = (x; y; z) 2 R3;

X 2 F \ E , X 2 F and X 2 E;

we solve the equation XE = XF :

We have :

X 2 E , X = (x; y; z) = � (�1; 3; 1)

and
X 2 F , X = (x; y; z) = �u+ �v

, X = (�; 2�+ 6�; 2�� 2�)
So, we obtain the following system :8<:

� = ��
2�+ 6� = 3�
2�� 2� = �

,

8<:
� = ��
�2�+ 6� = 3�
�2�� 2� = �

,

8<:
� = ��
� = 5

6
�

3�+ 2� = 0
, � = � = � = 0;

then,

E \ F = f(0; 0; 0)g = f0R3g :

4. Do we have E � F = R3 ?

We have :

(i). E \ F = f0R3g :

(ii). E + F = R3?
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Let X = (x; y; z) 2 R3; we solve the vector equation �X1 + �u + 
v = X with �; �; 
 2 R:

Or we prove that the family B [B00
= fX1; u; vg is a base of R3:

�X1 + �u+ 
v = X , �

0@ �13
1

1A+ �
0@ 1
2
2

1A+ 

0@ 0

6
�2

1A =

0@ x
y
z

1A

,

8<:
��+ � = x
3�+ 2� + 6
 = y
�+ 2� � 2
 = z

,

8<:
� = �+ x
3�+ 2 (�+ x) + 6
 = y
�+ 2 (�+ x)� 2
 = z

,

8<:
� = �+ x
5�+ 6
 = �2x+ y
3�� 2
 = �2x+ z

,

8<:
� = �+ x
� = �2x+y�6


5

3
��2x+y�6


5

�
� 2
 = �2x+ z

,

8<:
� = 6

14
x+ 1

14
y + 3

14
z

� = � 8
14
x+ 1

14
y + 3

14
z


 = 4
28
x+ 3

28
y � 5

28
z

;

then, for all X = (x; y; z) 2 R3; there exists � = � 8
14
x+ 1

14
y + 3

14
z; � = 6

14
x+ 1

14
y + 3

14
z; 
 =

4
28
x+ 3

28
y � 5

28
z 2 R; such that �X1 + �u+ 
v = X:

So, E + F = R3: Thus E � F = R3:
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1.9 Terminology translation

English Frensh
Vector Vecteur
Space Espace
Subspace Sous-espace
Field Corps
Rank Rang
Internal composition law Loi de composition interne
External composition law Loi de composition externe
Generating family Famille génératrice
Basis Base
Neutral element Elément neutre
Scalar Scalaire
Non-empty Non vide
Subset Sous-ensemble
Linear combination Combinaison linéaire
Direct Sum Somme directe
Supplementary Supplémentaire
Linearly independent Linéqirement indépendant
Free family Famille libre



Chapitre 2

Linear applications

2.1 De�nitions and properties

De�nition 2.1

Let E;F be two |-vector spaces.

A linear application from E to F is an application f : E ! F; with the following properties :

1. 8u; v 2 E;

f (u+ v) = f (u) + f (v) :

2. 8u 2 E; 8� 2 |;

f (�u) = �f (u) :

- A bijective linear application is called an isomorphism.

- A linear application from E to itself is called an endomorphism of E.

- A bijective endomorphism is called an automorphism.

- The set of linear applications from E to F is denoted by L|(E;F ) or L(E;F ):

- If E = F; the linear application is called endomorphism. The set of endomorphism of E is

denoted by L|(E) or L(E):

Theorem 2.1

Let E;F be two |-vector spaces and let f : E ! F be an application. For f to be a linear

application, it is necessary and su¢ cient that :

8u; v 2 E; 8�; � 2 |; f (�u+ �v) = �f (u) + �f (v) :
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Proof

1. Suppose f is a linear application. Then, for all u; v 2 E; and for all �; � 2 |; we have

f

0@ �u|{z}
X

+ �v|{z}
Y

1A = f (X + Y ) = f (X) + f (Y )

= f (�u) + f (�v) = �f (u) + �f (v) :

2. Conversely, if f satis�es the given condition for all u; v 2 E; and for all �; � 2 |, then

- For � = � = 1|; we have

f (�u+ �v) = �f (u) + �f (v), f (u+ v) = f (u) + f (v) :

- For � = � and � = 0; we have

f (�u+ �v) = �f (u) + �f (v), f (�u) = �f (u) :

Example 2.1

Let f : R2 ! R3 be an application de�ned by : f (x; y) = (x+ y; 2x; x� y) :

For u = (x; y) ; v =
�
x
0
; y

0� 2 R2 and � 2 | = R, we have
(i).

f (u+ v) = f
�
x+ x

0
; y + y

0�
=
�
x+ x

0
+ y + y

0
; 2
�
x+ x

0�
; x+ x

0 �
�
y + y

0��
= (x+ y; 2x; x� y) +

�
x
0
+ y

0
; 2x

0
; x

0 � y0
�

= f (x; y) + f
�
x
0
; y

0�
= f (u) + f (v)

(ii).
f (�u) = f (�x; �y)

= (�x+ �y; 2�x; �x� �y)

= � (x+ y; 2x; x� y) = �f (x; y) = �f (u) ;
from (i) and (ii) we deduce that f is a linear application.

Examples 2.2
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Let g : R2 ! R2 be an application de�ned by : g (x; y) = (x+ y; 2xy) :

For u = (1; 2) ; v = (2; 2) 2 R2, we have

g (u+ v) = g (3; 4) = (7; 24) ;

and

g (u) + g (v) = (3; 4) + (4; 8) = (7; 12) ;

then, 9u = (1; 2) ; v = (2; 2) 2 R2; such that g (u+ v) 6= g (u) + g (v) : So, g is not a linear

application.

Theorem 2.2

Let f be a linear application. Then we have :

f (0E) = 0F

and

f (�u) = �f (u) ; for all u 2 E:

Remark 2.1

If f (0E) 6= 0F , then f is not a linear application.

Examples 2.3

Let f : R2 ! R2 be an application de�ned by : f (x; y) = (x+ y; x� y + 1) :

We have

f (0R2) = f (0; 0) = (0; 1) 6= 0R2 ;

then, f is not a linear application.

Property 2.1

Let f; g be two linear applications from E to F and � 2 |. The applications f + g and �f

de�ned by (f + g)(u) = f(u) + g(u) and (�f)(u) = �f(u) are linear.

Proof

Let u; v a vectors of E and �; � a scalars of |: So, we have :
(f + g) (�u+ �v) = f (�u+ �v) + g (�u+ �v)

= �f (u) + �f (v) + �g (u) + �g (v)

= � (f (u) + g (u)) + � (f (v) + g (v))

= � (f + g) (u) + � (f + g) (v) ;
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then f + g is a linear application.

And we also have :
(�f) (�u+ �v) = �f (�u+ �v)

= � (�f (u) + �f (v))

= � (�f (u)) + � (�f (v))

= � (�f) (u) + � (�f) (v) ;

then �f is a linear application.

Property 2.2

Let f : E ! F; g : F ! G be two linear applications. The applications g � f de�ned by

(g � f)(u) = g (f(u)) is linear.

Proof

Let u; v a vectors of E and �; � a scalars of |: So, we have :

(g � f)(�u+ �v) = g (f(�u+ �v)) = g (�f (u) + �f (v))

= �g (f (u)) + �g (f (v))

= �(g � f) (u) + �(g � f) (v) ;

then g � f is a linear application.

2.2 Image and kernel of a linear application

Proposition 2.1

Let E;F be two |-vector space and f 2 L(E;F ).

1. For any vector subspace F1 of F , the inverse image f�1(F1) is a vector subspace of E.

2. For any vector subspace E1 of E, the direct image f(E1) is a vector subspace of F .

Proof

1. Let F1 a vector subspace of F

(1.a). f�1(F1) 6= ? : f (0E) = 0F , then 0E 2 f�1(F1):

(1.b). Let �; � 2 | and u; v 2 f�1(F1): We have

f (�u+ �v) = �f (u) + �f (v) 2 F1 ) �u+ �v 2 f�1(F1);
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from (1.a) and (1.b), we deduce that f�1(F1) is a vector subspace of E:

2. Let E1 a vector subspace of E

(2.a). f(E1) 6= ? : f (0E) = 0F , then 0F 2 f(E1):

(2.b). Let �; � 2 | and u; v 2 f(E1): Then, there exists X;Y 2 E; such that u = f (X) and

v = f (Y ) : We have

�u+ �v = �f (X) + �f (Y ) = f (�X + �Y ) 2 f(E1);

from (2.a) and (2.b), we deduce that f(E1) is a vector subspace of F:

De�nition 2.2

Let f be a linear application from E to F .

- The set :

ker (f) = f�1 (f0Fg) = fu 2 E=f (u) = 0Fg ;

is called the kernel of the linear application f:

- The set :

Im (f) = f (E) = ff (u) =u 2 Eg ;

is called the image of the linear application f:

Examples 2.4

Let f : R3 ! R2 be a linear application de�ned by : f (x; y; z) = (x+ y � z; x+ z) :

- The kernel of f

ker (f) = f�1 (f0R2g) = fu = (x; y; z) 2 R3=f (u) = 0R2g :

We solve the vector equation f (u) = 0R2 :

f (u) = 0R2 ,

8<:
x+ y � z = 0

x+ z = 0
,

8<:
y = �x+ z = 2z

x = �z

then,
u = (x; y; z) = (�z; 2z; z) = z(�1; 2; 1)| {z }

X1

;

so, ker f is the vector subspace generated by the vector X1 = (�1; 2; 1) :

ker f = Span (X1 = (�1; 2; 1)) :
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- The image of f

Im (f) = ff (u) =u = (x; y; z) 2 R3g

= f(x+ y � z; x+ z) = (x; y; z) 2 R3g

= f(x; x) + (y; 0) + (�z; z) = (x; y; z) 2 R3g

=

8<:x(1; 1)| {z }
Y1

+ y(1; 0)| {z }
Y2

+ z(�1; 1)| {z }
Y3

= (x; y; z) 2 R3
9=; :

Hence, Im f is the vector subspace of R2 spanned by the family B = fY1 = (1; 1) ; Y2 =

(1; 0) ; Y3 = (�1; 1)g, thus :

Im f = span (Y1 = (1; 1) ; Y2 = (1; 0) ; Y3 = (�1; 1)) :

Note that the vectors Y1 and Y2 are linearly independent, while Y3 depends on them. There-

fore :

Im f = span (Y1 = (1; 1) ; Y2 = (1; 0)) :

Proposition 2.2

Let E;F be two |-vector spaces and f 2 L(E;F ).

1. f is injective if and only if ker(f) = f0Eg

2. f is surjective if and only if Im(f) = F .

Proof

1. ()) Suppose that f is injective. Let u 2 ker f; then

f (u) = 0F = f (0E) ;

since f is injective, then u = 0E. Thus ker(f) = f0Eg :

(() Suppose that ker(f) = f0Eg : Let u; v 2 E
f (u) = f (v) ) f (u)� f (v) = 0F

) f (u� v) = 0F

) u� v 2 ker f

) u� v = 0E ) u = v;
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then f is injective.

2.
f is surjective , 8Y 2 F;9X 2 E; Y = f (X)

, f (E) = F

, Im f = F:

2.3 Rank of a linear application

De�nition 2.3

Let E and F be two �nite-dimensional |-vector spaces, and f be a linear application from

E to F .

We call the rank of f , denoted rank(f), the natural number de�ned by :

rank(f) = dim (Im f) :

Examples 2.5

Let f : R3 ! R3 be a linear application de�ned by : f (x; y; z) = (y + z; x+ z; x+ y) :

- The image of f

Im (f) = ff (u) =u = (x; y; z) 2 R3g

= f(y + z; x+ z; x+ y) = (x; y; z) 2 R3g

= f(0; x; x) + (y; 0; y) + (z; z; 0) = (x; y; z) 2 R3g

=

8<:x(0; 1; 1)| {z }
Y1

+ y(1; 0; 1)| {z }
Y2

+ z(1; 1; 0)| {z }
Y3

= (x; y; z) 2 R3
9=; :

Hence, Im f is the vector subspace of R3 spanned by the family B = fY1 = (0; 1; 1) ; Y2 =

(1; 0; 1) ; Y3 = (1; 1; 0)g, thus :

Im f = span (Y1 = (0; 1; 1) ; Y2 = (1; 0; 1) ; Y3 = (1; 1; 0)) :
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Note that the vectors Y1; Y2 and Y3 are linearly independent, because for all �1; �2; �3 2 | =

R; we have :

3P
i=1

�iYi = 0R3 ) �1

0@ 0
1
1

1A+ �2
0@ 1
0
1

1A+ �3
0@ 1
1
0

1A =

0@ 0
0
0

1A

)

8<:
�2 + �3 = 0
�1 + �3 = 0
�1 + �2 = 0

) �1 = �2 = �3 = 0;

then the familly B form a base to Imf . So,

Rank (f) = dim (Im f) = card (B) = 3:

2.3.1 Rank theorem

Theorem 2.3

Let f be a linear application from E to F; then we have

1. f is surjective if and only if rank (f) = dim (F ) :

2. f is injective if and only if rank (f) = dim (E) :

Theorem 2.4 Rank Theorem

Let f be a linear application from E to F . If E is �nite-dimensional, then :

rank (f) + dim (ker (f)) = dim (E) :

Proof

Let dimE = n and k = dimker(f) and consider a basis fv1; :::; vkg of ker f as a subspace of

E . We can always extend this basis, to a basis fv1; :::; vk; vk+1; :::; vng of the whole E.

We would like to prove that the familly ff(vk+1); :::; f(vn)g is a basis of the subspace Im(f)

of F .

1. Span : Let Y 2 Im(f). Then Y = f(X), for someX 2 E. As X is an element of E and

fv1; :::; vk; vk+1; :::; vng is a basis, we can �nd a unique set of coe¢ cients �i 2 | such that

X = �1v1 + :::+ �kvk + �k+1vk+1 + :::+ �nvn
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But then :

Y = f(X) = f (�1v1 + :::+ �kvk + �k+1vk+1 + :::+ �nvn)

= �1f (v1) + :::+ �kf (vk) + �k+1f (vk+1) + :::+ �nf (vn)

= 0:f (v1) + :::+ 0:f (vk) + �k+1f (vk+1) + :::+ �nf (vn)

= �k+1f (vk+1) + :::+ �nf (vn)

And we obtain that the system of vectors ff (vk+1) ; :::; f (vn)g span the image Im f:

2. Linearly independent :

Suppose that a linear combination of ff (vk+1) ; :::; f (vn)g gives 0. Say that we have

�k+1f (vk+1) + :::+ �nf (vn) = 0F , f
�
�k+1vk+1 + :::+ �nvn

�
= 0F

and the element X
0
= �k+1vk+1 + ::: + �nvn will be in the kernel of f . Since fv1; :::; vkg is

a basis of ker f(f) and the whole system fv1; :::; vk; vk+1; :::; vng is linearly independent, the

only possibility is that X
0
= 0E and �k+1 = �k+2 = ::: = �n = 0.

We have therefore obtained that the vectors ff (vk+1) ; :::; f (vn)g are linearly independent in

F .

As a combination of (1) and (2), we have proven that ff (vk+1) ; :::; f (vn)g is a basis of Im f

and the dimension of Im f , which is the rank of f , is n� k. In any case, we have :

rank (f) + dim (ker (f)) = dim (E) :

2.4 Inverse of a linear application

De�nition 2.4

Let E;F two |�vector spacesdeux and f 2 L(E;F ).

The application f : E ! F is said to be invertible if, for all Y 2 F , the equation Y = f(X)

admits a unique solution X 2 E.

De�nition 2.5

Let E;F two |�vector spacesdeux and f 2 L(E;F ) invertible. Then its reciprocal f�1 :

F ! E is de�ned by

f�1(Y ) = (the unique X 2 E; such thatY = f(X)) ;
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and we have :

f�1 � f = IdE and f � f�1 = IdF

Examples 2.6

The linear application f : R2 ! R2 de�ned by : f (x; y) = (x+ y; x� y) is inversible, because,

for all Y = (a; b) 2 F = R2, the equation Y = f (X) admets a unique solution.

Y = f (X),
�
a
b

�
=

�
x+ y
x� y

�
,
�
x+ y = a
x� y = b ,

�
x = a+b

2

x = a�b
2

;

then,

f�1 : R2 ! R2

(a; b) 7!
�
a+b
2
; a�b
2

�
2.5 Exercises

Exercise 2.1

Determine whether the following applicationss are linear applications

1. f : R2 ! R3, (x; y) 7! (x+ y; y; x� 3y)

2. f : R3 ! R2, (x; y; z) 7! (x+ y; x� 3z + 1)

3. f : R3 ! R2, (x; y; z) 7! (x2 + y2; y + z).

Solution

1. f : R2 ! R3, (x; y) 7! (x+ y; y; x� 3y)

Let u = (x; y) ; v =
�
x
0
; y

0� 2 R2; and � 2 | = R; we have
(i).

f (u+ v) = f
�
x+ x

0
; y + y

0�
=
�
x+ x

0
+ y + y

0
; y + y

0
; x+ x

0 � 3
�
y + y

0��
= (x+ y; y; x� 3y) +

�
x
0
+ y

0
; y

0
; x

0 � 3y0
�

= f (x; y) + f
�
x
0
; y

0�
= f (u) + f (v) :

(ii).

f (�u) = f (�x; �y) = (�x+ �y; �y; �x� 3�y) = � (x+ y; y; x� 3y) = �f (u) ;
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from (i) and (ii), we deduce that f is a linear application.

2. f : R3 ! R2, (x; y; z) 7! (x+ y; x� 3z + 1)

We have

f (0R3) = f (0; 0; 0) = (0; 1) 6= 0R2 ;

therefore, f is not a linear application.

3. f : R3 ! R2, (x; y; z) 7! (x2 + y2; y + z).

For u = (1; 2; 1) and � = 2, we have

f (�u) = f (2; 4; 2) = (20; 6)

and

�f (u) = 2 (5; 3) = (10; 6) ;

then, 9u = (1; 2; 1) 2 R3;9� = 2 2 | = R; f (�u) 6= �f (u) ; so f is a linear application.

Exercise 2.2

Let f : R3 ! R2 be an application de�ned for all u = (x; y; z) 2 R3 by :

f (x; y; z) = (x+ 2y � z; x+ y + z)

1. Prove that f is linear.

2. Determine ker f et Im f:

Solution

1. Prove that f is linear.

Let u = (x; y; z) ; v =
�
x
0
; y

0
; z

0� 2 R3; and � 2 | = R; we have
(i).

f (u+ v) = f
�
x+ x

0
; y + y

0
; z + z

0�
=
�
x+ x

0
+ 2y + 2y

0 � z � z0 ; x+ x0 + y + y0 + z + z0
�

= (x+ 2y � z; x+ y + z) +
�
x
0
+ 2y

0 � z0 ; x0 + y0 + z0
�

= f (x; y; z) + f
�
x
0
; y

0
; z

0�
= f (u) + f (v) :

(ii).

f (�u) = f (�x; �y; �z) = (�x+ 2�y � �z; �x+ �y + �z) = � (x+ 2y � z; x+ y + z) = �f (u) ;
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from (i) and (ii), we deduce that f is a linear application.

2. Determine ker f et Im f:

- The kernel of f

ker (f) = f�1 (f0R2g) = fu = (x; y; z) 2 R3=f (u) = 0R2g :

We solve the vector equation f (u) = 0R2 :

f (u) = 0R2 ,

8<:
x+ 2y � z = 0

x+ y + z = 0
,

8<:
z = 1

2
y

x = �3
2
y

then,
u = (x; y; z) =

�
�3
2
y; y; 1

2
y
�
= 1

2
y(�3; 2; 1)| {z }

X1

;

so, ker f is the vector subspace generated by the vector X1 = (�3; 2; 1) :

ker f = Span (X1 = (�3; 2; 1)) :

- The image of f

Im (f) = ff (u) =u = (x; y; z) 2 R3g

= f(x+ 2y � z; x+ y + z) = (x; y; z) 2 R3g

= f(x; x) + (2y; y) + (�z; z) = (x; y; z) 2 R3g

=

8<:x(1; 1)| {z }
Y1

+ y(2; 1)| {z }
Y2

+ z(�1; 1)| {z }
Y3

= (x; y; z) 2 R3
9=; :

Hence, Im f is the vector subspace of R2 spanned by the family B = fY1 = (1; 1) ; Y2 =

(2; 1) ; Y3 = (�1; 1)g, thus :

Im f = span (Y1 = (1; 1) ; Y2 = (2; 1) ; Y3 = (�1; 1)) :

Note that the vectors Y1 and Y2 are linearly independent, while Y3 depends on them. There-

fore :

Im f = span (Y1 = (1; 1) ; Y2 = (2; 1)) :
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Exercice 2.3

Let f an endomorphism of R3 whose image of the canonical base B0 = fe1; e2; e3g is

f (e1) = e1 + e2 � e3

f (e2) = e1 � e2 + e3

f (e3) = 2e1 + e2 + e3

1. For all u = (x; y; z) 2 R3; determine f (u) :

2. Determine the kernel of f .

3.Give a base of the image of f:

Solution

1. For all u = (x; y; z) 2 R3; determine f (u) :

Let u = (x; y; z) 2 R3;

f (u) = f (x; y; z) = f (xe1 + ye2 + ze3)

= xf (e1) + yf (e2) + zf (e3)

= x (e1 + e2 � e3) + y (e1 � e2 + e3) + z (2e1 + e2 + e3)

= (x+ y + 2z) e1 + (x� y + z) e2 + (�x+ y + z) e3

= (x+ y + 2z; x� y + z;�x+ y + z)

2. Determine the kernel of f .

ker (f) = f�1 (f0R3g) = fu = (x; y; z) 2 R3=f (u) = 0R3g :

We solve the vector equation f (u) = 0R3 :

f (u) = 0R3 ,

8<:
x+ y + 2z = 0
x� y + z = 0
�x+ y + z = 0

, x = y = z = 0;

then,

ker f = f(0; 0; 0)g = f0R3g :

3.Give a bse of the image of f:
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- The image of f

Im (f) = ff (u) =u = (x; y; z) 2 R3g

= f(x+ y + 2z; x� y + z;�x+ y + z) = (x; y; z) 2 R3g

= f(x; x;�x) + (y;�y; y) + (2z; z; z) = (x; y; z) 2 R3g

=

8<:x(1; 1;�1)| {z }
Y1

+ y(1;�1; 1)| {z }
Y2

+ z(2; 1; 1)| {z }
Y3

= (x; y; z) 2 R3
9=;

Hence, Im f is the vector subspace of R3 spanned by the family B = fY1 = (1; 1;�1) ; Y2 =

(1;�1; 1) ; Y3 = (2; 1; 1)g, thus :

Im f = span (Y1 = (1; 1;�1) ; Y2 = (1;�1; 1) ; Y3 = (2; 1; 1)) :

Note that the vectors Y1; Y2 and Y3 are linearly independent, because for all �1; �2; �3 2 | =

R; we have :

3P
i=1

�iYi = 0R3 ) �1

0@ 1
1
�1

1A+ �2
0@ 1
�1
1

1A+ �3
0@ 2
1
1

1A =

0@ 0
0
0

1A

)

8<:
�1 + �2 + 2�3 = 0
�1 � �2 + �3 = 0
��1 + �2 + �3 = 0

) �1 = �2 = �3 = 0;

then the familly B form a base to Imf .

Exercice 2.4

We consider the linear application f : R4 ! R3 de�ned by :

f (x1; x2; x3; x4) = (2x1 + x2 � x4; x1 + 3x2; x3 � 4x4)

Determine the kernel and image of f:

Solution

1. The kernel of f:

ker (f) = f�1 (f0R3g) = fu = (x1; x2; x3; x4) 2 R4=f (u) = 0R3g :



2.5 Exercises 43

We solve the vector equation f (u) = 0R3 :

f (u) = 0R3 ,

8<:
2x1 + x2 � x4 = 0
x1 + 3x2 = 0
x3 � 4x4 = 0

,

8<:
2 (�3x2) + x2 � x4 = 0
x1 = �3x2
x3 = 4x4

,

8<:
x4 = �5x2
x1 = �3x2
x3 = �20x2

then,

u = (x1; x2; x3; x4) = (�3x2; x2;�20x2;�5x2) = x2 (�3; 1;�20;�5) ;

so, ker f is the vector subspace generated by the vector u1 = (�3; 1;�20;�5) :

ker f = Span (u1 = (�3; 1;�20;�5)) :

2. The image of f:

Im (f) = ff (u) =u = (x1; x2; x3; x4) 2 R4g

= f(2x1 + x2 � x4; x1 + 3x2; x3 � 4x4) = (x1; x2; x3; x4) 2 R4g

= f(2x1; x1; 0) + (x2; 3x2; 0) + (0; 0; x3) + (�x4; 0;�4x4) = (x1; x2; x3; x4) 2 R4g

=

8<:x1(2; 1; 0)| {z }
Y1

+ x2(1; 3; 0)| {z }
Y2

+ x3(0; 0; 1)| {z }
Y3

� x4(1; 0; 4)| {z }
Y4

=xi 2 R

9=; :
Hence, Im f is the vector subspace of R3 spanned by the family B = fY1 = (2; 1; 0) ; Y2 =

(1; 3; 0) ; Y3 = (0; 0; 1) ; Y4 = (1; 0; 4)g, thus :

Im f = span (Y1 = (2; 1; 0) ; Y2 = (1; 3; 0) ; Y3 = (0; 0; 1) ; Y4 = (1; 0; 4)) :

we see that, 3
5
Y1 � 1

5
Y2 + 4Y3 = Y4; then

Im f = span (Y1 = (2; 1; 0) ; Y2 = (1; 3; 0) ; Y3 = (0; 0; 1)) :
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Exercice 2.5

Let f : R3 ! R3 a linear application verifying :

f (1; 2; 4) = (3;�2; 1)

f (3; 0; 1) = (1; 4; 2)

f (0; 0; 2) = (0;�3; 5)

1. Calculate f (5; 3; 7) :

2. Determine f (x; y; z) with (x; y; z) 2 R3:

Solution

1. Calculate f (5; 3; 7) :

We pose

B = fu = (1; 2; 4) ; v = (3; 0; 1) ; w = (0; 0; 2)g ;

it is easy to verify that family B forms a basis of R3:

Now we calculate the coordinates of the vector X = (5; 3; 7) in the basis B:

X = �u+ �v + 
w ,

8<:
�+ 3� = 5
2� = 3
4�+ � + 2
 = 7

,

8<:
� = 5��

3
= 7

6

� = 3
2


 = 7�4���
2

= � 1
12

Then,

f (5; 3; 7) = f
�
3
2
u+ 7

6
v � 1

12
w
�
= 3

2
f (u) + 7

6
f (v)� 1

12
f (w)

= 3
2
(3;�2; 1) + 7

6
(1; 4; 2)� 1

12
(0;�3; 5)

=
�
17
3
; 23
12
; 41
12

�
:

2. Determine f (x; y; z) with (x; y; z) 2 R3:

f (x; y; z) = f ((x; 0; 0) + (0; y; 0) + (0; 0; z))

= f (x (1; 0; 0) + y (0; 1; 0) + z (0; 0; 1))

= xf (1; 0; 0) + yf (0; 1; 0) + zf (0; 0; 1)

We calculate the coordinates of the vectors (1; 0; 0) ; (0; 1; 0) and (0; 0; 1) in the basis B:

(1; 0; 0) = �u+ �v + 
w ,

8<:
�+ 3� = 1
2� = 0
4�+ � + 2
 = 0

,

8<:
� = 1��

3
= 1

3

� = 0


 = �4���
2

= �1
6
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(0; 1; 0) = �u+ �v + 
w ,

8<:
�+ 3� = 0
2� = 1
4�+ � + 2
 = 0

,

8<:
� = ��

3
= �1

6

� = 1
2


 = �4���
2

= �11
12

(1; 0; 0) = �u+ �v + 
w ,

8<:
�+ 3� = 0
2� = 0
4�+ � + 2
 = 1

,

8<:
� = ��

3
= 0

� = 0


 = 1�4���
2

= 1
2

Then,

f (x; y; z) = xf (1; 0; 0) + yf (0; 1; 0) + zf (0; 0; 1)

= x
�
1
3
f (v)� 1

6
f (w)

�
+ y

�
1
2
f (u)� 1

6
f (v)� 11

12
f (w)

�
+ z

�
1
2
f (w)

�
=
�
1
2
y
�
f (u) +

�
1
3
x� 1

6
y
�
f (v)�

�
1
6
x+ 11

12
y � 1

2
z
�
f (w)

= 1
2
y

0@ 3
�2
1

1A+ �1
3
x� 1

6
y
�0@ 1

4
2

1A� �1
6
x+ 11

12
y � 1

2
z
�0@ 0
�3
5

1A
=
�
x+4y
3
; 22x+13y�18z

12
; �2x�53y+30z

12

�
Exercice 2.6

Let E = Rn [X] the vector space of polynomials of degree less than or equal to n and

f : E ! E de�ned by :

f (P ) = P + (1�X)P 0

1. Show that f is a linear application 2. Give a basis of ker f 3. Give a basis of Im f:

Solution

1. Show that f is a linear application

Let P;Q 2 Rn [X] ; and � 2 | = R; we have

(i).
f (P +Q) = (P +Q) + (1�X) (P +Q)

0

= (P +Q) + (1�X)
�
P

0
+Q

0�
=
�
P + (1�X)P 0�

+
�
Q+ (1�X)Q0�

= f (P ) + f (Q) :

(ii).

f (�P ) = (�P ) + (1�X) (�P )
0
= �

�
P + (1�X)P 0�

= �f (P ) ;
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from (i) and (ii), we deduce that f is a linear application.

2. give a basis of ker f

ker (f) = f�1
��
0Rn[X]

	�
=
�
P 2 Rn [X] =f (P ) = 0Rn[X]

	
:

We solve the equation f (P ) = 0Rn[X]:

f (P ) = 0Rn[X] , P + (1�X)P 0
= 0,

�
nP
i=0

aiX
i

�
+ (1�X)

�
nP
i=1

iaiX
i�1
�
= 0

,
�

nP
i=0

aiX
i

�
+

�
nP
i=1

iaiX
i�1
�
�
�

nP
i=1

iaiX
i

�
= 0

,
nP
i=0

aiX
i +

n�1P
i=0

(i+ 1) ai+1X
i �

nP
i=1

iaiX
i = 0

, (a0 + a1) +

�
n�1P
i=1

((1� i) ai + (i+ 1) ai+1)X i

�
+ an (1� n)Xn = 0

,

8>>>><>>>>:
a0 + a1 = 0

(i+ 1) ai+1 + (1� i) ai = 0; i 2 f1; :::; n� 1g

an = 0

,

8<:
a0 = �a1

ai+1 =
i�1
i+1
ai; i � 1

,

8<:
a0 = �a1

a2 = ::: = an = 0

Then,

P (X) =
nP
i=0

aiX
i = a0 (1�X) :

ker f = Span (Q = 1�X) :
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3. give a basis of Im f:

Im (f) =

�
f (P ) =P =

nP
i=0

aiX
i 2 Rn [X]

�

=

�
P + (1�X)P 0

=P =
nP
i=0

aiX
i 2 Rn [X]

�

=

�
(a0 + a1) +

�
n�1P
i=1

((1� i) ai + (i+ 1) ai+1)X i

�
+ (an (1� n)Xn) =ai 2 R

�
= fa0 + a1 + 2a2X + :::+ ((2� n) an�1 + (n) an)Xn�1 + (an (1� n)Xn) =ai 2 Rg

=

8><>:(a0 + a1)� 1|{z}
P0

+ a2
�
2X �X2

�| {z }
P1

+ :::+ an
�
nXn�1 + (1� n)Xn

�| {z }
Pn�1

=ai 2 R

9>=>;
then,

Im f = Span (P0 = 1; P1 = 2X �X2; P2 = 3X
2 � 2X3; :::; Pn = nX

n�1 + (1� n)Xn) :

2.6 Terminology translation

English Frensh
Linear application Application linéaire
Kernel Noyau
Rank theorem Théorème du rang
Inverse image Image réciproque
Direct image Image directe



Chapitre 3

Matrices

3.1 De�nitions

De�nition 3.1

Let n;m be two strictly positive integers. A matrix n �m with coe¢ cients in | is an array

of elements of | with n rows and m columns, which we denote by

A = (aij) 1�i�n
1�j�m

=

0BBBBBB@
a11 a12 : : : a1m
a21 a22 : : : a2m
: : : :
: : : :
: : : :
an1 an2 : : : anm

1CCCCCCA
- The terms aij are called the coe¢ cients of the matrix A.

- The matrix A is said of type (n;m):

- The set of matrices with n rows andm columns with coe¢ cients in | is denoted byMn;m(|).

Example 3.1

Let

A =

0@ 1 2 0 1
1 �1 1 0
2 3 1 5

1A
A is a 3-row, 4-column matrix with coe¢ cients in R; so A 2M3;4 (R)

The element a32 is in the third row and second column, so a32 = 3:

De�nition 3.2

Let A = (aij) 1�i�n
1�j�m

be a matrix of Mn;m(|):
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- If n = m, the matrix A = (aij)1�i;j�n is called a square matrix. The set of square matrices

of order n is denoted by Mn(|):

A = (aij)1�i;j�n =

0BBBBBB@
a11 a12 : : : a1n
a21 a22 : : : a2n
: : : :
: : : :
: : : :
an1 an2 : : : ann

1CCCCCCA
- If n = 1, the matrix A is called a row matrix.

A =
�
a11 a12 : : : a1m

�
- If m = 1, the matrix A is called a column matrix.

A =

0BBBBBB@
a11
a21
:
:
:
an1

1CCCCCCA
De�nition 3.3

A matrix A = (aij) 1�i�n
1�j�m

; whose all the elements are zero is called a zero matrix.

A =

0BBBBBB@
0 0 : : : 0
0 0 : : : 0
: : : :
: : : :
: : : :
0 0 : : : 0

1CCCCCCA = (0) :

De�nition 3.4

Let A = (aij)1�i;j�n be a square matrix. The elements aii are called the diagonal coe¢ cients

of A.

De�nition 3.5

A matrix is said to be diagonal when it is square and its non-diagonal coe¢ cients are zero.

It is of the form :

D =

0BBBBBB@
a11 0 : : : 0
0 a22 0 : : 0
: : : :
: : : :
: : : 0
0 0 : : 0 ann

1CCCCCCA
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De�nition 3.6

A matrix A is said to be upper triangular (respectively : lower) when it is square and its

non-diagonal coe¢ cients below (respectively : above) the diagonal are zero.

Upper triangular matrix : aii = 0 for all i > j

A =

0BBBBBB@
a11 a12 : : : a1n
0 a22 a23 : : a2n
0 0 a33 : : a3n
: : : :
: : : :
0 0 : : 0 ann

1CCCCCCA
Lower triangular matrix : aii = 0 for all i < j

A =

0BBBBBB@
a11 0 : : : 0
a21 a22 0 : : 0
a31 a32 a33 0 : 0
: : : :
: : : 0
an1 an2 : : : ann

1CCCCCCA
De�nition 3.7

The identity matrix of size n is an n� n matrix with ones on the main diagonal and zeroes

elsewhere. We denote it by In :

In =

0BBBBBB@
1 0 : : : 0
0 1 0 : : 0
0 0 1 0 : 0
: : : :
: : : 0
0 0 : : 0 1

1CCCCCCA
3.2 Matrix associated with a linear application

In this section, E and F are �nite dimensional vector spaces over a �eld |, with dimensions

m and n respectively. Let BE = (u1; u2; :::; um) and BF = (v1; v2; :::; vn) bases of E and F

respectively.

De�nition 3.8

Let f be a linear application from E to F: The matrix of f in the bases BE and BF denoted

MBE ;BF (f) is the the matrix of the type (n;m) with coe¢ cients in |, whose elements of the
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j�th column are the coordinates of the vector f(uj) in the basis BF .

MBE ;BF (f) = (aij) 1�i�n
1�j�m

;

with

f (uj) =
nP
i=1

aij � vi:

Example 3.2

Let f be a linear application of R2 in R3 de�ned by

8 (x; y) 2 R2; f (x; y) = (x+ y; 2x� 3y; x+ 2y)

We consider the canonical bases of R2 and R3:

B0 = fe1 = (1; 0) ; e2 = (0; 1)g

B1 =
�
e
0
1 = (1; 0; 0) ; e

0
2 = (0; 1; 0) ; e

0
3 = (0; 0; 1)

	
:

We have,

f (e1) = f (1; 0) = (1; 2; 1) = e
0
1 + 2e

0
2 + e

0
3;

so, the elements of the �rst column are 1; 2 and 1. Then

C1 =

0@ 1
2
1

1A
f (e2) = f (0; 1) = (1;�3; 2) = e

0
1 � 3e

0
2 + 2e

0
3;

so, the elements of thesecond column are 1;�3 and 2. Then

C2 =

0@ 1
�3
2

1A
Then, the matrix associated with the application f in the bases B0 and B1 is

MB0;B1(f) =

0@ 1 1
2 �3
1 2

1A :
Example 3.3

Let f : R2 ! R2 be a linear application de�ned by

8 (x; y) 2 R2; f (x; y) = (x+ 3y; 2x� 5y)
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Determine the matrix associated with f in the basics B = fu1 = (1; 2) ; u2 = (3;�1)g :

We have,
f (u1) = �u1 + �u2 = , (7;�8) = (�+ 3�; 2�� �)

,
�

�+ 3� = 7
2�� � = �8

,
�
� = �17

7

� = 22
7

so, the elements of the �rst column are �17
7
and 22

7
. Then

C1 =

0@ �17
7

22
7

1A ;
and

f (u2) = �u1 + �u2 , (0; 11) = (�+ 3�; 2�� �)

,
�
�+ 3� = 0
2�� � = 11

,
�

� = 33
7

� = �11
7

so, the elements of the second column are 33
7
and �11

7
. Then

C2 =

0@ 33
7

�11
7

1A
Then, the matrix associated with the application f in the basis B

MB(f) =

0@ �17
7

33
7

22
7

�11
7

1A :
Proposition 3.1

Let f 2 L| (E;F ) and A = MBE ;BF (f): If u =
mP
i=1

�i � ui and f (u) =
nP
i=1

�i � vi; then we

have :

Y = AX; with X =

0BBBB@
�1
�2
:
:
�m

1CCCCA and Y =

0BBBB@
�1
�2
:
:
�n

1CCCCA
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Example 3.4

Let f : R2 ! R2 be the linear application whose matrix in the canonical basis is

A =MB (f) =

�
1 �3
5 �4

�
; with B = fe1 = (1; 0) ; e2 = (0; 1)g :

So, for all real numbers x and y, we have :�
1 �3
5 �4

��
x
y

�
=

�
x� 3y
5x� 4y

�
;

then,

f (x; y) = (x� 3y; 5x� 4y) :

Proposition 3.2

Let f; g 2 L| (E;F ) : We have

MBE ;BF (f + g) =MBE ;BF (f) +MBE ;BF (g)

MBE ;BF (�f) = ��MBE ;BF (f); where � 2 |:

Proposition 3.3

Let G be a �nite dimensional vector space over a �eld |, with dimension p. Let BG =

(w1; w2; :::; wp) base of G: let f 2 L| (E;F ) and g 2 L| (F;G) :

We have

MBE ;BG(g � f) =MBF ;BG(g)�MBE ;BF (f):

3.3 Equality of two matrices

De�nition 3.9

Let A = (aij) 1�i�n
1�j�m

and B = (bij) 1�i�n
1�j�m

, be two matrices of Mn;m(|). We say that A = B if

all the elements of A are equal to the corresponding elements of B.

A = B , aij = bij; for all i 2 f1; :::; ng ; j 2 f1; :::;mg :

Example 3.5

Let

A =

�
2 x

y + 1 3

�
and B =

�
x� y 1
x� 1 3

�
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Let us determine x and y so that the two matrices are equal.

A = B ,

8<:
x� y = 2
x = 1
y + 1 = x� 1

,

8<:
x = 1

y = �1
:

3.4 Transpose of a matrix

De�nition 3.10

Let A = (aij) 1�i�n
1�j�m

be a matrix ofMn;m(|). We call the transpose of A the matrix (aji)1�j�m
1�i�n

of Mm;n(|) and we denote tA:

A = B , aij = bij; for all i 2 f1; :::; ng ; j 2 f1; :::;mg :

Example 3.6

Let

A =

0@ 1 5
2 0
�3 4

1A
Then, the transpose of A is the matrix de�ned by

tA =

�
1 2 �3
5 0 4

�
:

Property 3.1

Let A and B be two matrices of Mn;m(|). Let � 2 |: Then, we have :

t (tA) = A; t (�A) = � (tA) ; t(A+B) =t A+t B .

Property 3.2

Let A be a matrix of Mn;m(|) and B a matrix of Mm;p(|). Then, we have :

t (A�B) = (tB)� (tA) :

3.5 Trace of matrix

De�nition 3.11

The sum of the diagonal elements of a square matrix A is called the trace of A, denoted by

Tr(A).
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Example 3.7

Let

A =

0@ 1 2 3
0 �4 5
1 �1 7

1A ;
its trace is

Tr (A) =
3P
i=1

aii = a11 + a22 + a33 = (1) + (�4) + (7) = 4:

Theorem 3.1

Let A and B be two matrices of order n, then

1. Tr(A+B) = Tr(A) + Tr(B).

2. 8� 2 |, Tr(�A) = �Tr(A).

3. Tr(tA) = Tr(A).

4. Tr(AB) = Tr(BA).

3.6 Operations on matrices

3.6.1 Multiplication par un scalaire

Let A = (aij) 1�i�n
1�j�m

, be a matrix of Mn;m(|) and � 2 |. The product of A by � is the matrix

�A of Mn;m(|) de�ned by :
�A = (�� aij) 1�i�n

1�j�m
:

Example 3.8

Let

A =

�
1 2 3
0 �4 5

�
;

then,

2A =

�
2 4 6
0 �8 10

�
; � 3A =

�
�3 �6 �9
0 12 �15

�
:
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3.6.2 Sum of two matrices

Let A = (aij) 1�i�n
1�j�m

and B = (bij) 1�i�n
1�j�m

, be two matrices of Mn;m(|). The sum of matrices A

and B is matrix A+B of Mn;m(|) de�ned by :

A+B = C = (cij) 1�i�n
1�j�m

; with cij = aij + bij:

Example 3.9

Let

A =

0@ 1 2
0 �4
1 �1

1A ; B =

0@ 3 1
2 5
1 �4

1A ;
then,

A+B =

0@ 4 3
2 1
2 �5

1A ; and 2A� 3B =

0@ 2 4
0 �8
2 �2

1A+
0@ �9 �3
�6 �15
�3 12

1A =

0@ �7 1
�6 �23
�1 10

1A :
Property 3.3

Let A;B and C be three matrices of the same dimension, and �; � two scalars.

1. A+B = B + A, which characterizes the commutativity of matrix addition.

2. A+ (B + C) = (A+B) + C, which characterizes the associativity of matrix addition.

3. �(A+B) = �A+ �B:

4. (�+ �)A = �A+ �A:

5. �(�A) = (��)A:

3.6.3 Product of two matrices

Let A = (aij) 1�i�n
1�j�m

, be a matrix of Mn;m(|) and B = (bij)1�i�m
1�j�p

, be a matrix of Mm;p(|).

The product of matrices A and B is the matrix AB of Mn;p(|) de�ned by

A�B = (cij)1�i�n
1�j�p

;

with,

cij =
mP
k=1

aikbkj:
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Example 3.10

Let

A =

0@ 1 2
0 �4
1 �1

1A ; B =

�
3 1
2 5

�
;

then,

A�B = (cij)1�i�3
1�j�2

; with cij =
2P
k=1

aikbkj:

c11 =
2P
k=1

a1kbk1 = 1� 3 + 2� 2 = 7; c12 =
2P
k=1

a1kbk2 = 11;

c21 =
2P
k=1

a2kbk1 = �8; c22 =
2P
k=1

a2kbk2 = �20;

c31 =
2P
k=1

a3kbk1 = 1; c32 =
2P
k=1

a3kbk2 = �4;

so,

AB =

0@ 7 11
�8 �20
1 �4

1A :
Remark

The product of matrices is not commutative.

Example 3.11

Let

A =

�
2 3
�1 5

�
and B =

�
1 0
2 1

�
;

then we have :

AB =

�
8 3
9 5

�
and BA =

�
2 3
3 11

�
:

We can clearly see that the matrix product is not commutative. AB 6= BA.

Property 3.4

Let A;B; and C be three matrices. If the indicated operations exist, then we will assume the

following equalities :

1. A(B + C) = (AB) + (AC)

2. (A+B)C = (AC) + (BC)

3. A(BC) = (AB)C:



3.7 Inversion of a matrix 58

De�nition 3.12

Let A = (aij)1�i;j�n be a square matrix of order n and k a non-zero natural number. We

de�ne the k-th power of A as follows :

Ak = A� A� A� :::� A| {z }
k times

A0 = In

Example 3.12

Let

A =

�
2 3
�1 5

�
;

then we have :

A2 =

�
2 3
�1 5

��
2 3
�1 5

�
=

�
1 21
�7 22

�

A3 = A2 � A =
�

1 21
�7 22

��
2 3
�1 5

�
=

�
�19 108
�36 89

�
:

3.7 Inversion of a matrix

De�nition 3.13

Let A = (aij)1�i;j�n, be a matrix ofMn(|):We say that A is invertible if there exists a matrix

B of Mn(|) such that AB = BA = In. We denote A�1 = B.

Example 3.13

Let

A =

�
4 7
1 2

�
and B =

�
2 �7
�1 4

�
:

We have,

A�B =
�
1 0
0 1

�
and B � A =

�
1 0
0 1

�
;

therefore, the matrix A is inverse invertible and A�1 = B:

Property 3.5

Let A be an invertible square matrix. Then,

(tA)
�1
=t (A�1) and (A�1)

�1
= A:
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Proposition 3.1

Let A and B be two invertible square matrices of the same dimension. Then,

(AB)�1 = B�1A�1:

Proof

It su¢ ces to show that (B�1A�1) (AB) = (AB) (B�1A�1) = In. We have :

(B�1A�1) (AB) = B�1 (A�1A)B = B�1InB = B
�1BIn;

and

(AB) (B�1A�1) = A (BB�1)A�1 = AInA
�1 = AA�1 = In:

Proposition 3.2

Let A be a square matrix of order two de�ned by

A =

�
a b
c d

�
with ad� cb 6= 0:

Then, A is invertible and

A�1 =

�
d

ad�cb � b
ad�cb

� c
ad�cb

a
ad�cb

�
Proof

We verify that AA�1 = A�1A = I2.

Example 3.14

Let

A =

�
3 7
1 2

�
;

the inverse of A is de�ned by

A�1 =

�
2

3�2�1�7 � 7
3�2�1�7

� 1
3�2�1�7

3
3�2�1�7

�
=

�
�2 7
1 �3

�
:

3.7.1 Gauss�s method for inverting a matrix

Let A = (aij)1�i;j�n be a matrix of Mn (|) : This method consists of performing elementary

operations on the rows of the matrix A until it is transformed into the identity matrix In.
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These elementary operations on the rows of the matrix A are :

Ri  �Ri , � 6= 0

Ri  Ri + �Rj , � 2 | and j 6= i

So to apply this method, next to matrix A, we add the identity matrix to form the following

table :

(AjIn) :

0BBBB@
a11 a12 : : a1n
a21 a22 : : :
: : :
: : :
an1 : : ann

j
j
j
j
j

1 0 : : 0
0 1 : : :
: : :
: : :
0 0 : : 1

1CCCCA
On the rows of this matrix (called augmented matrix), we carry out elementary operations

until we obtain the table

(InjB) :

0BBBB@
1 0 : : 0
0 1 : : :
: : :
: : :
0 0 : : 1

j
j
j
j
j

b11 b12 : : b1n
b21 b22 : : :
: : :
: : :
bn1 : : bnn

1CCCCA
Then, A�1 = B:

Exemple 3.15

Let

A =

0@ 1 2 1
3 1 2
2 1 1

1A
Here is the augmented matrix

(AjI2) :

0@ 1 2 1
3 1 2
2 1 1

j
j
j

1 0 0
0 1 0
0 0 1

1A R1
R2
R3

By the following elementary operations R2  R2 � 3R1 and R3  R3 � 2R1, we �nd the

following new augmented matrix

�
A(1)jB(1)

�
:

0@ 1 2 1
0 �5 �1
0 �3 �1

j
j
j

1 0 0
�3 1 0
�2 0 1

1A R
(1)
1

R
(1)
2

R
(1)
3
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We multiply the row R(1)2 by
�
�1
5

�
; (R(1)2  

�
�1
5

�
R
(1)
2 ), we �nd

�
A(2)jB(2)

�
:

0BBBB@
1 2 1

0 1 1
5

0 �3 �1

j
j
j
j
j

1 0 0

3
5

�1
5

0

�2 0 1

1CCCCA
R
(2)
1

R
(2)
2

R
(2)
3

By the following elementary operation R(2)1  R
(2)
1 � 2R

(2)
2 ; R

(2)
3  R

(2)
3 + 3R

(2)
2 , we �nd

�
A(3)jB(3)

�
:

0BBBB@
1 0 3

5

0 1 1
5

0 0 �2
5

j
j
j
j
j

�1
5

2
5

0

3
5

�1
5

0

�1
5

�3
5

1

1CCCCA
R
(3)
1

R
(3)
2

R
(3)
3

We multiply the row R(3)3 by
�
�5
2

�
(R(3)3  �5

2
R
(3)
3 ), we �nd

�
A(4)jB(4)

�
:

0BBBB@
1 0 3

5

0 1 1
5

0 0 1

j
j
j
j
j

�1
5

2
5

0

3
5

�1
5

0

1
2

3
2

�5
2

1CCCCA
R
(4)
1

R
(4)
2

R
(4)
3

By the following elementary operations R(4)2  R
(4)
2 � 1

5
R
(4)
3 and R(4)1  R

(4)
1 � 3

5
R
(4)
3 , we �nd

�
A(5)jB(5)

�
:

0BBBB@
1 0 0

0 1 0

0 0 1

j
j
j
j
j

�1
2

�1
2

3
2

1
2

�1
2

1
2

1
2

3
2

�5
2

1CCCCA
R
(5)
1

R
(5)
2

R
(5)
3

Therefore,

A�1 =

0BBBB@
�1
2

�1
2

3
2

1
2

�1
2

1
2

1
2

3
2

�5
2

1CCCCA :

3.8 Determinant

3.8.1 Determinant of a square matrix of order 2

Defenition 3.14

Let A = (aij)1�i;j�2 be a matrix of M2(|).
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We call the determinant of A the number denoted detA or jAj

detA =

���� a11 a12
a21 a22

���� = a11 � a22 � a21 � a12
Example 3.16

Let

A =

�
3 �2
1 4

�
we have,

detA =

���� 3 �21 4

���� = (3)� (4)� (1)� (�2) = 16:
3.8.2 Determinant of a square matrix of order n

De�nition 3.15

Let A = (aij)1�i;j�n be a matrix of Mn(|).

We de�ne the determinant of A as follows :

detA =
nP
j=1

(�1)i+j � aij � det (Aij) ;

where Aij is the matrix obtained by removing the i-th row and the j-th column. Its determi-

nant det (Aij) is called the minor of aij in A and the number (�1)i+j det (Aij) is called the

cofactor of aij in A.

Remark

To calculate detA. We can expand along the j-th column

detA =
nP
i=1

(�1)i+j � aij � det (Aij) ;

Example 3.17

Let

A =

0@ 1 2 4
3 �5 7
6 1 2

1A
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We can expand along the rows or columns. Let�s expand along the �rst row, we have,

detA =

������
1 2 4
3 �5 7
6 1 2

������ =
3P
j=1

(�1)1+j � a1j � det (A1j)

= (1)�
���� �5 7
1 2

����� (2)� ���� 3 7
6 2

����+ (4)� ���� 3 �56 1

����
= (�17)� 2 (�36) + 4 (33) = 187:

We can check the result if we expand along the 2nd row or the 3rd row.

Let�s expand along the 3rd column :

detA =

������
1 2 4
3 �5 7
6 1 2

������ =
3P
i=1

(�1)i+3 � ai3 � det (Ai3)

= (4)�
���� 3 �56 1

����� (7)� ���� 1 2
6 1

����+ (2)� ���� 1 2
3 �5

����
= 4 (33)� 7 (�11) + 2 (�11) = 187:

3.8.3 The properties of determinants

Property 3.6

Let A and B be two square matrices of order n. Then, we have :

1. det(AB) = detA detB

2. detA = det(tA)

3. detA1 = 1
detA

; In the case where A is invertible.

Property 3.7

The determinant of a matrix is zero if and only if the row vectors or column vectors are

linked.

Property 3.8

If two rows or two columns of a determinant are swapped, the determinant changes sign while

keeping the same absolute value.

Property 3.9

If we multiply a row (or column) of a matrix by a real number �, the determinant of the new

matrix is multiplied by �:
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Property 3.10

If we add a multiple of a row (or column) to a row (or column), the determinant does not

change.

Theorem 3.2

A square matrix A is invertible if and only if detA 6= 0.

Proposition 3.3

Let A be a square matrix of order n. We say that A is invertible if detA 6= 0. And furthermore,

we have :

A�1 = 1
detA

t
C

where C is the cofactor matrix. C = (cij)1�i;j�n; with cij = (�1)i+j jAijj :

Example 3.18

Let

A =

0@ 1 1 1
2 3 �5
1 2 �1

1A
We have,

detA =

������
1 1 1
2 3 �5
1 2 �1

������ ; R2  R2 �R1; R3  R3 �R1

=

������
1 0 0
2 1 �7
1 1 �2

������
=

���� 1 �71 �2

���� = 5 6= 0;
so, the matrix A is invertible. and we have :

A�1 = 1
detA

t
C:

We calculate the cofactors

c11 =

���� 3 �52 �1

���� = 7 c12 = �
���� 2 �51 �1

���� = �3 c13 =

���� 2 3
1 2

���� = 1
c21 = �

���� 1 1
2 �1

���� = 3 c22 =

���� 1 1
1 �1

���� = �2 c23 = �
���� 1 1
1 2

���� = �1
c31 =

���� 1 1
3 �5

���� = �8 c32 = �
���� 1 1
2 �5

���� = 7 c33 =

���� 1 1
2 3

���� = 1
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Then, the matrix C is

C =

0@ 7 �3 1
3 �2 �1
�8 7 1

1A ;
therefore,

A�1 = 1
5

0@ 7 3 �8
�3 �2 7
1 �1 1

1A =

0@ 7
5

3
5
�8
5

�3
5
�2
5

7
5

1
5
�1
5

1
5

1A :
3.9 Transition matrix

De�nition 3.16

Let E be a vector-space of dimension n, and B = fu1; u2; u3;:::; ung and B
0
= fv1; v2; :::; vng

two bases of E.

Each vector in the second basis has coordinates in the �rst, let pij denote the i-th coordinate

of vj in the basis B :

vj = p1ju1 + p2ju2 + :::+ pnjun:

The square matrix P with coe¢ cients pij is called the transition matrix from B to B
0
: We

denote it P =MB0 ;B(IdE):

Example 3.19

Let B = fu1 = (1; 1; 1) ; u2 = (1; 0; 2) ; u3 = (�1; 3; 0)g

and B
0
= fv1 = (2; 0; 0) ; v2 = (1;�1; 1) ; v3 = (1; 3; 0)g two bases of R3:

We calculate the coordinates of ui in the base B
0
:

u1 = �v1 + �v2 + 
v3 , (2�+ � + 
;�� + 3
; �) = (1; 1; 1)

,

8<:
2�+ � + 
 = 1
�� + 3
 = 1

� = 1

,

8<:
� = �1

3


 = 2
3

� = 1
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u2 = �v1 + �v2 + 
v3 , (2�+ � + 
;�� + 3
; �) = (1; 0; 2)

,

8<:
2�+ � + 
 = 1
�� + 3
 = 0

� = 2

,

8<:
� = �1

6


 = 2
3

� = 2

u3 = �v1 + �v2 + 
v3 , (2�+ � + 
;�� + 3
; �) = (�1; 3; 0)

,

8<:
2�+ � + 
 = �1
�� + 3
 = 3

� = 0

,

8<:
� = �1

 = 1
� = 0

So,
u1 =

�
�1
3

�
� v1 + (1)� v2 +

�
2
3

�
� v3

u2 =
�
�1
6

�
� v1 + (2)� v2 +

�
2
3

�
� v3

u3 = (�1)� v1 + (0)� v2 + (1)� v3
Then, the transition matrix from B

0
to B is

P =MB;B0 (IdE) =

0@ �1
3
�1
6
�1

1 2 0
2
3

2
3

1

1A :
We can also �nd that 8<:

v1 = 12u1 � 6u2 � 4u3
v2 = �3u1 + 2u2 + 2

3
u3

v3 = 12u1 � 6u2 � 3u3
Then, the transition matrix from B to B

0
is

Q =MB0 ;B(IdE) =

0@ 12 �3 12
�6 2 �6
�4 2

3
�3

1A :
We can verify that Q = P�1:

Proposition 3.4

The transition matrix P = MB0 ;B(IdE) is invertible and its inverse is the transition matrix

P�1 =MB0 ;B(IdE).

Let u 2 E of coordinates (�1; �2; :::; �n) in the basis B and of coordinates (�1; �2; :::; �n) in
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the basis B
0
.

We note X =

0BBBB@
�1
�2
:
:
�n

1CCCCA and Y =

0BBBB@
�1
�2
:
:
�n

1CCCCA ; then we have Y = P�1X:

3.10 Change of base formula for a linear application

Let f 2 L(E;F ), and let BE = fu1; u2; :::; ung and B
0
E =

�
u
0
1; u

0
2; :::; u

0
n

	
two bases of E,

and BF = fv1; v2; :::; vng and B
0
F =

�
v
0
1; v

0
2; :::; v

0
n

	
two bases of F . We note A = MBE ;BF (f),

B =MB
0
E ;B

0
F
(f), P =MB

0
E ;BE

(IdE) and Q =MBF ;B
0
F
(IdF ). Then, we have B = Q�1AP .�

E;B
0
E

� f!
B

�
F;B

0
F

�
IdE # P Q�1 " IdF
(E;BE)

f!
A

(E;BE)

If E = F; we have

B = P�1AP:

De�nition 3.17

Two matrices A and B are called similar, if there is an invertible matrix P such that A =

P�1BP .

Example 3.20

Let f : R3 ! R2 be a linear application de�ned by

8 (x; y; z) 2 R3; f (x; y; z) = (x+ y � z; 2x� y + 3z)

let B1 = fu1 = (1; 1; 1) ; u2 = (1; 2; 0) ; u3 = (1; 0; 0)g

and B
0
1 =

�
u
0
1 = (1;�1; 0) ; u

0
2 = (0; 1; 0) ; u

0
3 = (2; 1;�1)

	
two bases of R3,

and B2 = fv1 = (1; 1) ; v2 = (2;�1)g and B
0
2 =

�
v
0
1 = (0; 1) ; v

0
2 = (3; 1)

	
two bases of R2:

We have :

f (u1) = av1 + bv2 , (1; 4) = (a+ 2b; a� b), (a; b) = (3;�1) ;

and

f (u2) = av1 + bv2 , (3; 0) = (a+ 2b; a� b), (a; b) = (1; 1) ;
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and

f (u3) = av1 + bv2 , (1; 2) = (a+ 2b; a� b), (a; b) =
�
5
3
;�1

3

�
;

Then, the matrix associated with the application f in the basis B1 and B2 is

A =MB1;B2(f) =

�
3 1 5

3

�1 1 �1
3

�
We calculate the transition matrix P from B1 to B

0
1

u
0
1 = �u1 + �u2 + 
u3 , (1;�1; 0) = (�+ � + 
; �+ 2�; �)

,

8<:
�+ � + 
 = 1
�+ 2� = �1
� = 0

,

8<:

 = 3

2

� = �1
2

� = 0

and
u
0
2 = �u1 + �u2 + 
u3 , (0; 1; 0) = (�+ � + 
; �+ 2�; �)

,

8<:
�+ � + 
 = 0
�+ 2� = 1
� = 0

,

8<:

 = �1

2

� = 1
2

� = 0

and
u
0
3 = �u1 + �u2 + 
u3 , (2; 1;�1) = (�+ � + 
; �+ 2�; �)

,

8<:
�+ � + 
 = 2
�+ 2� = 1
� = �1

,

8<:

 = 2
� = 1
� = �1

then, the matrix P is de�ned as

P =MB
0
1;B1
(Id) =

0@ 0 0 �1
�1
2

1
2

1
3
2
�1
2

2

1A
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With the same method, we �nd the transition matrix Q�1 from B
0
2 to B2

Q�1 =MB2;B
0
2
(Id) =

�
2
3
�5
3

1
3

2
3

�
We apply the base change formula, we �nd

B =MB
0
1;B

0
2
(f) = Q�1AP =

�
2
3
�5
3

1
3

2
3

��
3 1 5

3

�1 1 �1
3

�0@ 0 0 �1
�1
2

1
2

1
3
2
�1
2

2

1A
=

�
2
3
�5
3

1
3

2
3

��
2 �1

3
4
3

�1 2
3

4
3

�

=

�
3 �4

3
�4
3

0 1
3

4
3

�
:

3.11 Rank of a matrix

De�nition 3.18

The rank of a matrix A is the dimension of the vector subspace generated (spanned) by its

columns or its rows.

Example 3.21

Let A be a matrix de�ned by :

A =

�
3 1 1
1 �1 2

�
:

By de�nition, we have

rk (A) = dim (Span (R1 = (3; 1; 1) ; R2 = (1;�1; 2)))
or

rk (A) = dim (Span (C1 = (3; 1) ; C2 = (1;�1) ; C3 = (1; 2)))

The vectors R1 = (3; 1; 1) ; R2 = (1;�1; 2) are linearly independent, then the rank of A is 2:

Proposition 3.5

The rank of a matrix with columns C1; C2; :::; Cn is not modi�ed by the following three

elementary operations on vectors :

1. A column can be multiplied by a non-zero scalar. Ci  �Ci with � 6= 0:

2. A multiple of another column Cj can be added to column Ci. Cj  Cj + �Ci with � 2 |

and i 6= j:

3. Two columns can be exchanged. Ci $ Cj:



3.12 Exercises 70

3.12 Exercises

Exercise 3.1

Determine the representative matrices of linear applications relative to canonical bases

1: f : R3 ! R2

(x; y; z) 7�! (x+ y � 2z; x� y + 3z)

2: f : R2 ! R3

(x; y) 7�! (2x+ 3y; x� y; x+ 4y)

3: f : R3 ! R3

(x; y; z) 7�! (x+ z; x� 2z; x+ y + z)

4: f : R2 ! R2

(x; y) 7�! (2x+ y; x+ 3y)

Solution

LetB = fe1 = (1; 0) ; e2 = (0; 1)g be the basis ofR2 andB
0
=
�
e
0
1 = (1; 0; 0) ; e

0
2 = (0; 1; 0) ; e

0
3 = (0; 0; 1)

	
be the basis of R3:

1. f : R3 ! R2; f (x; y; z) = (x+ y � 2z; x� y + 3z)

We have,

f
�
e
0
1

�
= (1; 1) = e1 + e2;

so, the elements of the �rst column are 1 and 1. Then

C1 =

0@ 1

1

1A
f
�
e
0
2

�
= (1;�1) = e1 � e2;

so, the elements of the second column are 1 and �1. Then

C2 =

0@ 1

�1

1A
f
�
e
0
3

�
= (�2; 3) = �2e1 + 3e2;

so, the elements of the third column are �2 and 3. Then

C3 =

0@ �2
3

1A
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Then, the matrix associated with the application f in the bases B and B
0
is

MB0 ;B(f) =

0@ 1 1

1 �1

�2

3

1A :
2. f : R2 ! R3 , f (x; y) = (2x+ 3y; x� y; x+ 4y)

MB;B0 (f) =

0@ 2
1
1

3
�1
4

1A :
3. f : R3 ! R3 , f (x; y; z) = (x+ z; x� 2z; x+ y + z)

MB;B0 (f) =

0@ 1 0
1 0
1 1

1
�2
1

1A :
4. f : R2 ! R2 , f (x; y) = (2x+ y; x+ 3y)

MB;B0 (f) =

�
2
1

1
3

�
:

Exercise 3.2

Consider the following matrices A;B and C, such that

A =

�
1 2
2 3

�
; B =

�
1 �1
2 3

�
and C =

�
1 4 1
2 3 �2

�
Compute 2A� 3B;A+B; A2 +B2, BC;AB;BA and tCtB.

Solution

1. Compute 2A� 3B

2A� 3B =
�
2 4
4 6

�
+

�
�3 3
�6 �9

�
=

�
�1 7
�2 �3

�
2. Compute A+B

A+B =

�
1 2
2 3

�
+

�
1 �1
2 3

�
=

�
2 1
4 6

�
3. Compute A2 +B2

A2 +B2 =

�
1 2
2 3

��
1 2
2 3

�
+

�
1 �1
2 3

��
1 �1
2 3

�

=

�
5 8
8 11

�
+

�
�1 �4
8 7

�
=

�
4 4
16 18

�
:
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4. Compute BC;AB;BA

BC =

�
1 �1
2 3

��
1 4 1
2 3 �2

�
=

�
�1 1 3
8 17 �4

�

AB =

�
1 2
2 3

��
1 �1
2 3

�
=

�
5 5
8 7

�

BA =

�
1 �1
2 3

��
1 2
2 3

�
=

�
�1 �1
8 13

�
:

5. Compute tCtB

tCtB =t (BC) =

0@ �1 8
1 17
3 �4

1A :
Exercise 3.3

Calculate the determinants of the following matrices :

A =

0@ 1 2 �3
5 7 4
�3 3 6

1A ; B =
0@ 1 1 �1

2 3 5
�4 2 1

1A ; C =
0@ 2 �1 1
6 4 0
3 2 1

1A ;

D =

0BB@
1 2 �1 0
2 3 5 �4
�4 �5 �17 12
4 �1 1 3

1CCA
Solution

1. Calculate the determinants of A

A =

0@ 1 2 �3
5 7 4
�3 3 6

1A
We develop along the �rst row, we obtain :

detA =

������
1 2 �3
5 7 4
�3 3 6

������ =
3P
j=1

(�1)1+j � a1j � det (A1j)

= (1)�
���� 7 4
3 6

����� (2)� ���� 5 4
�3 6

����+ (�3)� ���� 5 7
�3 3

���� = �162:
2. Calculate the determinants of B

B =

0@ 1 1 �1
2 3 5
�4 2 1

1A
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We can do elementary operations to �nd more than zero in a row or column. For example,

for the following operations, C2  C2 � C1 and C3  C3 + C1; we obtain

detB =

������
1 1 �1
2 3 5
�4 2 1

������ =

������
1 0 0
2 1 7
�4 6 �3

������
= (1)�

���� 1 7
6 �3

���� = �45:
3. Calculate the determinants of C

C =

0@ 2 �1 1
6 4 0
3 2 1

1A
By the operation R1  R1 �R2; we get

detC =

������
2 �1 1
6 4 0
3 2 1

������ =

������
�1 �3 0
6 4 0
3 2 1

������
= (1)�

���� �1 �36 4

���� = 14:
3. Calculate the determinants of D

D =

0BB@
1 2 �1 0
2 3 5 �4
�4 �5 �17 12
4 �1 1 3

1CCA
We have, R3 = 2R1 � 3R2; then

detD =

��������
1 2 �1 0
2 3 5 �4
�4 �5 �17 12
4 �1 1 3

�������� = 0:
Exercise 3.4

We consider the matrix

A =

0@ 1 �1 1
2 1 0
1 1 1

1A :
1. Show that A is invertible.

2. Determine A�1 using the cofactors.
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3. Determine A�1 using the Gauss-Jordan method.

Solution

1. Show that A is invertible.

We have :

detA =

������
1 �1 1
2 1 0
1 1 1

������ =
3P
j=1

(�1)1+j � a1j � det (A1j)

= (1)�
���� 1 0
1 1

����� (�1)� ���� 2 0
1 1

����+ (1)� ���� 2 1
1 1

���� = 4 6= 0;
so, A is invertible.

2. Determine A�1 using the cofactors.

we have :

A�1 = 1
detA

t
C:

We calculate the cofactors

c11 =

���� 1 0
1 1

���� = 1 c12 = �
���� 2 0
1 1

���� = �2 c13 =

���� 2 1
1 1

���� = 1
c21 = �

���� �1 1
1 1

���� = 2 c22 =

���� 1 1
1 1

���� = 0 c23 = �
���� 1 �11 1

���� = �2
c31 =

���� �1 1
1 0

���� = �1 c32 = �
���� 1 1
2 0

���� = 2 c33 =

���� 1 �12 1

���� = 3
Then, the matrix C is

C =

0@ 1 �2 1
2 0 �2
�1 2 3

1A ;
therefore,

A�1 = 1
4

0@ 1 2 �1
�2 0 2
1 �2 3

1A =

0@ 1
4

1
2
�1
4

�1
2

0 1
2

1
4
�1
2

3
4

1A :
3. Determine A�1 using the Gauss-Jordan method.

Here is the augmented matrix

(AjI2) :

0@ 1 �1 1
2 1 0
1 1 1

j
j
j

1 0 0
0 1 0
0 0 1

1A R1
R2
R3
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By the following elementary operations R2  R2 � 2R1 and R3  R3 � R1, we �nd the

following new augmented matrix

�
A(1)jB(1)

�
:

0@ 1 �1 1
0 3 �2
0 2 0

j
j
j

1 0 0
�2 1 0
�1 0 1

1A R
(1)
1

R
(1)
2

R
(1)
3

We multiply the row R(1)2 by
�
1
3

�
; (R(1)2  

�
1
3

�
R
(1)
2 ), we �nd

�
A(2)jB(2)

�
:

0@ 1 �1 1
0 1 �2

3

0 2 0

j
j
j

1 0 0
�2
3

1
3
0

�1 0 1

1A R
(2)
1

R
(2)
2

R
(2)
3

By the following elementary operation R(2)1  R
(2)
1 +R

(2)
2 ; R

(2)
3  R

(2)
3 � 2R

(2)
2 , we �nd

�
A(3)jB(3)

�
:

0@ 1 0 1
3

0 1 �2
3

0 0 4
3

j
j
j

1
3

1
3

0
�2
3

1
3

0
1
3
�2
3
1

1A R
(3)
1

R
(3)
2

R
(3)
3

We multiply the row R(3)3 by
�
3
4

�
(R(3)3  3

4
R
(3)
3 ), we �nd

�
A(4)jB(4)

�
:

0@ 1 0 1
3

0 1 �2
3

0 0 1

j
j
j

1
3

1
3

0
�2
3

1
3

0
1
4
�1
2

3
4

1A R
(4)
1

R
(4)
2

R
(4)
3

By the following elementary operations R(4)2  R
(4)
2 + 2

3
R
(4)
3 and R(4)1  R

(4)
1 � 1

3
R
(4)
3 , we �nd

�
A(5)jB(5)

�
:

0@ 1 0 0
0 1 0
0 0 1

j
j
j

1
4

1
2
�1
4

�1
2

0 1
2

1
4
�1
2

3
4

1A R
(5)
1

R
(5)
2

R
(5)
3

Therefore,

A�1 =

0@ 1
4

1
2
�1
4

�1
2

0 1
2

1
4
�1
2

3
4

1A :
Exercise 3.5

Let A be a squar marix of order 2 de�ned by

A =

�
3 1
4 2

�
:

1. Compute A2:

2. Determine � and � such that A2 + �A+ �I2 = 0:
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3. Deduce that A is invertible and determine A�1:

Solution

1. Compute A2:

A2 =

�
3 1
4 2

��
3 1
4 2

�
=

�
13 5
20 8

�

2. Determine � and � such that A2 + �A+ �I2 = 0:

A2 + �A+ �I2 = 0 ,
�
13 5
20 8

�
+ �

�
3 1
4 2

�
+ �

�
1 0
0 1

�
=

�
0 0
0 0

�

,
�
13 + 3�+ � 5 + �
20 + 4� 8 + 2�+ �

�
=

�
0 0
0 0

�

,

8>><>>:
13 + 3�+ � = 0
5 + � = 0
20 + 4� = 0
8 + 2�+ � = 0

,

8>><>>:
� = �5

� = 2

3. Deduce that A is invertible

We have,

detA =

���� 3 1
4 2

���� = 3� 2� 4� 1 = 2 6= 0;
then, A is invertible.

Determine A�1

A2 � 5A+ 2I2 = 0, �1
2
A2 + 5

2
A = I2

, A
�
�1
2
A+ 5

2
I2
�
=
�
�1
2
A+ 5

2
I2
�
A = I2;

then, there exists a matrix B = �1
2
A+ 5

2
I2, such that AB = BA = I2; so A is invertible and

A�1 = �1
2
A+ 5

2
I2 = �1

2

�
3 1
4 2

�
+ 5

2

�
1 0
0 1

�
=

�
1 �1

2

�2 3
2

�
:

Exercise 3.6

Let f be the linear map de�ned by :

f : R3 ! R3

(x; y; z) 7�! (�x+ y + z; x� y + z; x+ y � z)
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1. Write the matrix associated with f relative to the canonical basis B of R3.

2. Consider the family B
0
of vectors of of R3,

B
0
= fu1(1;�1; 0); u2(1; 0;�1); u3(1; 1; 1)g

a- Show that B
0
is a basis of R3.

b- Determine the transition matrix P from B to B
0
and calculate P�1.

c- Write the matrix associated with f in the basis B
0
.

Solution

1. Write the matrix associated with f relative to the canonical basis B of R3.

We consider the canonical bases of R3:

B = fe1 = (1; 0; 0) ; e2 = (0; 1; 0) ; e3 = (0; 0; 1)g :

We have,

f (e1) = (�1; 1; 1) = �e1 + e2 + e3;

so, the elements of the �rst column are �1; 1 and 1. Then

C1 =

0@ �11
1

1A
f (e2) = (1;�1; 1) = e1 � e2 + e3;

so, the elements of the second column are 1;�1 and 1. Then

C2 =

0@ 1
�1
1

1A
f (e3) = (1; 1;�1) = e1 + e2 � e3;

so, the elements of the second column are 1; 1 and �1. Then

C3 =

0@ 1
1
�1

1A
Then, the matrix associated with the application f in the basis B is

MB(f) =

0@ �1 1 1
1 �1 1
1 1 �1

1A :
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2. Consider the family B0
of vectors of of R3,

B
0
= fu1(1;�1; 0); u2(1; 0;�1); u3(1; 1; 1)g

a- Show that B0 is a basis of R3.

det (u1; u2; u3) =

������
1 1 1
�1 0 1
0 �1 1

������ = 3 6= 0;
then, B

0
is a basis of R3:

b- Determine the transition matrix P from B to B0

We have, 8<:
u1(1;�1; 0) = (1)� e1 + (�1)� e2 + (0)� e3
u2(1; 0;�1) = (1)� e1 + (0)� e2 + (�1)� e3
u3(1; 1; 1) = (1)� e1 + (1)� e2 + (1)� e3

then,

P =MB0 ;B(Id) =

0@ 1 1 1
�1 0 1
0 �1 1

1A :
Calculate P�1

8<:
u1 = e1 � e2
u2 = e1 � e3
u3 = e1 + e2 + e3

,

8<:
e1 =

1
3
u1 +

1
3
u2 +

1
3
u3

e2 = �2
3
u1 +

1
3
u2 +

1
3
u3

e3 =
1
3
u1 � 2

3
u2 +

1
3
u3

then,

P�1 =MB;B0 (Id) =

0@ 1
3
�2
3

1
3

1
3

1
3
�2
3

1
3

1
3

1
3

1A :
c- Write the matrix associated with f in the basis B0.

We have,u1(1;�1; 0); u2(1; 0;�1); u3(1; 1; 1)

f (u1) = (1;�1; 0) = (�2; 2; 0) = �2u1;

so, the elements of the �rst column are �2; 2 and 2. Then

C1 =

0@ �20
0

1A
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f (u2) = (�2; 0; 2) = �2u2;

so, the elements of the second column are 0;�2 and 0. Then

C2 =

0@ 0
�2
0

1A
f (u3) = (1; 1; 1) = u3;

so, the elements of the second column are 0; 0 and 1. Then

C3 =

0@ 0
0
1

1A
Then, the matrix associated with the application f in the basis B

0
is

MB0 (f) =

0@ �2 0 0
0 �2 0
0 0 1

1A :
2nd method :

We apply the base change formula, we �nd

MB0 (f) = P
�1 �MB(f)� P =

0@ 1
3
�2
3

1
3

1
3

1
3
�2
3

1
3

1
3

1
3

1A0@ �1 1 1
1 �1 1
1 1 �1

1A0@ 1 1 1
�1 0 1
0 �1 1

1A

=

0@ 1
3
�2
3

1
3

1
3

1
3
�2
3

1
3

1
3

1
3

1A0@ �2 �2 1
2 0 1
0 2 1

1A

=

0@ �2 0 0
0 �2 0
0 0 1

1A :
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3.13 Terminology translation

English Frensh
Matrix Matrice
Column Colomme
Diagonal coe¢ cients Coe¢ cients diagonaux
Lower triangular Triangulaire inférieure
Sum Somme
Transition matrix Matrice de passage
Row Ligne
Square matrix Matrice carrée
Upper triangular Triangulaire supérieure
Identity matrix Matrice identité
Product Produit



Chapitre 4

Solving systems of linear equations

4.1 System of Linear Equations

De�nition 4.1

A linear system of n equations in m variables x1; x2; :::; xm is a list of n linear equations, it

is of the form :

(S) :

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

a11x1 + a12x2 + a13x3 + :::+ a1mxm = b1
a21x1 + a22x2 + a23x3 + :::+ a2mxm = b2
:
:
:
ai1x1 + ai2x2 + ai3x3 + :::+ aimxm = bi
:
:
:
an1x1 + an2x2 + an3x3 + :::+ anmxm = bn

The numbers aij are the coe¢ cients of the system.

We can write (S) in matrix form0BBBBBB@
a11 a12 ::: a1m
a21 a22 ::: a2m
: : :
: : :
: : :
an1 an2 ::: anm

1CCCCCCA
| {z }

A

0BBBBBB@
x1
x2
:
:
:
xm

1CCCCCCA
| {z }

X

=

0BBBBBB@
b1
b2
:
:
:
bn

1CCCCCCA
| {z }

B
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We call A 2Mn;m(|) the coe¢ cient matrix of the system. B 2Mn;1(|) is the right-hand side

vector.

The vector X 2Mm;1(|) is a solution to the system if and only if

AX = B:

Example 4.1

Consider the following three linear systems :

(S1) :

8<:
x+ y + z = 3
2x� y + 5z = 6
x+ 3y � z = 3

; (S2) :

8<:
x+ y + 2z = 1
�3x� 3y + 6z = 2
x� y � z = 4

; (S3) :

8<:
x+ y = 1

2x+ 2y = 3

1. (S1) is a system of three equations with three unknowns x; y and z. The matrix form of

(S1) is :

(S1) :

0@ 1 1 1
2 �1 5
1 3 �1

1A
| {z }

A

0@ x
y
z

1A
| {z }

X

=

0@ 3
6
3

1A
| {z }

B

;

admits an in�nity of solutions of the following form

X 2 f(3� 2t; t; t) ; t 2 Rg

2. (S2) is a system of three equations with three unknowns x; y and z. The matrix form of

(S2) is :

(S2) :

0@ 1 1 2
�3 �3 6
1 �1 �1

1A
| {z }

A

0@ x
y
z

1A
| {z }

X

=

0@ 1
2
4

1A
| {z }

B

;

admits a unique solution

X =
�
5
2
;�3

2
; 0
�
:

3. (S3) is a system of three equations with three unknowns x; y and z. The matrix form of

(S3) is :

(S3) :

�
1 1
2 2

�
| {z }

A

�
x
y

�
| {z }

X

=

�
1
3

�
| {z }

B

;
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does not admit solutions.

De�nition 4.2

The augmented matrix associated with system (S) is de�ned by

(A=B) :

0BBBBBB@
a11 a12 ::: a1m
a21 a22 ::: a2m
: : :
: : :
: : :
an1 an2 ::: anm

b1
b2
:
:
:
bn

1CCCCCCA
4.2 Solving linear systems

4.2.1 Solving Linear Systems Using Gauss method

Whatever the values n and p of the system, its solutions can be determined using the Gaussian

elimination method.

The principle is as follows :

Using successive linear combinations, we transform the initial system, which we take as is

without changing the order of the equations, into an upper triangular system (the associated

matrix is upper triangular), which is then solved starting with the last of the transformed

equations.

Example 4.2

Let�s solve the following system :

(S) :

8<:
x+ y + z = 4 ...... (1)
2x� y + 3z = 7 ...... (2)
�x+ 2y + 2z = 5 ..... (3)

The matrix form of (S) is :

(S) :

0@ 1 1 1
2 �1 3
�1 2 2

1A
| {z }

A

0@ x
y
z

1A
| {z }

X

=

0@ 4
7
5

1A
| {z }

B

In the �rst step of the method, we eliminate the unknown x in equations Eq2 and Eq3. So

we replace equation (Eq2) by (Eq2)� 2(Eq1) and (Eq3) by (Eq3) + (Eq1).
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After this �rst step, we obtain the equivalent system

�
S
0�
:

8<:
x+ y + z = 4
� 3y + z = �1 ...... (4)
3y + 3z = 9 ...... (5)

In the second step, the second row acts as a pivot if y is present (otherwise, we swap (Eq.4)

with (Eq.5)). To eliminate y from equation (Eq.5), we replace it with (Eq:5) + (Eq:4). We

then obtain the following equivalent upper triangular system :

�
S
"
�
:

8<:
x+ y + z = 4
� 3y + z = �1

4z = 8 .... (6)
:

We solve the system by "ascending" starting with the last equation.

Eq.6 gives z = 2:

Eq.4 gives y = z+1
3
= 1:

Eq.1 gives x = 4� y � z = 1:

Therefore, the solution to (S) is

X = (1; 1; 2) :

Remark 4.1

We can solve a system of n equations with n unknowns by transforming the augmented ma-

trix (A=B) to the new matrix as follows :

0BBBBBBBBBBB@

1 0 : : : 0
0 1 0 : : 0
0 0 1 0 : 0
: : : : : :
: : : : : :
0 0 : : : 1| {z }

In

�1
�2
:
:
:
�n

1CCCCCCCCCCCA
We use the following elementary operations :

Li  �Li; with � 6= 0 (For �nd 1)

Li  Li + �Lj; with i 6= j (For �nd 0)

Then the solution is

X = (x1; x2; :::; xn) = (�1; �2; :::; �n) :
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Example 4.3

Let�s solve the following system :

(S) :

8>><>>:
x+ y + z + t = 1
x� y + 2z � t = 2
�x+ y + 3z + 2t = 2
3x� 2y + z + 3t = �4

The matrix form of (S) is :

(S) :

0BB@
1 1 1 1
1 �1 2 �1
�1 1 3 2
3 �2 1 3

1CCA
| {z }

A

0BB@
x
y
z
t

1CCA
| {z }

X

=

0BB@
1
2
2
�4

1CCA
| {z }

B

Write the augmented matrix

(A=B) :

0BB@
1 1 1 1
1 �1 2 �1
�1 1 3 2
3 �2 1 3

1
2
2
�4

1CCA
Use row operations to transform the matrix into Reduced Row-Echelon Form (RREF) :

Step 1 : Eliminate the �rst column below the pivot.

L2  L2 � L1; L3  L3 + L1; L4  L4 � 3L1;

(A=B)(1) :

0BB@
1 1 1 1
0 �2 1 �2
0 2 4 3
0 �5 �2 0

1
1
3
�7

1CCA
Step 2 : Scale the second row.

L
(1)
2  �1

2
L
(1)
2

(A=B)(2) :

0BB@
1 1 1 1
0 1 �1

2
1

0 2 4 3
0 �5 �2 0

1
�1
2

3
�7

1CCA
Step 3 : Eliminate the second column.

L
(2)
1  L

(2)
1 � L

(2)
2 ; L

(2)
3  L

(2)
3 � 2L

(2)
2 ; L

(2)
4  L

(2)
4 + 5L

(2)
2
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(A=B)(3) :

0BB@
1 0 3

2
0

0 1 �1
2
1

0 0 5 1
0 0 �9

2
5

3
2

�1
2

4
�19

2

1CCA
Step 4 : Scale the third row.

L
(3)
3  1

5
L
(3)
3

(A=B)(4) :

0BB@
1 0 3

2
0

0 1 �1
2
1

0 0 1 1
5

0 0 �9
2
5

3
2

�1
2
4
5

�19
2

1CCA
Step 5 : Eliminate the third column.

L
(4)
1  L

(4)
1 � 3

2
L
(4)
3 ; L

(4)
2  L

(4)
2 + 1

2
L
(4)
3 ; L

(4)
4  L

(4)
4 + 9

2
L
(4)
3

(A=B)(5) :

0BB@
1 0 0 � 3

10

0 1 0 11
10

0 0 1 1
5

0 0 0 59
10

3
10

� 1
10
4
5

�59
10

1CCA
Step 6 : Scale the fourth row.

L
(5)
4  10

59
L
(5)
4

(A=B)(6) :

0BB@
1 0 0 � 3

10

0 1 0 11
10

0 0 1 1
5

0 0 0 1

3
10

� 1
10
4
5

�1

1CCA
Step 7 : Eliminate the fourth column.

L
(6)
1  L

(6)
1 + 3

10
L
(6)
4 ; L

(6)
2  L

(6)
2 � 11

10
L
(6)
4 ; L

(6)
3  L

(6)
3 � 1

5
L
(6)
4

(A=B)(7) :

0BB@
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

0
1
1
�1

1CCA ;
then, the solution is

X = (0; 1; 1;�1) :



4.2 Solving linear systems 87

4.2.2 Solving Linear Systems Using Cramer method

Let

(S) :

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

a11x1 +a12x2 +a13x3 + ::: ::: +a1nxn = b1

a21x1 +a22x2 +a23x3 + ::: :: +a2nxn = b2
:
:

:
:

:
:

:
:

:
:

:
:

ai1x1 +ai2x2 +ai3x3 + ::: :: +ainxn = bi

:
:

:
:

:
:

:
:

:
:

:
:

an1x1 +an2x2 +an3x3 + ::: :: +annxn = bn

a system of linear equations with n equations and n unknowns. This system can also be

written 0BBBB@
a11 a12 :::: a1n
a21 a22 :::: a2n
:
:

:
:

:
:

an1 an2 :::: ann

1CCCCA
| {z }

A

0BBBB@
x1
x2
:
:
xn

1CCCCA
| {z }

X

=

0BBBB@
b1
b2
:
:
bn

1CCCCA
| {z }

B

We de�ne the matrix Aj as follows

Aj =

0BBBBBB@
a11 :::: a1;j�1 b1 a1;j+1 :::: a1n
a11 a2;j�1 b2 a2;j+1 :::: a2n
:
:
:

:
:
:

a11 :::: an;j�1 bn an;j+1 :::: ann

1CCCCCCA
"

jth column

In other words, Aj is the matrix obtained by replacing the jth column of A by the second

member B.

Theorem 4.1

Let

AX = B

a system of linear equations with n equations and n unknowns. Suppose that detA 6= 0:

Then, the unique solution of the system is given by

xj =
det(Aj)

det(A)
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Proof

We assumed that

detA 6= 0:

Then, A is inversible. So

X = A�1B;

the unique solution of the system. On the other hand, we have seen that

A�1 = 1
detA

t
C;

where C is the cofactor matrix. C = (cij)1�i;j�n with cij = (�1)i+j jAijj :

Then,

X = 1
detA

t
CB

which gives

X =

0BBBB@
x1
x2
:
:
xn

1CCCCA = 1
detA

0BBBB@
c11 c21 : : cn1
c12 c22 : : cn2
:
:

:
:

:
:

c1n c2n : : cnn

1CCCCA
0BBBB@
b1
b2
:
:
bn

1CCCCA
that�s to say

x1 =
1

detA
(c11b1 + c21b2 + :::::+ cn1bn)

xi =
1

detA
(c1ib1 + c2ib2 + :::::+ cnibn)

xn =
1

detA
(c1nb1 + c2nb2 + :::::+ cnnbn)

But

c1ib1 + c2ib2 + :::::+ cnibn;

is the cofactor expansion of det (Aj) with respect to its ith column. Therefore

xj =
det(Aj)

det(A)
:

Example 4.4

Let�s solve the following system :

(S) :

8<:
x� y � z = 0
2x+ 3y + z = �1
3x� y � 4z = �7
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The matrix form of (S) is :

(S) :

0@ 1 �1 �1
2 3 1
3 �1 �4

1A
| {z }

A

0@ x
y
z

1A
| {z }

X

=

0@ 0
�1
�7

1A
| {z }

B

;

let�s calculate det (A) ;

det (A) =

������
1 �1 �1
2 3 1
3 �1 �4

������ =
���� 3 1
�1 �4

����+ ���� 2 1
3 �4

����� ���� 2 3
3 �1

���� = �11 6= 0;
then, the system admits a unique solution.

We can apply the Cramer method, we have :

x = detA1
detA

; y = detA2
detA

; z = detA3
detA

;

with,

A1 =

0@ 0 �1 �1
�1 3 1
�7 �1 �4

1A ; A2 =

0@ 1 0 �1
2 �1 1
3 �7 �4

1A ; A3 =

0@ 1 �1 0
2 3 �1
3 �1 �7

1A ;
then, the solution is

x = detA1
detA

= (�11)
(�11) = 1

y = detA2
detA

= 22
�11 = �2

z = detA3
detA

= �33
�11 = 3

4.2.3 Resolution by the inverse matrix method of the coe¢ cients

Let the following system :0BBBB@
a11 a12 :::: a1n
a21 a22 :::: a2n
:
:

:
:

:
:

an1 an2 :::: ann

1CCCCA
| {z }

A

0BBBB@
x1
x2
:
:
xn

1CCCCA
| {z }

X

=

0BBBB@
b1
b2
:
:
bn

1CCCCA
| {z }

B

;

where, A 2Mn (|) is an invertible square matrix. Then, the unique solution of the system is

given by

X = A�1B:
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Example 4.5

Let�s solve the following system :

(S) :

0@ 1 �1 �1
1 3 2
3 �1 �5

1A
| {z }

A

0@ x
y
z

1A
| {z }

X

=

0@ 3
1
7

1A
| {z }

B

;

The determinant of matrix A is �14, therefore matrix A is invertible and its inverse is,

A�1 =

0@ 13
14

2
7
� 1
14

�11
14

1
7

3
14

5
7

1
7
�2
7

1A
Then, the unique solution of the system is given by

X = A�1B =

0@ 13
14

2
7
� 1
14

�11
14

1
7

3
14

5
7

1
7
�2
7

1A0@ 3
1
7

1A =

0@ 18
7

�5
7
2
7

1A :
4.3 Number of solutions

Let (S) be a system of n linear equations with p unknowns. Therefore, (S) is equivalent to :

AX = B;

where A 2Mn;m(|), B 2Mn;1(|) and X 2Mm;1(|).

Theorem 4.2

A linear system has either an in�nite number of solutions, a unique solution, or no solution.

To understand this result, note that using Gauss�s algorithm, we simply need to reason on

an echelon system. There are several cases :

- If there exists a line of the form 0x1 + 0x2+���+0xn = b with b 6= 0, then the system is

incompatible.

- Otherwise, the system is compatible, more precisely, it has a unique solution if there is

no secondary unknown, and it has an in�nite number of solutions if there is at least one

secondary unknown.

Proposition 4.1

A linear system has either

� no solution (r < n and incompatible system).
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� a unique solution (r = m � n and compatible system).

� an in�nite number of solutions (r < m and compatible system).

Where, r is the rank of the matrix A, (augmented matrix).

4.3.1 Case where n = m (A is a square matrix)

Homogeneous system (B = 0)

The system (S) is said to be homogeneous if the right-hand side is zero (B = 0).

The set of X such that AX = 0 constitutes the kernel of the application associated with A.

The kernel always contains the zero vector, but it can also contain non-zero vectors.

This type of system therefore has at least one solution, the zero solution.

- If A is inversible (detA 6= 0)

The system has the unique solution X = 0, zero vector.

- If A is not inversible (detA = 0)

The system has an in�nity of solutions (in addition to the zero solution).

Example 4.6

- The system :

0@ 1 2 1
1 3 5
4 7 �3

1A
| {z }

A

0@ x
y
z

1A
| {z }

X

=

0@ 0
0
0

1A
| {z }

B

;

has the unique solution X =

0@ 0
0
0

1A , the determinant of the matrix is �3, the rank of the

matrix is 3.

- The system :

0@ 1 2 3
1 3 4
1 �4 �3

1A
| {z }

A

0@ x
y
z

1A
| {z }

X

=

0@ 0
0
0

1A
| {z }

B

;

has an in�nity of solutions X =

0@ �z�z
�z

1A = �z

0@ 1
1
1

1A, with z 2 R. The determinant of the
matrix is 0, the rank of the matrix is 2.
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The set of these solutions constitutes a vector space of dimension 1 generated by the vector0@ 1
1
1

1A :
Non-homogeneous system (B 6= 0)

- If A is inversible (detA 6= 0)

The system has the unique solution X = A�1B.

- If A is not inversible (detA = 0)

For there to be at least one solution, the rank of A must be the same as the rank of matrix

C = (A=B), the matrix formed by A to which B is attached.

If X0 is a particular solution of the inhomogeneous system AX = B, then we have :

AX0 = B;

then,

A(X �X0) = 0:

Let X = X �X0 be the solution of the homogeneous equation.

Therefore, the solution of the inhomogeneous system is X = X +X0:

Example 4.7

- We consider the folowing system :

0BB@
1 1 �2 3
2 �1 0 1
3 1 6 7
�1 4 2 5

1CCA
| {z }

A

0BB@
x
y
z
t

1CCA
| {z }

X

=

0BB@
10
5
�8
3

1CCA
| {z }

B

;

the determinant of the matrix is 36, so the matrix A is invertible and its inverse is

A�1 =

0BB@
�19
18

8
3
�13
18

10
9

�11
9

8
3
�8
9

13
9

�11
36

1
6

1
36

1
9

8
9
�5
3

5
9
�7
9

1CCA :

Then the system has the unique solution X =

0BB@
107
9
113
9

�19
9

�56
9

1CCA.
- The system :
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0@ 1 2 �3
2 1 4
1 �1 7

1A
| {z }

A

0@ x
y
z

1A
| {z }

X

=

0@ 1
2
3

1A
| {z }

B

;

has no solution. We can verify that the determinant of the matrix is 0.

The rank of the matrix

C =

0@ 1 2 �3
2 1 4
1 �1 7

1
2
3

1A ;
is 3 and the rank of the matrix A is 2.

- The system :

0@ 1 2 �3
2 1 4
1 �1 7

1A
| {z }

A

0@ x
y
z

1A
| {z }

X

=

0@ 1
2
1

1A
| {z }

B

;

has an in�nity of solutions. We can verify that the determinant of the matrix is 0.

The rank of the matrix

C =

0@ 1 2 �3
2 1 4
1 �1 7

1
2
1

1A ;
is 2 and the rank of the matrix A is 2.

4.3.2 Case where the number of equations is di¤erent from the
number of unknowns (n 6= m)

n > m there are more equations than unknowns

Example 4.8

- The system :

0BB@
1 2 1
�1 3 2
2 1 �1
�1 �2 5

1CCA
| {z }

A

0@ x
y
z

1A
| {z }

X

=

0BB@
5
4
3
1

1CCA
| {z }

B

;

has no solution. To verify this, either with the Gauss method, which will specify the impos-

sibilities, either determine the rank of C and we compare it to that of A.
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The rank of the matrix

C =

0BB@
1 2 1
�1 3 2
2 1 �1
�1 �2 5

5
4
3
1

1CCA ;
is 4 (because detC = 12 6= 0) and the rank of the matrix A is 3.

n < m there are fewer equations than unknowns

Example 4.9

- The system :

0@ 1 1 1 1
2 �1 3 1
3 2 �4 5

1A
| {z }

A

0BB@
x
y
z
t

1CCA
| {z }

X

=

0@ 4
3
�2

1A
| {z }

B

;

has an in�nity solutions X =
�
1�12t
11
; 19�5t

22
; 37+7t

22
; t
�
; t 2 R.

4.4 Exercises

Exercise 4.1

Let the system :

(S) :

8<:
x+ y � z = �4
2x+ 3y + z = �1
�x+ y + 2z = 3

1. Write the system (S) in the matrix form AX = B and �nd the inverse of A.

2. Deduce the solution of the system (S) :

Solution

1. Write the system (S) in the matrix form AX = B

(S),

0@ 1 1 �1
2 3 1
�1 1 2

1A
| {z }

A

0@ x
y
z

1A
| {z }

X

=

0@ �4�1
3

1A
| {z }

B

So,

A =

0@ 1 1 �1
2 3 1
�1 1 2

1A ; B =
0@ �4�1

3

1A and X =

0@ x
y
z

1A :
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- The inverse of A

We have :

detA =

������
1 1 �1
2 3 1
�1 1 2

������ ; C2  C2 � C1
C3  C3 + C1

=

������
1 0 0
2 1 3
�1 2 1

������
=

���� 1 3
2 1

���� = �5 6= 0;
then, the matrix A is invertible, and we have :

A�1 = 1
detA

t
C:

We calculate the cofactors

c11 =

���� 3 1
1 2

���� = 5 c12 = �
���� 2 1
�1 2

���� = �5 c13 =

���� 2 3
�1 1

���� = 5
c21 = �

���� 1 �11 2

���� = �3 c22 =

���� 1 �1
�1 2

���� = 1 c23 = �
���� 1 1
�1 1

���� = �2
c31 =

���� 1 �13 1

���� = 4 c32 = �
���� 1 �12 1

���� = �3 c33 =

���� 1 1
2 3

���� = 1
Then, the matrix C is

C =

0@ 5 �5 5
�3 1 �2
4 �3 1

1A ;
therefore

A�1 = 1
�5

0@ 5 �3 4
�5 1 �3
5 �2 1

1A =

0@ �1 3
5
�4
5

1 �1
5

3
5

�1 2
5
�1
5

1A :
2. Deduce the solution of the system (S)

AX = B , X = A�1B =

0@ �1 3
5
�4
5

1 �1
5

3
5

�1 2
5
�1
5

1A0@ �4�1
3

1A =

0@ 1
�2
3

1A ;
Then, the solution of (S) is

X = (1;�2; 3) :
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Exercise 4.2

Solve the system by using Gaussian elimination.

(S1) :

8<:
x+ 2y � 2z = 3
x� y + z = 6
x+ 3y � 3z = 2

; (S2) :

8<:
x+ 2y � 2z = 3
x� y + z = 6
x+ 3y � 3z = 1

Solution

1.

(S1) :

8<:
x+ 2y � 2z = 3 ..... (1)
x� y + z = 6 ..... (2)
x+ 3y � 3z = 2 ..... (3)

;

In the �rst step, we eliminate the unknown x in equations Eq2 and Eq3. So we replace

equation (Eq2) by (Eq2)� (Eq1) and (Eq3) by (Eq3)� (Eq1).

After this �rst step, we obtain the equivalent system

�
S
0�
:

8<:
x+ y + z = 4
� 3y + 3z = 3 ...... (4)
y � z = �1 ...... (5)

In the second step, we eliminate y from equation (Eq.5), we replace it with (Eq:5)+ 1
3
(Eq:4).

We then obtain the following equivalent upper triangular system :

�
S
"
�
:

8<:
x+ y + z = 4
� 3y + 3z = 3

0� z = 0 .... (6)
:

We now have an echelon form system in which Eq.6, 0� z = 0, is satis�ed by any number z.

Therefore, we have in�nitely many solutions. Let z = t, where t is any number. Eq.4 implies

y = z � 1 = t� 1. Finally, we get x from Eq.1, x = 4� y � z = 4� (t� 1)� t = 5� 2t:

In�nitely many solutions are given by

x = 5� 2t; y = �1 + t; z = t:

2. Note that the system of equations given here is the same as that in part (1) except for the

right side of Eq.3. The same elementary operations performed in the solution to (S1) yield

the following echelon form for the system.8<:
x+ y + z = 4
� 3y + 3z = 3

0� z = �1
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Since no number z satis�es the equation 0� z = �1, the system has no solution.

Exercise 4.3

Determine, according to the value of the parameter m 2 R and using the Gauss algorithm,

the set of solutions of the system :

(S) :

8<:
x+ y � z = 1
3x+ y � z = 1
x� 2y + 2z = m

Solution

We have

(S) :

8<:
x+ y � z = 1
3x+ y � z = 1
x� 2y + 2z = m

,

8<:
x+ y � z = 1
� 2y + 2z = �2 R2  R2 � 3R1
� 3y + 3z = m� 1 R3  R3 �R1

,

8<:
x+ y � z = 1

y � z = 1 R2  �1
2
R2

� 3y + 3z = m� 1

,

8<:
x+ y � z = 1

y � z = 1
0 = m+ 2 R3  R3 + 3R2

We can then discuss according to the values of m :

- If m+ 2 6= 0, that is, if m 6= �2, the system has no solutions.

- If m = �2, then the system is equivalent to�
x = 0
y = 1 + z

;

then, the set of solutions is

f(0; 1 + z; z) ; z 2 Rg :

Exercise 4.4

Determine the rank of the following systems and solve them.

(S1) :

8<:
3x� 2y = 7

x+ 3y = 4
; (S2) :

8<:
x� y + 2z = �3
x+ y � 3z = 6
2x+ 3y + 5z = 3

; (S3) :

8<:
x+ y � 2z = 3
3x+ 3y � 6z = 10
�2x� 4y + 3z = �7



4.4 Exercises 98

Solution

1.

(S1) :

8<:
3x� 2y = 7

x+ 3y = 4

The matrix form of (S1) is :

(S1) :

0@ 3 �2

1 3

1A
| {z }

A

0@ x

y

1A
| {z }

X

=

0@ 7

4

1A
| {z }

B

;

we have,

detA =

���� 3 �21 3

���� = 11 6= 0;
then, rk (S1) = rk (A) = 2: Then the system (S1) has an unique solution.

By the method of Cramer, we obtain

x =

������ 7 �24 3

������
detA

= 29
11
and y =

������ 3 7
1 4

������
detA

= 5
11
;

so, the set of solution of (S1) is ��
29
11
; 5
11

�	
:

2.

(S2) :

8<:
x� y + 2z = �3
x+ y � 3z = 6
2x+ 3y + 5z = 3

The matrix form of (S2) is :

(S2) :

0@ 1 �1 2
1 1 �3
2 3 5

1A
| {z }

A

0@ x
y
z

1A
| {z }

X

=

0@ �36
3

1A
| {z }

B

;

we have,

detA =

������
1 �1 2
1 1 �3
2 3 5

������ = 27 6= 0;
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then, rk (S2) = rk (A) = 3: Then the system (S2) has an unique solution.

By the method of Cramer, we obtain

x =

���������
�3 �1 2
6 1 �3
3 3 5

���������
detA

= 27
27
= 1 , y =

���������
1 �3 2
1 6 �3
2 3 5

���������
detA

= 54
27
= 2; and z =

���������
1 �1 �3
1 1 6
2 3 3

���������
detA

= �27
27
= �1

so, the set of solution of (S2) is

f(1; 2;�1)g :

3.

(S3) :

8<:
x+ y � 2z = 3
3x+ 3y � 6z = 10
�2x� 4y + 3z = �7

The matrix form of (S3) is :

(S3) :

0@ 1 1 �2
3 3 �6
�2 �4 3

1A
| {z }

A

0@ x
y
z

1A
| {z }

X

=

0@ 3
10
�7

1A
| {z }

B

;

we have,

detA =

������
1 1 �2
3 3 �6
�2 �4 3

������ = 0; because R2 = 3R1:
then, rk (S2) = rk (A) � 2: We choose a square submatrix of order 2, for example we take

the following matrix

A
0
=

�
3 3
�2 �4

�
we have,

detA =

���� 3 3
�2 �4

���� = �6 6= 0;
then, rk (S3) = rk (A) = 2:

we choose the following subsystem

�
S
0
3

�
:

�
3x+ 3y � 6z = 10 + 6z
�2x� 4y + 3z = �7� 3z

The matrix form of (S
0
3) is :�
S
0
3

�
:

�
3 3
�2 �4

�
| {z }

A0

�
x
y

�
| {z }
X0

=

�
10 + 6z
�7� 3z

�
| {z }

B0

;
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Then the system
�
S
0
3

�
has an unique solution. By the method of Cramer, we obtain

x =

������ 10 + 6z 3
�7� 3z �4

������
detA0

= 19+15z
6

, y =

������ 3 10 + 6z
�2 �7� 3z

������
detA0

= 1�3z
6
;

we replace x and y in the equation (1), we obtain

x+ y � 2z = 3, 19+15z
6

+ 1�3z
6
� 2z = 3, 19+15z+1�3z�12z

6
= 3, 20

6
= 3; (impossible)

so, the system (S3) has note a solution.

4.5 Terminology translation

English Frensh
Linear équation Equation linéaire
Unknown Inconnue
Elementary operation Opération élémentaire
Unique solution Solution unique
Homogeneous system Système homogène
Matrix form Forme matricielle
Augmented matrix Matrice augmentée
Cofactor Cofacteur
Linear system Système linéaire
Zero vector Vecteur nul



Bibliographie

[1] S. Lang : Algèbre : cours et exercices, 3ème édition, Dunod, 2004

[2] E. Azoulay et J. Avignant, Mathématiques. Tome1, Analyse. Mc Graw-Hill, 1983

[3] M.Mignotte et J. Nervi, Algèbre : licences sciences 1ère année, Ellipses, Paris, 2004

[4] J. Franchini et J. C. Jacquens, Algèbre : cours, exercices corrigés, travaux dirigés, Ellipses,

Paris, 199


	Vector spaces
	Definition of a vector space
	Vector subspace
	Linear combination
	Direct Sums
	Linearly independent, dependent and generating family, bases
	Linearly independent, dependents
	Generating family
	Bases

	Finite-Dimensional Vector Space
	Dimension of a vector space

	Rank
	Rank of a finite family of vectors

	Exercises
	Terminology translation

	Linear applications
	Definitions and properties
	Image and kernel of a linear application
	Rank of a linear application
	Rank theorem

	Inverse of a linear application
	Exercises
	Terminology translation

	Matrices
	Definitions
	Matrix associated with a linear application
	Equality of two matrices
	Transpose of a matrix
	Trace of matrix
	Operations on matrices
	Multiplication par un scalaire
	Sum of two matrices
	Product of two matrices

	Inversion of a matrix
	Gauss's method for inverting a matrix

	Determinant
	Determinant of a square matrix of order 2
	Determinant of a square matrix of order n
	The properties of determinants

	Transition matrix
	Change of base formula for a linear application
	Rank of a matrix
	Exercises
	Terminology translation

	Solving systems of linear equations
	System of Linear Equations
	Solving linear systems
	Solving Linear Systems Using Gauss method
	Solving Linear Systems Using Cramer method
	Resolution by the inverse matrix method of the coefficients

	Number of solutions
	Case where n=m (A is a square matrix)
	Case where the number of equations is different from the number of unknowns (n=m)

	Exercises
	Terminology translation

	Bibliography

