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Preface

This handout is intended for second-year undergraduate students in the Mathematics program.
It provides a comprehensive and in-depth exploration of the topics typically covered in a third
course on mathematical analysis at the university level.

Designed for students of mathematics, physics, and engineering, this compendium bridges the
gap between the foundational principles of calculus and the more abstract realms of advanced
analysis. The material presented here is essential for developing a rigorous understanding of
infinite processes, function spaces, and the analytical tools that underpin modern science and
technology.

The journey through this text is organized into six logically structured chapters, each building
upon the previous to form a coherent and powerful analytical framework.

Chapter 1 — Infinite Series. Our exploration begins with the concept of an infinite sum.
Moving beyond intuition, we establish a rigorous theory of convergence and divergence. The
chapter classifies various types of series—geometric, harmonic, and those with positive, alternat-
ing, or general terms—and introduces a rich collection of convergence tests: comparison, ratio,
root, integral, and Raabe-Duhamel. The discussion culminates in the study of conditionally
convergent series and the algebra of series, including the Cauchy product.

Chapter 2 — Sequences and Series of Functions. This chapter marks a transition from
numbers to functions. We examine how a sequence or series of functions can converge to a limit
function, distinguishing between pointwise and uniform convergence. The emphasis lies in under-
standing how uniform convergence preserves key properties such as continuity, integrability, and
differentiability. Foundational results—such as Dini’s theorem and the Weierstrass M-test—are
presented, equipping the reader with both theoretical insight and practical techniques.

Chapter 3 — Power Series. Here, we study one of the most important classes of function
series—those that behave like infinite polynomials. We introduce the concept of the radius
of convergence and analyze the remarkable properties of power series within their interval of
convergence, including term-by-term differentiation and integration. The chapter highlights the
deep connection between power series and analytic functions, with special attention to Taylor
and Maclaurin expansions—indispensable tools for approximation and differential equations.

Chapter 4 — Fourier Series. This chapter introduces an alternative yet equally powerful
representation of functions—through trigonometric expansions. We explore how periodic func-
tions can be decomposed into sums of sine and cosine terms. Topics include the computation
of Fourier coefficients, convergence theorems (both pointwise and uniform), and the treatment
of even and odd functions. Parseval’s identity is derived, revealing the profound link between
energy in the time domain and the sum of squared coefficients, with major applications in signal
processing, physics, and engineering.

Chapter 5 — Improper Integrals. Extending the classical Riemann integral, we consider
integrals over unbounded intervals or with unbounded integrands. A full theory of convergence is
developed, parallel to that of Infinite Series, including comparison tests and the integral test. The
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subtle distinction between absolute and conditional convergence reappears, providing a unified
understanding of infinite processes in both discrete and continuous contexts.

Chapter 6 — Integrals Depending on a Parameter. The final chapter investigates
families of integrals defined by a variable parameter. We study the continuity, differentiability,
and integrability of these functions with respect to the parameter, establishing the theorems
that justify the interchange of limits, derivatives, and integrals. As a significant application, we
present a detailed analysis of the Gamma function—a cornerstone of mathematical analysis that
generalizes the factorial function.

Throughout this text, theoretical exposition is reinforced by a wealth of fully worked ex-
amples and carefully curated exercises at the end of each chapter. These aim not only to test
comprehension but also to foster a deep and lasting mastery of the methods and ideas presented.

It is our sincere hope that this volume will serve as a clear guide, a reliable reference, and a
source of intellectual inspiration—equipping students with the analytical sophistication required
for advanced study in mathematics, physics, and related disciplines. The journey from discrete
series to the continuous structures of functional analysis represents one of the most elegant
transitions in modern mathematics, and this text is designed to accompany the reader every step
of the way.



Chapter 1

Infinite Series

This chapter covers the generalities and definitions of infinite series. A infinite series is an
+oo

expression of the form Z Uy, where u,, is called the n-th term of the series. To analyze such a

n=1
series, we associate it with a sequence of partial sums (S,,), where S, is the sum of the first n

terms.
The nature of the series is then defined by the limit of this sequence:

e We say the series converges if the limit of its partial sums, S = lir}rl Sn, exists and is a
n—-+0oo

finite real number S.

e Otherwise, we say the series diverges.

1.1 Preliminaries and Definitions

A infinite series is an expression of the form

+oo
Zun:u1+uQ+U3+...+un+... (1.1)

n=1

where (up)n>1 a sequence of real numbers. The number u,, is called the n-th term of the series.

An example of a series is
= 1 1

1
2222— f+ +8+ TR

1
The n-th term of this series is u, = on- To better understand such a series, we introduce the

partial sums of the series (1.1). The n-th partial sum S, of the series is the sum of its n first
terms
Sn = u1 + ug +ug + ... + up. (1.2)

Each serie is associated with a sequence of partial sums:
517 SQ, S3a (XY Sn>

The sum of the series is defined as the limit of its sequence of partial sums, provided this limit
exists.

Remark 1.1.1 The sum of a series is not a sum in the ordinary sense. It is a limit.

9



1.1.1 Nature of a Infinite Series

[e.o]

Definition 1.1.2 We say that the sem’esZun converges (or is convergent) of sum S € R
n=1

provided that the limit of its sequence of partial sums

S= lim S, (1.3)

n—-+o0o

exists (and is finite). Otherwise, the series is said to diverge (or be divergent). If a series
diverges, it has no sum.

So an infinite sum is a limit of finite sums.

+oo N
=S u= g Y
n=1 n=1
provided that this limit exists.
Example 1.1.3 Show that the series
)Y ) T .
2) 2 4 8 16 7
n=1
converge and find its sum.

Solution. The first four sums are

1 3 7 15
Si1=-,8%=—-,5%=-,5=—.
1 92’ 2 4’ 3 87 4 16
n __
It seems likely that S, = —n and indeed its follows easily by recurrence on n, since
1 2 —1 1
Sn""l = S” + on+1 = on + on+1
2n+1 -9 + 1 2n+1 -1
= on+1 = on+1
So the sum of the given series is
. . 2" — . 1
S= lim S,= lim = lim (1—-—|=1.
n—»+o0 n—too 207 n—»+oo n
Example 1.1.4 The series
o0 o0
Z(—l)” and Z 2"
n=0 n=0

illustrate two forms of divergence: bounded divergence, unbounded divergence.

Solution. For the first series,
Sp=1—-14+1—-1+---4+(—-1)"

Here

g 1, if niseven
"7 00, ifnisodd
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The sequence of partial sums reduces to 1,0,1,0,---. Since the sequence diverges, the series
diverges. This is an example of bounded divergence. For the second series,

n
Sn222k21+2+22+'”+2n
k=0
Since S, > 2", the sum tends to co, and the series diverges. This is an example of unbounded
divergence.

Example 1.1.5 Show that the series

L SRR N N
“an? -1 3 15 35 63

converge and determine its sum.

Solution. We need a formula for the nth partial sum .S, so that we can evaluate the limit when
n — 4o00. To find such a formula, we start by observing that

11/ 1 1
Y =2 =12\ 2n—1 2n+1

1 1 1/1 1 1/1 1
Sn:2<1—3>+2<3‘5>+2(5‘7>+
1
2

It follows that

Therefore
400

1 ) n 1
E —— = lim = —,
ot 4n® —1 no+oo2n+1 2

Example 1.1.6 Study the nature of the following series:

1 1 1
Zln<1+>:1n2+ln(1+>+--~—|—ln<1+>+"'
n 2 n

n>1

Solution. The sequence of partial sums is

- 1
k=1

n n

1+k
=Y In{—— ) =) [In(1+k)—In(k)]
() -3
=(n2-Inl)+ (In3—-In2)+--- 4+ (In(1 + n) — In(n))
=In(1+n).

Where,
lim S, = lim In(l+n)=4oc.

n——+o0 n——+oo

1
This proves that the series E In (1 + > is divergent.
n
n>1

Remark 1.1.7 The sum of S, in example 1.1.5 s called a telescopic sum and provides us with
a way of finding the sums of certain series. The series in examples 5.1.9 and 5.2.1 are examples
of a type of geometric series and the alternating series.
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1.2 Definitions - Geometric Series

+00
Definition 1.2.1 The sem’esZun is said to be a geometric series if each term after the first
n=0
is a fized multiple of the term preceding it; that is, if there exists a number q called the ratio (the
base, the reason) of the series such that

Un4+1 = qUn

for all n > 0.

So any geometric series takes the form

+00
u0+qu0+q2uo+q3u0+ e = anw). (1.4)
n=0

Note that it’s convenient to start the summation at n = 0, and so we consider the sum
Sp=ug(l+q+q*+...+q"
of the n + 1 first terms as the n-th partial sum of the series

Example 1.2.2 The series

+2.52—2+2+2+ + 2t
=2tz Tyttt

n=0
. . . . 1
18 a geometric series with first term ug = 2 and reason q = 3

Theorem 1.2.3 (Sum of a geometric series) If |q| < 1 then the geometric series in (1.4)
converges, and its sum is

S = Zq”ug = (1.5)
If lg| > 1 and ug # 0, then the geometric series diverges.

Proof: If ¢ =1, then S,, = (n+1)ug, so the series certainly diverges. If ¢ = —1 then it diverges
by an argument like the one in example 1.1.5. Let’s assume that ¢ # 1 and ¢ # —1. Then the

elementar y identit y
2 n 1 qn !
1 q q e q 1

follows after multiplying each member by 1 — g. Therefore

1 qn+1
Sn=0+qg+¢+-+q"uo=up ( — - :
1—-q 1—g¢q

If |g| < 1, then lim ¢"™! =0. So in this case
n—-+00

1 n+1
S = lim wug _4 _ % .
n—+o0 1—-q 1-—g¢q 1—gq

If |g| > 1, then ¢"*! does not exist and therefore lir}rl S, does not exist. This completes the
n—-+0oo

proof of the theorem. O
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Example 1.2.4

1 X1 1
1. Geometric series of reason q = 3 Z S i 2.
k=0 1—--
2
. ‘ 1 1 . ‘
2. Geometric series of reason q = 3 with first term 33 We return to the geometric series
=1 & 11
starting at k = 0 by adding and subtracting the first terms: Z 3% = Z e 1— 3752 =
k=3 k=0
1 13 3 13 1
L9 2 9 18
3
3. Calculating the sum of a series from k = 0 is purely conventional. You can always change
“+o0o
the index to sum from 0. Another way to calculate the same series Z 3k as above is to
k=3

make the index change n =k — 3 (and thus k =n+3 ):

+°°11

+ool +o0 1 1

400 1 2k +o0 1 k 1 4
k _ — _
L (5) =X () ==
k=0 k=0 1+ 1

1.2.1 Convergent Series

The convergence of a series does not depend on its first terms: changing a finite number of terms
in a series does not change whether it is convergent or divergent. On the other hand, if it is
convergent, its sum is obviously modified. A practical way of studying the convergence of a series

+oo
is to study its remainder: the remainder of order n of a convergent series E ug is :
k=0
Ry =tupy1 +upgo+ -0 = E Uk
k=n+1

Proposition 1.2.5 If a series is convergent, then S = S, + R,, (for alln >0 ) and hm R, =
0.

+o0

Proof: We have § =Y u = Zuk—l— Z ug = Sy + Rp. SO R, =S —8,—>85—8=0
k=0 k=n+1

when n — +o0. 4

1.2.2 Sequences and Series

There’s no difference between studying sequences and series. It’s easy to switch from one to the

n
other. First of all, let’s remember that to a series Z uj, we associate the partial sum S, = Z UL
k>0 k=0
and that by definition the series is convergent if the sequence (Sn)n;O converges. Reciprocally,
if we want to study a sequence (ax),~q we can use the following result:

13



Proposition 1.2.6 A telescopic sum is a series of the form

> (aky1 — ax)

k>0

m ay exists and in this case we have:

This series is convergent if and only if £ := 1i
k—+o00

—+00

Z(ak_l,_l —ag) =¥ —ap

k=0

Proof:

k
:(a1—ao)—|—(a2—a1)—|—(a3—a2)+~-+(an+1—an)
—ap+ay —a1+ax—ax+---+ap —ap+ apy1

= anp+1 — Qo

This is a very important example for what follows.

Example 1.2.7 The series

“+o00

3 1 S S S
kzo(k+1)(k+2)_1-2 2-3 3-4

1s convergent and has the value 1.
Indeed, it can be written as a telescopic sum, and more precisely the partial sum verifies :

n

- 1 1 1 1
Sp = = — | =1~ 1 h
z::(k+1)(k+2) Z(k—i—l k+2> n—|—2_> when n — 400

k=0 k=0
+00 1 —+00 1
By changing the index, we also have that the series ; m and ; m are convergent

and have the same sum 1.

1.2.3 Necessary Condition for Convergence

A necessary condition of convergence, elementary but often useful to justify the divergence of a
series, is given by the following result:

Theorem 1.2.8 If the series Z uy, converges, then the sequence of general terms (Uk)k>0 tends

k>0
to 0.

Remark 1.2.9 The key point is that we find the gemeral term from the partial sums by the
formula

Up = Sy — Sp—1.

14



Proof: Suppose that the series converges. Then the partial sums tend to some number L :

n
Sh :Zuk — L
k=0

Only one step behind, the S, _; also tend to L: S,_1 — L. Since u, = S,, — Sp—1, we have
u, — L — L = 0. A change in notation gives uy — 0.

o0
if wup-»0 then Zuk diverges.
k=0

This is a very useful observation. O
1
For example, the series 1+ —) and k? are divergent.
e 3 (1) nd e v

Example 1.2.10 The series

+0o0
(=" =1-449-16+25— ...

n=1

diverges because lim wu, does not exist, while the series
n—+o0o

+o0

y o _l, 2.3 4
3n+1 4 7 10 13 7
n=1
di b I — n 1 0
werges ecause nﬁu«Pooun_nﬁHfoo 3n+1 = 3 75 .

Warning. The reciprocal of the theorem 1.2.8 is false. The condition lirf uy, = 0 is necessary
n——+0o0

but not sufficient for the convergence of the series Zun That is, a series can satisfy the

condition liril un = 0 and yet diverge. An important example of a divergent series with terms
n—-+0oo

approaching zero is the harmonic series :

+fl—1+1+1+1+1+
f=n 23 40507

Example 1.2.11

1. Ask—)oo,iél. Since i
k+1

Pl -+ 0, the series

iL—O—I—l—i—g—F%-ﬁ-%—i— diwverges
Zik+1 2737475 ges

2. Since sink - 0 as k — oo, the series

oo
Zsink:sin0+sin1+sin2+sin3+--- diverges
k=0

oo
CAUTION Theorem 1.2.8 does not say that, if up — 0, then Zuk converges. There are

k=0
divergent series for which uy — 0. (One such series appears in Example 1.2.12.)
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Example 1.2.12 The k th term of the series

>

k=1

-
ﬁH
-
Sl
!
-
!

tends to zero:

1
uy=—7=—>0 as k—o0
k \/%
However, the series diverges:
1 1 1 1 n
S = — e ——=> — 4+ —==—=+/n—
VI N NN Vi

n terms

Proposition 1.2.13 The deletion (or addition) of a finite number of terms in a series affects
neither the convergence nor the divergence of that series. This is still equivalent to

Zun converge < Z u, converge Vp > 1.
n>0 n=p+1

Proof: Consider the following two series:

Zun:u0+u1+uQ+...+un—|—... (1.6)
n>0
“+oo
Z Up = Upt1 + Upy2 + Upt3 + . F Upyn + ..., VD > 1 (1.7)
n=p+1

n n
Let S, = Zuk be the partial sum of (1.6) and L,, = Z up4, be the partial sum of (1.7). Then

k=0 k=1
we have
n—+p n—+p
Srop = Y=Yt 3wy
k=p+1
Where
L, = Sp+p — Sp Vp fixed. (1.8)
Therefore, if Z uy, converges then lim S, =5, which also implies that
n—-+4o00o
n>0

From (1.8) and (1.9), we get
lim L,=5-.5,.

n—-+o0o
+oo +oo
Where Z Uy, is convergent. Conversely, if the series Z Uy converges then
n=p+1 n=p+1
lim L, =1L. (1.10)
n——+0o00

Applying (1.8) to (1.10), we obtain

lim S,yp =L+ S,

n——+o00
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Therefore,
lim S, =L+S5,.
n—-+0o00
From where Z Uy, is convergent. U
n>0

1.2.4 Some Basic Results

Theorem 1.2.14

oo o0 [e.e] oo
1. Ifz ap converges and, Z br converges, then Z (ag + b)) converges. Moreover, zfz ap =

k=0 k=0 k=0 k=0
(o) (o)

Land Y by =M, then Y (ag+bg) = L+ M.
k=0 k=0

o o0 (0.9]
2. ]fz ay, converges, then Z aay, converges for each real number . Moreover, zfz ar =L,
k=0 k=0 k=0

o0
then Z aap = al.
k=0

Proof: Let

n

Sn:Zak, Tnzzblm Un:Z(ak+bk), Vn:Zaak
k=0 k=0 k=0 k=0

Note that

U,=8S8,+1, and V,=aS,

If S,, » L and T,, — M, then

U,—>L+M and V, — alL.

For example:

+o00 +oo +oo

1 5 1 1 1 1 319
Z(%+3k>=22k+523k= R Uk A
k=0 k=0 k=0 1—5 1—--

As an application to series with complex terms, convergence is equivalent to that of the real and
imaginary parts:

Proposition 1.2.15 Let (uk)k>o be a sequence of complex numbers. For all k, let up, = ay +1iby,
with ay, the real part of uy and by the imaginary part. The series Z uy, converges if and only if
both series Zak and ) by, converge. If this is the case, we have:

+o0 +o0 +oo
Su=Y a1y b
k=0 k=0 k=0

17



Proof: Let S, A, and B,, be the partial sums defined by:

n

Snzzuka Anzzaka anzbk
k=0 k=0

k=0
For any n € N, we have:

n n n
Sp = (ak+’ibk):Zak+i2bk:An+iBn.
k=0 k=0 k=0

e Necessity: Assume the series Z uy, converges. Then the sequence (.S,,) converges to some
complex number S = a + ¢3. Since

A, =Re(S,) and B, =Im(S,),
and the real and imaginary parts are continuous functions, we have:

lim A, =Re(S)=a and ILm B, =Im(S) = 3.

n—oo

Hence both series Z ay, and Z by, converge.

e Sufficiency: Conversely, assume that both series Z ar, and Z by, converge. Let:

+oo “+oo
A:Zak and B:Zbk.
k=0 k=0

Then lim A, = A and lim B, = B. Using the algebraic properties of limits in C, we

n—oo n—oo
obtain:
lim S, = lim (4, +iB,) = A+iB.
n—oo n—oo

Therefore, the series E Uj, CONVerges.

In either case, when the series converge, we have:

400 +o00 +o00
Zuk = nl;rr;OSn = nhjgoA” —i—nggan = Zak —i—szk,
k=0 k=0 k=0
which completes the proof. O
+oo
Example 1.2.16 Consider the complex geometric series Zrk, where 7 = pe'® is a complex
k=0

number with modulus p < 1 and argument 6 € R.
Since |r| = p < 1, the geometric series converges and its sum is:

+0oo
>

1—1r
k=0

Using de Moivre’s formula, we can write:

k= pketh? = pF (cos(k6) + isin(k0)).
Hence, the real and imaginary parts of v* are respectively:

ap = ptcos(kf) and by, = pFsin(kh).

18



“+o0o +00
By the previous proposition, since the series E ¥ converges, the two real series g ag and
k=0 k=0
+oo
E bi. also converge, and we have:
k=0

+oo
1
(k0) d Fsin(k0) =1 :
Zp cos( Re( r) an Zp sin(k) m<1_r>

k=0
To obtain explicit formulas, we compute the real and imaginary parts of ﬁlr

1 1 1 1—pcosf+ipsiné

1—r 1-pe® 1-pcosf—ipsind (1 —pcosh)? + (psinh)?’

Sitmplifying the denominator:
(1—pcosh)? + (psinf)* =1 —2pcosb + p® cos? @ + p*sin® O = 1 + p* — 2pcos¥.
Therefore,

1 1—pcoséd , psiné
= i .
1—r 1+ p%—2pcosb 1+ p%2—2pcosf

Finally, we obtain the closed-form expressions:

1—pcosd psin 6
(k0) (kO) .
Zp cos( T 1+ p2—2pcosh | Zp sin T 1+ p2—2pcosf

These formulas hold for any p € [0,1) and 6 € R.

1.2.5 Sums of Series

For the moment, there aren’t many series for which you know the sum, apart from geometric
series. We’ll have to wait for other chapters and other techniques to calculate series sums. In
this chapter, we’ll focus on whether a series converges or diverges. But here’s an exception!

Example 1.2.17 Let ¢ € C be such that |q| < 1. What is the sum
“+oo
D ke
k=0
+o0o
k

Let’s assume for a moment that this series converges and denote S = Z kq".
k=0

Let’s write:

+o0 +o0o +o0o
IR S W
k=0 k=1 k=1
+oo “+o0o
=¢> ¢ +q> (k—1)d!
k=1 k=1
“+oo “+o0o
:quk_1+qZk/qk posing k' =k —1
k=1 =

+oo
=q¢> ¢ +4q-8
k=1
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Solving this equation in S, we find that
+oo
(1-9)S=q) ¢"
k=1

This last series is a geometric series of reason q with |q| < 1, so it converges. This justifies the

convergence of S. Conclusion:
1
1—q)S=q- ——
A-a)S=q = .

+o0
q
S = k¢* = ——.
kzo (1—q)?

1.2.6 Cauchy Convergence Test for Series

Caution! There are series Zuk such that lim wg = 0, but Zuk diverges. The most classic
k—4o00

k>0 k>0
example is harmonic series:

1 1 1 1
The series Z—:1+7+7+7+~-- diverges
k>1k 2 3 4

1
More precisely, we have lir_lp Sn = +o00. However, we have uy = % — 0 (when £ — 400 ). To
n—-—+0o0

show that the series diverges, we’ll use the Cauchy criterion. Recall. A (u,) sequence of real
numbers converges if and only if it is a Cauchy sequence, i.e. :

Ve>0 dngeN Vm,n>=ng |u,—up|<e

For series, this gives us :

“+oo

Theorem 1.2.18 (Cauchy convergence test for series.) The sum Zuk converges if and
k=0

only if verifies the following Cauchy criterion:

m

> w

k=n-+1

Ve > 0,3ng € N,Vm,n > ny, <e

Proof: We have Z uy, is convergent < (.S,,) is convergent < (S,,) is Cauchy since R is com-
n=0

plete. Therefore,
Ve > 0,3ng € N,Vn,m € N: (n,m > ng = |S, — Sn| < ),

where S, = Zuk And as
k=0

‘Sn - Sm| =

n m
D k=)
k=0

k=0

m
> w
=n-+1

k
Therefore,

Ve > 0,3ng € N,Vn,m € N: (n,m > ng = < e).

m
PR
k=n+1

20



Where the result. O

, N 1 : : ~1
Let’s return to the harmonic series kg; = The partial sum is S, = ; = Let’s calculate the
difference of two partial sums, in order to keep the terms between n + 1 (which plays the role of
n ) and 2n (which plays the role of m ):

1 1 n 1
_ — e > =
S2n = Sn n—|—1+ +2n/2n 2

1 1
The sequence of partial sums is not Cauchy (because 3 is not less than € = 1 for example), so

the series does not converge. If you wish to complete the demonstration without directly using
Cauchy’s criterion, then reason by the absurd. Suppose S, = ¢ € R (when n — 400 ). Then
we also have S, — ¢ (when n — 400 ) and therefore So, — S, — ¢ — ¢ = 0. This contradicts

the inequality So, — S, = 3
We end with a further study of the harmonic series.

n

1 1
Proposition 1.2.19 For the harmonic series Z % and its partial sum Sy, = Z —, we have

k
k>1 k=1

lim S,, = 4o
n—-+o0o

Proof: Let M > 0. Choose m € N* such that m > 2M. Then for n > 2™ we have :

S—1+1+1+ +1+ +1
" 2 3 om n
>1+1+1+ +1
- 2 3 om

—1+1+ 1+1 + 1+1+1+1 + 1+ +1 + -t ! + +1
- 2 3 4 5 6 7 8 9 16 om—1 41 om

S Ly S
- 2 4 8 16 om

1

The trick is to group the terms together. Between each parenthesis there are successively
2,4,8, ... terms up to

2m — (2" 1) 4 1=2m 2" =2"7 1 terms.

Thus for any M > 0 there exists ng > 0 such that, for any n > ng, we have S,, > M; thus (S,)
tends to +o00. This of course means that the harmonic series diverges. O

Example 1.2.20 Using Cauchy’s criterion, we show that the Z Sl;n series is convergent. In

n>0
fact, we’ll show the following Cauchy property:

m . ,I{j
>

Ve >0 dng € N, Vm,n > ng, <e
k=n-+1
Let € > 0. For n,m € N, we have
m N m . m
sin k sin k 1
P D D e R B (111)
k=n+1 k=n+1 k=n+1
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1\m "
. - (3)
1 1 2 1 1

D of = ger = o (1 ~ > : (1.12)
k=n+1 1-—

Furthermore, if m > n

And therefore,

L)) s e

From (1.11)-(1.13), we get

" sink 1
Z ok | = on”
k=n+1
" sink
Thus, for Z oF to be smaller than ¢, it suffices that
k=n+1
1
27 <eg,
which s equivalent to
1
In <>
n > °
In2

1
In <)
Thus, it suffices to take ng = % + 1.
n

1.3 Infinite Series with Positive Terms

Infinite series with positive or zero terms behave like increasing sequences and are therefore easier
to study.

1.3.1 Convergence by Partial Sums
Recall. Let (un),~q be an increasing sequence of real numbers.
e If the sequence is bounded, then the sequence (u,,) converges, i.e. it admits a finite limit.

e Otherwise the sequence (u,) tends to +oo.

Let’s apply this to the Zuk series with positive terms, i.e. uy > 0 for all k. In this case,

n
the sequence (S,) of partial sums, defined by S,, = Zuk, is an increasing sequence. This is

k=0
because

Sn - Sn—l = Up 2 0.
From the reminders on sequences, we have :

Proposition 1.3.1 A series with positive terms is a convergent series if and only if the sequence
of partial sums is bounded above. In other words, if and only if there exists M > 0 such that, for
anyn > 0,5, <M.
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Proof: We show the implication («<). Assume that the sequence of partial sums (S,) of Z Up,
n>0

is bounded above, and show that Z Uy is convergent. We have
n>0

Sp=ug+ur + ... +up = Sp_1+ Un.

Therefore
Up — Sn — Sn—l-

Thus,
Sp > Sp—1 Vn

since uy, > 0. Where, (S,,) is increasing. So (.S;,) is increasing and bounded above, so it converges.

This shows that the series Z Uy, is convergent. Conversely, by hypothesis Z Uy is convergent,
n>0 n>0

so the series of partial sums (S,,) is convergent. Therefore (S,) is bounded, where bounded

above. O

Remark 1.3.2 In the case of convergence, the sum of the S series of course verifies lim S,, = S,

but also S, < S, for all n. Both convergence/divergence situations are possible: Z qk converges
k>0
if 0 < q <1, and diverges if ¢ > 1.

Example 1.3.3 Consider the following positive-term series:

1
Zun, where u, = — Vn € N*.
n

n>0
We know that
R
n? ~ n(n-—1)
Where
1 1 1
<1+(1 L + L + ...+ 1 L
- 2 2 3 n—1 n)’
§2—l<2.
n

1
Thus (Sp)n is bounded above by 2. Therefore g —5 s convergent.
n
n>1

Corollary 1.3.4 The series Z Up, With u, > 0 diverges if and only if lim S, = +o0.
o1 n—-+o0o

Proof: The proof follows from the fact that (S,), is increasing but not bounded above. u

1.4 Basic Comparison, Limit Comparison; The Integral Test

1.4.1 The Basic Comparison Theorem

What is the general method for finding the nature of a series with positive terms? We compare
it with simple classical series using the following comparison theorem.
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Theorem 1.4.1 (Theorem of comparison) Let Zuk and ka be two series with positive
or zero terms. It is assumed that there exists ko > 0 such that, for any k > ko, up < vg.

o If Z v converges then Y uy converges.
° Ifz uy, diverges then Z v diverges.

Proof: As we have seen, convergence does not depend on the first terms. Without loss of
generality, we can therefore assume kg = 0. Let’s note S, = ug+- - -+u, and S}, = vg+ - -+ vp,.
The sequences (S,) and (S’) are increasing, and furthermore, for any n > 0,5, < S/,. If the

n
series y_ v converges, then the series (S;,) converges. Let S” be its limit. The series (S,) is

n
increasing and bounded above by S’, so it converges, and so the series Zuk also converges.
Conversely, if the series Z uy diverges, then the series (S,) tends to +00, and the same applies
to the series (S’

n

) and so the series Y vy, diverges. O
We now present the second comparison theorem.

Theorem 1.4.2 Let Z U, Z vy be two series with positive terms. If there exist a > 0, b > 0
n>0 n>0
and a natural number ng such that

u
VTLZTL(), aglgba

Un

with vy, > 0. Then the two series are of the same nature.

Proof: The proof follows from the fact that we have
av, < up < bv, Yn € N.

Indeed, if Zun converges then according to the theorem 1.4.1, Z avy, converges. Therefore
n>0 n>0
Zvn converges. And if Zvn converges then Z bv, converges. Using Theorem 1.4.1, Zun

n>0 n>0 n>0 n>0
converges. Thus,

E un converge = E Un converge.
n>0 n>0

Where the two series are of the same nature. O
We then have the third comparison theorem.

U
Theorem 1.4.3 Let Zun, Zvn be two series with positive terms such that lim — = 1.
n>0 n>0 nTEee Un

1. If 0 < I < 400 then the two series are of the same nature, and in this case the series are
said to be l-equivalent.

2. If l=0 and if Z v converges then Z Uy, converges.

n>0 n>0

3. Ifl = 400 and if Zun converges then Zvn converges.
n>0 n>0
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Proof:

1. We assume that lim " _ I then by definition of the limit, we get

n—+o0 Uy,
Ve > 0,dng € N,Vn € N : <n2n0:> un—l‘<5).
Un

This means that for any n > ng, we have

Therefore,

where a =1 — € and b = [ 4+ ¢. By choosing 0 < £ < [, we obtain a > 0 and b > 0. Thus,
by applying the second comparison theorem, we deduce that the two series are of the same
nature.

2. A reasoning analogous to the one above gives the result.

3. Follows from the definition of the limit in the case where [ = 400 and the application of
the first comparison theorem.

O

1.4.2 Examples

Example 1.4.4 We’ve already seen in example 1.2.7 that the series

+o0 1
Z m converges.
k=0
We deduce that .
Z —5 converges.
k=1 k
In fact, we have :
1
i TE 1
k—4o0 1 2
(k+ 1) (k+2)

In particular, there exists ko such that for k > ko :

1 1
- < -
2k2 ~ (k+1)(k+2)
In fact, this is true for k > 4, but there’s no need to calculate a precise value for ky. We deduce

1
that the series with general term 252 converges, hence the result by linearity.

Example 1.4.5 Here’s a fundamental example, the exponential series.

1

The series Z T converges.

k>0
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Note that 0! =1 and that for k > 1,k!'=1-2-3---k.

1 1 1 1
Indeed — < ———— k > 2, but — = ——————— (by index ch '
ndeed 1) for k > u Zk(k—l) Z(k—l—l)(k‘—i—Q) (by index change) is
k>2 k>0
a convergent series. So the exponential series Z i converges. In fact, by definition, the sum
k>0
+oo
Z o is equal to the Euler number e = exp(1).
k=0 "

1
Example 1.4.6 Conversely, we have seen that the series Z T diverges. We can easily deduce
k>1
In

. (k) 1 .

that the series and — also diverge.

Let’s finish with an interesting application: the decimal expansion of a real number.
Example 1.4.7 Let (ak)k>1 be a sequence of integers all between 0 and 9. The series

+oo

ai converges
> 10% ges.
k=1
Indeed, it It Ok i g dby > But th tric series 1
naee 5 1S genera erm ur — ——— 1S tncrease —. u € geomeiric Serites — CON-
g TV Y 70k g 10

1
verges, because 0 < 1. The series Z also converges by linearity, hence the result.

+00
Such a sum Z

k=1
For example, if a, = 3 for all k :

10k

% 1s a decimal of a real x, with 0 <z < 1.

+oo
3 3 3 3 1
— =t —+ —+---=0,3+0,03+0,003+---=0,333... = 5
;10’“ 10+100+1000+ 0 00, * ’ 3

Of course, the same result can be obtained using the geometric series:

*2”3_3*2”1_3 1310 1
105 10 10 10 1 10 9 3
k=1 k=0 1——

1.4.3 Theorem of Equivalents

Let’s improve the comparison theorem with the notion of equivalent sequences. Let (ux) and
(vg) be two strictly positive sequences. Then the sequences (uy) and (vg) are equivalent if

. Ug
Iim —=1
k—+o0 Vg
Then

U ~ Vi

Theorem 1.4.8 (Theorem of equivalents) Let (u) and (vg) be two sequences with strictly
positive terms. If up ~ vy then the sequences Zuk and Y vy, are of the same nature.

In other words, if the sequences are equivalent, then they are either both convergent or both
divergent. Of course, if they both converge, there’s mo reason why the sums should be equal.
Finally, if the sequences are both strictly negative, the conclusion remains valid.
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1
Let’s return to an example that shows how practical this theorem is: the sequences — and

k2
1 1 1
= ivalent. Si th i —_
e Dh+2) R taht2 are equivalent. Since the series Z G Dh+2)

1
ample 1.2.7 ), then this implies that Z 73 converges.

converges (ex-

Proof: By hypothesis, for any € > 0, there exists kg such that, for any k& > ko,

Uk
—1‘ < g,
Uk

where in other words
(1 —e)op < ug < (1+¢€)vg.

Let’s set a e < 1. If > uy converges, then by the theorem 1.4.1 , Z(l — €)vy, converges, S0 > Ug
also converges. Conversely, if Z uy diverges, then Z(l + &)vy, diverges, and so does Z ve. O

1.4.4 Examples

Example 1.4.9 The two series

K+ 3k +1 k+ In(k)
m and Z T COTLU@Tg@TLt.
1 1
In both cases, the general term is equivalent to 72 and we know that the series Zﬁ
converges.
Example 1.4.10 On the other hand
k*+3k+1 k+In(k) .
m and Z T dZ'Ue'f’geTLt.

1 1
In both cases, the general term is equivalent to —, and we’ve seen that the Z% series

diverges.
Example 1.4.11 Does the series

Zln( th k) converge?
k>1

The method s to look for a simple equivalent of the general term.
e Let us first note that, for k> 0,0 < th k < 1.

o Then let’s evaluate th k :

hk k_ —k -9 —k -9 —2k
thikh=20_C "€ :1+7e:1+L
chk ek 4ek ek + ek 14+ e 2k
In(1
e Since 1111(1)M =1, then, if uy — 0,In (1 + uy) ~ ug. Thus
T— Xz

—2¢7 2k

5 —2k o, —2k
ln(thk:)—ln<1+ 2 ) 2¢

T+e2) T 142 "™
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) _ N . . . 1
o The series g e 2k = E (e 2) converges because it is a geometric series of reason — < 1.
&

o The sequences In( th k) and —2e2* are two strictly negative sequences and we have seen
that In( th k) ~ —2e~2k. By the theorem 1.4.8 of equivalents, since the series Z —2¢ %k

converges, then the series Zln( th k) also converges. (If you prefer, you can apply the
theorem to the strictly positive sequences —In( th k) and 2e=2F.)

1.4.5 The Integral Test

Theorem 1.4.12 If f is continuous, positive, and decreasing on [0, +oco[, then
0 [e'S)
Z f(k)  converges  iff / f(x)dx  converges.
k=0 0

"Of the same nature" means that the series and integral of the theorem are either convergent
at the same time, or divergent at the same time. Caution! It’s important that f is positive
and decreasing. The easiest way is to understand the drawing and repeat the demonstration

whenever you need to.

Proof: Let k € N. Since f is decreasing, for k <t < k+ 1, we have f(k+ 1) < f(t) < f(k)
(note the order). Integrating over the interval [k, k + 1] of length 1, we obtain :

X

FUO |-

k+1
f(k+1)<j f(t)dt < f(k) FRF 1] e e .
E X

k k+1

In the drawing, this inequality means that the area under the curve, between abscissas k£ and
k + 1, lies between the area of the green rectangle with height f(k + 1) and base 1 and the area
of the blue rectangle with height f(k) and the same base 1. We sum these inequalities for k
varying from 0 ton — 1 :

n—1 n—1 k41 n—1
Dfk+1<Y / F)dt <Y f(k).
k=0 =0k k=0

Let : n
up + -+ uy <‘/P f@»dt$§U0‘¥"'+'unfl
0

The series Z uy converges and has sum S if and only if the sequence of partial sums converges to

n xX
S. If this is the case, / f(t)dt is increased by S, and since / f(t)dt is an increasing function
0 0
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of z (by positivity of f ), the integral converges. Conversely, if the integral converges, then
n

/ f(t)dt is major, so is the sequence of partial sums, and the series converges.
0

1.4.6 Applying the Integral Test

Example 1.4.13 (Harmonic series) The harmonic series

il—l—i— —{—l—l—l—l— diverges
£k 371 ges:

The function f(x) = 1/x is continuous, positive, and decreasing on [1,00). We know that

—  diverges.
1 X

By the integral test,

1

§ = di .
k werges

k=1

The next example generalizes on this.

Example 1.4.14 (p-series) The p-series

oo
Zi—l—l———l—i—l—i—i— converges  iff >1
£ 3 J P

O

If p <0, then the terms of the series are all greater than or equal to 1. Therefore, the terms
do not tend to zero and the series cannot converge. We assume therefore that p > 0. The function

f(x) = 1/xP is then continuous, positive, and decreasing on [1,00). Thus, by the integral test,

1 _ © dx
Z —  converges  iff —  converges.
P kp 1 P

Earlier you saw that

* dx
/ —  converges iff p>1
TR

It follows that

= 1
;k:p converges  iff p>1

Example 1.4.15 Show that the series

Zi—iﬂ—iﬂ— 1 + .-+ diverges
ZekIn(k+1) 2 23 3Ind J

1

zln(z +1)
[1,00), we can use the integral test. Note first that for all x € [1,00)

We begin by setting f(x) =

1 1
zln(z +1) ~ (x4 1)In(x+1)

29
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Therefore

b 1 b 1 - .
/1 e ) /1 @+ Din(z + 1)@ = (@ + DI
= In[ln(b+ 1)] — In[ln 2]

As b — oo, In[ln(b + 1)] — co. This shows that

| ey
1 xln(x—i—l)x

diverges. Therefore the series diverges.

1.4.7 Framing the Remainder of a Series

The following result gives a very simple framework for the remainder of a series whose general
term is of the form u, = f(n).

Proposition 1.4.16 The remainder R, of a convergence series with general term u, = f(n)
where f is positive, continuous and decreasing, verifies the following framework:

+o0 +o0
f(z)de < R, < (x)dxz Vn € N,
1

n-+ n

—+00
where R, = E U -
k=n+1

Proof: It is sufficient to use the frames that follow from the proof of the theorem 1.4.12:

k+1 k
/ f(x)dr <uy < f(z)dz,
k

k—1

and sum them for k£ from n + 1 to infinity. O

1.4.8 Riemann Series

The comparison theorem (theorem 1.4.1) and the equivalents theorem (theorem 1.4.8) reduce
the study of positive-term series to a catalog of series whose convergence is known. This catalog

1
includes Riemann and Bertrand series. Let’s start with the Riemann series Z T fora > 0 a
k=1
real number.

Proposition 1.4.17

400 1
St a>1 then Z Ta  Converges
k=1

- 1
If0<a<1 then Z o diverge
k>1

Proof: In the theorem 1.4.12, nothing obliges to start from 0 : for m € N, the series Z f(k)

k>m
+0o0o
and the improper integral f(t)dt are of the same nature.
m

30



1
We apply this to f : [1,4+00[— [0, +o0]. defined by f(t) = et For a > 0, it is a decreasing and
positive function. We can apply the 1.4.12 theorem. We know that :

1
Tl 7 —1) ifa#1l
1t In(z) ifa=1
+o0 +oo
For a > 1, /1 t—adt is convergent, so the series Z T converge.
k=1
o 1
For 0 < a < 1,/ t—adt is divergent, so the series Z o diverges. O
1 k>1

1.4.9 Bertrand Series

1
A more sophisticated family of series are Bertrand series: Z o where a > 0 and g € R.

= (Ink)P

Z o /8

If « > 1 then it converges.
If 0<a<1 then it diverges.

B > 1 then it converges.
If a=1and

B < 1 then it diverges.

Proof: The demonstration is the same as for Riemann series. For example, for the case a =1

/x 4 — ﬂ ((lnw)l_ﬁ — (In 2)1_5) sif#1
2 t(Int)? In(lnz) — In(In 2) sif=1

1.4.10 Applications

In particular, we find that :
1 1
1. Z 73 converges (take o = 2 ), while Z Z diverges (take a = 1).
Let’s finish with two examples of using equivalents with Riemann and Bertrand series.

Example 1.4.19
1. The serie

> I <1+ lkg)

k>1

converges? As

Vi3 k3



) _ 1 1 3 )
and the Riemann series Z \/? = Z —§ converges (because 3 > 1 ), then by the equiv-
k2
+oo
alence theorem the series Z In (1 + 1> also converges
k=1 VS

2. Is the series convergent?

- - cos (k\/iﬁ)

k>1 sin l
- k

We are looking for an equivalent of the general term (which is positive):

1
1 — cos
(k:\/lﬂk:) N 1
sin l 2kInk
k

1
Bertrand’s series g —— diverges, so our series diverges too.

klnk

1.4.11 Cauchy Roots Rule

o0

Theorem 1.4.20 (Cauchy root test — General case) Let Zuk be a series of real (or com-
k=0

plex) numbers.

(i) If there exist a constant 0 < g < 1 and an integer ko such that, for all k > ko,
Viul <q <1,

then Z u converges absolutely.
(ii) If there exists an integer ko such that, for all k > ko,
k\/ |uk| 2 17
th di ' li 0).
en Zuk iverges (since Jim #0)

Most of the time, the test is applied to series with non-negative terms.

Proof: [Proof of Theorem 1.4.20] We prove each part separately.
Part (i): Assume there exist 0 < ¢ < 1 and ko € N such that for all £ > ko,

Y |ug| < q.

Raising both sides to the power k gives:

lup| < ¢~ for all k > k.

o

Consider the geometric series Z ¢*. Since 0 < ¢ < 1, this series converges (its sum is 1%)

q
k=0
oo
By the comparison test for series with non-negative terms (applied to Y |ug|), the series Z lug]

k=0
converges.
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o0
Therefore, Z uj converges absolutely, hence it converges.
k=0

Part (ii): Assume there exists kg € N such that for all & > ko,
Y Jug| > 1.
Raising both sides to the power k yields:
lug| > 1 for all k > k.

In particular, for k& > ko, we have uy # 0. More importantly, the sequence (uy) cannot
converge to 0 because:
liminf |ug| > 1 > 0.
k—o0

By the divergence test (also called the m-th term test), if a series » uj converges, then
e.9]

limy_, o ur = 0. Since this condition fails, the series Zuk diverges.
k=0

Remark about the boundary case: The theorem does not cover the case where lim sup /|u| =
k—o00
1. In this situation, the series may converge or diverge. For example:

e For uy = 4, we have {/|uy| = (%)l/k — 1, but 3 + diverges (harmonic series).
e For u, = #, we have ¥/|ug| = (%)Uk — 1, but > k% converges.

This shows why the strict inequalities ¢ < 1 and > 1 (rather than < 1) are essential in the
statement. 0

oo
Corollary 1.4.21 (Cauchy root test for series with non-negative terms) Let Zuk be
k=0
a series with non-negative terms (uy > 0), and suppose that ¥/uy converges to £.

(i) If £ < 1, then Zuk converges.
(ii) If € > 1, then Zuk diverges.
(111) If £ =1, the test is inconclusive (the series may converge or diverge).

In practice, to compute the k-th root, we often use the exponential form.:
1/k 1
Y = (ug) " = exp % Inwuy ).

Proof: Recall that the convergence of a series is not affected by its first finitely many terms.

(i) In the first case of Theorem 1.4.20, {/|uy| < ¢ implies |ug| < ¢* for all k > ky. Since
(e e}

0 < ¢ < 1, the geometric series qu converges. By the comparison test (for series with
k=0
non-negative terms), Z |ug| converges, hence Z uy converges absolutely.

(ii) In the second case, v/|ug| = 1 implies |ug| > 1 for all k& > ko. Consequently, klim up # 0,
—00

and therefore the series Z uy, diverges by the divergence test.
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(iii) For the last point of the corollary, consider the counterexamples:

1 1
uk:% and vk:ﬁ.

For both sequences, we have:

1 1 Ink
Yug, = exp(k In (k)) = exp(—i) - =1,

1
and similarly v, — 1. However, the harmonic series Z z diverges, while the series

1
Z 72 converges (by the p-series test with p = 2 > 1). This shows that the case £ = 1

yields no conclusion.
O

Example 1.4.22 For example, the series,

Z <2k + 1)’“
converges,
3k+4

2k +1 2
car /u, = + tends to = < 1. On the other hand, whatever o > 0 is
3k+4 3
2k
g o diverge,
Indeed,
v V2 2 2 —2>1
U = = = .
CWRe T (k "

1.4.12 D’Alembert’s Quotient Rule
d’Alembert’s quotient rule is an efficient way of showing whether a series of real numbers con-
verges or not.

Theorem 1.4.23 (D’Alembert’s quotient rule - General case) Let ) uy be a series whose
general terms are non-zero real numbers.

1. If there exists a constant 0 < g < 1 and an integer ko such that, for any k > ko,

Uk+1
Uk

<g<1, then Zuk converges.

The series is even absolutely convergent.
2. If there exists an integer ko such that, for any k > ko,

Uk+1
Uk

>1, then Zuk diverge.

U
The situation most often studied is when the series ! converges; the position of the limit

Uk
with respect to 1 then determines the nature of the series. Here’s a direct and most frequently
used application, for series of real, strictly positive numbers:

Corollary 1.4.24 (D’Alembert’s rule for series of real, strictly positive numbers) Let
Uk+1

Uk

Zuk be a series with strictly positive terms, such that converges to £.
1. If ¢ < 1 then Zuk converges.
2. If 0 > 1 then Zuk diverges.

3. If £ =1 we can’t conclude in general.
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Proof: Recall first that the geometric series qu converges si |q| < 1, diverges otherwise.

u
In the first case of the theorem, the assumption kL

< ¢ implies |ugo11| < fug| g, then
Uy 2| < |ug| ¢°. We check by recurrence that, for any k > ko :

ko K

| < |uke| g™ - ¢" =c-¢*

where ¢ is a constant. Since 0 < ¢ < 1, then the series qu converges, Where the result by

Uk+1

theorem 1.4.3: the series Z |ug| converges. If > 1, the sequence (|ug|) is increasing: it

cannot therefore tend towards 0 and the series diverges. U

Remark 1.4.25 The theorem cannot be applied if some uy, is zero, contrary to the Cauchy root
rule we’ll see later.

e Note that the theorem doesn’t always lead to a conclusion. Be careful that the hypothesis is

Ykt < q < 1, which is stronger than nlca < 1.
Uk Uk
o Similarly, the corollary does not allow us to conclude when Gkl — 1. For example,
U,

. 1 1 Uk+1 k

for the series Zuk = ZE and ka = Zﬁ we have ” = Pl — 1, and
k> 1 1

vf};:l = CFSit — 1. Howewver, the series Z z diverges while Z = converges. If the

U
limit of the sequence (Z——H)n does not exist, it may be that the series Zun converges or

diverges. Consider the fo?lowing sequences:

U
1. Zun = (2+(=1)"™)27", here, the limit of ( ZH )n doesn’t exist and Z Uy, converges
n
since it’s the sum of two convergent geometric series.

2. up = (24 (=1)"), in this case the limit doesn’t exist and Zun diverges since its
general term doesn’t tend towards 0.
1.4.13 D’Alembert vs Cauchy

Let’s compare D’Alembert’s quotient rule with Cauchy’s root rule. We'll see that Cauchy’s
root rule is more powerful than d’Alembert’s quotient rule. In practice, however, d’Alembert’s
quotient rule is still the most widely used.

Proposition 1.4.26 Let (ux) be a sequence with strictly positive terms.

I lim Py then  lim Yag = L.

k—+oo UL k—+o00

In other words, if we can apply D’Alembert’s quotient rule, then we can also apply Cauchy’s root
rule.
Proof: For any € > 0, there exists kg such that, for any k > ko,

Uk+1
Uk

{—e< </fl+e.

By recurrence, we deduce:
Uk (f - E)kiko < ug < U, (5 + E)kiko
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Or :
lim /ug, (¢ — )b~k =¢—¢ and lim  /ug, (€ +e)h—ho = £ +e.
k—+o00 k—r+o00

So there exists k1 > kg such that, for k > k1,
0 —2e < Fup < €+ 2

where the result. O
Let’s finish with an example where Cauchy’s root rule allows us to conclude, but d’Alembert’s
quotient rule does not.

Example 1.4.27 Let’s define the sequence uy by :

2n
Uk = 32n .
a1 ifk=2n+1
1
The ratio Ykt is = if k is even, 8 if k is odd. D’Alembert’s quotient rule therefore does not

Uk

2
apply. However, ¥/u; converges to \/; < 1, so Cauchy’s root rule applies and the series Zuk
converges.

1.4.14 Duhamel’s Rule

D’Alembert’s rule (respectively. Cauchy’s rule) does not allow us to check the nature of the
series Z u, when

n>0
. Un+1
lim —*t — 1.

n—-4oo Un

This is an opportunity to use another technique to establish the nature of a series with positive
terms. This technique is called Duhamel’s rule and is given by the following theorem:

Theorem 1.4.28 Let Zun be a series with positive terms. It is assumed that :
n>0

Then

1. If A > 1 the Z Uy, Series converges.
n>0

2. If A < 1 the series Zun diverges.
n>0

Proof:

1. If A > 1, there exists « such that A > a > 1. We put

Then,




A limit development in the vicinity of infinity of order 1 gives

1\ 1
(1+) :1—a+0<>.
n n n

A
So -2 <2 Therefore,
n n

i.e.

Where By applying the comparison theorem, we deduce that Zun converges since the
n>0

. . 1.
Riemann series E Up = E — s convergent (a>1).
n
n>0 n>0

2. If A < 1, we put

Then,

Un+1 n o 1
v, \n+1/) ( 1> '
On the other hand, since A < 1 then

A 1 1 1
1-Z4o(=)>-=+1+0(—-).
n n n n

Un+1 < Un+1

Un Unp

This is equivalent to

And according to the comparison theorem Zun diverges since the series Zvn is a di-

n>0 n>0
vergent harmonic series.

O
Example 1.4.29 Consider the series with general term u, defined by :
(2n)!
= S ()2
Then,
2 1 1 1 1
Unir _2nt Ll =1 . (1.14)
U, 2n + 2 2n + 2 2 | 1
T
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In addition, a development limited to the vicinity of infinity of order 1 gives

(1+21n>_1:1_21n+0<i)' (1.15)

1
From Duhamel’s theorem, we conclude that Zun diverges since A = 3 < 1.
n>0
1.4.15 Riemann’s Rule or "nu,"
This rule is very useful in exercises.

Proposition 1.4.30 Let Zun be a series with positive terms and o be a real number.
n>1

1. If « > 1 and the sequence (n®uy,)y, tends to 0, then the series Zun converges.
n>1

2. If a <1 and the series (n“uy)y tends to +o0o, then the series Zun diverges.
n>1

Proof: The proof is immediate, and follows from comparing the series Z Uy with the Riemann
n>1

. 1
series Z a U
n>1
Example 1.4.31 The infinite series Z e 2V converges since we have lim ne"2V" = .

n—-+o0o
n>1

1.5 Alternating Series

There’s another type of series that’s easy to study: alternating series. These are series in which
the sign of the general term changes at each rank.

1.5.1 Leibniz Criterion

Let (ug)yso be a sequence that verifies u, > 0. The series Z(—l)kuk is called an alternating
k>0
series. We have the following convergence criterion, which is extremely easy to verify:

Theorem 1.5.1 (Leibniz criterion) Suppose that (uy),, is a sequence that verifies :
1. ug =20 forall k >0,
2. the sequence (uy) is a decreasing sequence,

3. and lim wu, =0.

k—+o00
+oo
. . k
Then the alternating series Z(—l) ug converges.
k=0
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Proof: Let’s get back to two adjacent sequences.

e The sequence (Sa,,+1) is increasing because Saj 41 — S2p—1 = U2y — Uzp41 = 0.
e The sequence (S2,) is decreasing because So, — Sop—2 = U2, — Ugp—1 < 0.
o So, = Sany1 because Sop i1 — Sop = —u2, 41 < 0.

e Finally So,4+1 — So2, tends to 0 because Sa, 41 — Sop = —u2p+1 — 0 (when n — 400 ).

Consequently (S2,,+1) and (S2,) converge, and converge to the same limit S. We conclude
that (S,) converges to S. In addition, we’ve shown that Sa,+1 < S < Sa, for all n. Finally, we
also have and

02> Rop =85 — Sop = Sony1 — Son = —U2pn41

Thus, whatever the parity of n, we have |R,| = |S — S| < tp1. O

Example 1.5.2 The alternating harmonic series

+0o0
1 1 1 1
Y [
,;0( U 237 17"

1
converges. Indeed, by posing uy = PR then

1. up =20,
2. (ug) is a decreasing sequence,

3. The sequence (uy) converges to 0.

—+o00

1
By the Leibniz criterion (theorem 1.5.1), the alternating series Z(fl)kk ] converges.
k=0 +
1.5.2 The Remainder
“+o0o
Not only does the Leibniz criterion prove the convergence of the series Z(—l)kuk, but the proof
k=0

provides us with two additional important results: a framing of the sum and a majorization of
the remainder.

“+o0o
Corollary 1.5.3 Let be an alternating series Z(—l)kuk verifying the assumptions of the the-

k=0
orem 1.5.1. Let S be the sum of this series and let (Sy,) be the sequence of partial sums.
1. The sum S satisfies the bounds:

S <83 <S5 < K < KIS, < S <52 <5

—+00
2. Furthermore, if R, =S — S, = Z (—1)kuk 1s the remainder of order n, then we have
k=n-+1

|Rn’ < Un+1-
For an alternating series, the speed of convergence is therefore dictated by the decay of the sequence

(ug) towards 0. This can be quite slow.
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Example 1.5.4 For example, we saw that the alternating harmonic series L1 converges;
p +1 1
let’s denote S its sum. The partial sums are So = 1,51 = 1 — 5,52 =1- 3 + 5,53 =
1 1 1 1 1 1 1
1-— 5 + 3 1,54 =1- 3 + 371 + B The framework of the corollary is written as
1 1 1 1 1 1 1 1 1 1
l-—— < 1l—-4-->-<--- < <---<S<---< < o<l < 1——+-< 1
2 27371 St 5 S 5737175 573
We deduce 35 47
S3=—~0.58333... <5 <S5, =—~0.78333...
> 60 *7 60
If we push the calculations further, then for n = 200 we obtain
5201 ~ (0.69067. .. < S < SQOQ ~ (0.69562. ..
This gives us the first two decimal places of S ~ 0.69.... In addition, we have an increase in
the error committed, using the inequality |Ry,| < up+1. We find that the error committed by
approzimating S by Sago is: |S — Sa00| = |Ra00| < w201 = 209 <5-1073. In fact, you will see

later that S =In2 ~ 0.69314. ..

1.5.3 Counter-example

Let’s end with two caveats:
1. We can’t drop the decay condition of the sequence (ug) in the Leibniz criterion.

2. It is not possible to replace ug by an infinite equivalent in Theorem 1.5.1, as decay is not
preserved by equivalence.

Example 1.5.5 Here are two alternating series:

Z (_l)k converges Z i diverge.
k>2 vk k>2 Vi + (_1)k

The Leibniz criterion (theorem 1.5.1 ) applies to the first: the sequence up = 1S a positive,

1
Vk .

-1

decreasing sequence tending towards 0. Consequently, the alternating series E (=1)

= vk

On the other hand, Leibniz’s criterion does not apply to the second, because although the sequence

converge.

vy = —=— 1§ positive (for k > 2 ) and tends towards 0 , it is not decreasing. However,
VE+ (-1 ork=2)
we do have :
1 1
’Uk_ = v —— = U’k’

VE+(-1DF  VE
To show that Z i diverges, let’s calculate the difference:
k>2 \/E + (_1)k
pVE+ (-1)F =V
k+ (=1)kVE

R A G O
vk VE+(-1)
1 1

k+ (—1E k

(—1)kuk — (—1)kvk =

= (1)
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Thus the series with general term wy, = (—1)Fuy, — (=1)*vy diverges, since its general term is

equivalent to that of the harmonic series Z z which diverges. Let’s now assume for the sake

of argument that the Z(—l)kvk series is convergent. We also know that the series Z(—l)kuk

k=2 k>2
1s convergent. Therefore, by linearity, the series Zwk = Z(—l)kuk - Z(—l)kvk would be
k>2 E>2 E>2
. - . . (—1)* .
convergent. Which is a contradiction. Conclusion: the series Z ———— diveryge.

k>2 \/E + (_1)k

1.6 Series with Terms of Arbitrary Signs

1.6.1 Absolutely Convergent Series

Definition 1.6.1 A series Z uy of real numbers is said to be absolutely convergent if the series

k>0
Z |ug| is convergent.
k=0
. cosk cos k
Example 1.6.2 1. The series Z 2 absolutely convergent. Because for up = 2z e

k=1
1 : , 1
have |ug| < 72 Since the series Z 7z converges then Z |ug| also converges.
k=1 k>1
+00 (_1)k

2. The alternating harmonic series Z s not absolutely convergent. Because for vy =

k=0
(—1)k _ o
~—— the series vg| = —— diverges.
= D ol = oy diverg
k>0 k>0
A series, such as the alternating harmonic series, which is convergent, but not absolutely

k+1

convergent, 1s called a condittonally convergent series.
Being absolutely convergent is stronger than being convergent:

Theorem 1.6.3 Any absolutely convergent series is convergent.

Proof: Let’s use the Cauchy criterion. Let Z ug be an absolutely convergent series. The series
+oo
Z lug| is convergent, so the sequence of remainders (R;,) with R}, = Z |ug| is a sequence

k=n+1
that tends to 0 , so in particular it is a Cauchy sequence. Let ¢ > 0 be fixed. There therefore

exists ng € N such that for all n > ng and for all p > 0 :
[un| + [upga| + -+ + |unip| < e
Therefore, for n > ng and p > 0 we have:
[un + Uns1 + -+ Ungp| < |un| + [Ung1] + -+ [Ungp| < e.
So, according to the Cauchy criterion (Theorem 1.2.18), > uy is convergent. O
Remark 1.6.4 The converse of Theorem 1.6.3 is false i.e.

Zun converges Z |un| converges .

n>0 n>0

(=)
2n

Example 1.6.5 The Leibniz series Z
n>0

converges without being absolutely convergent.
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1.6.2 Converge Conditionally
Definition 1.6.6 A series Zun s said to converge conditionally if Zun converges, but

n>0 n>0
not absolutely. A conditionally convergent series is any convergent series that does not converge

absolutely.

Example 1.6.7 Consider the alternating Riemann series

1 n—1
Z L where o > 0.
nOé
n>1
This series is convergent by applying Leibniz’s Theorem. Therefore, it is conditionally convergent
if0<a<l.
1.6.3 Cauchy and D’Alembert’s Rule for Series with Terms of Arbitrary Signs

These two rules (see Theorems 7?7 and 1.4.23) are a priori applicable to series with positive terms.

If we have a series Z uy, with terms of arbitrary signs, we can look at the absolute convergence
of the series by using one or the other of these two rules. More precisely, we apply these two

rules to the series Z [t
Example 1.6.8

1. For all x € R fized, the exponential series

+o0 $k
2 converges.
k=0
iL’k
Indeed, for up = i we have
:Ilk+1
U k+1)! x
AR ( +k) = i -0 ask — 400
U z k+1
k!

The limit being = 0 < 1 then by D’Alembert’s Ratio Test, the series is absolutely convergent,
therefore convergent. By definition, the sum is exp(x):

“+o00
l’k

exp(z) = Z Tl
k=0

k! b Uk+1 k + 1
converges ecause =
13- (2k—1) ges we | 2k +1

1
tends to 3 < 1.

S
b
M
o

2% 2 1)(2 2
El{:]f))Q diverges, because uz;:l = (2k 4(_]{ 3_(1;{:2—1_ : tends to 4 > 1.

k>0

Let’s finish with a more complicated example.
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Example 1.6.9 Find all z € C such that the series Z 2F is absolutely convergent.
k>0
s
k
Let u, = 2F. Then, for z £ 0,
3
k+1
|Z|k+1
3 (k+ 1)k(k—1)
luk1| _ _ 3! _k+1
] _k(k—l)(k—2)|z|_k—2‘z|—>’2‘ as k — +o0.
k 3!
K
3
If |z| < 1 then for k large enough ’Tk+|1’ < q <1 so the series Zuk 1s absolutely convergent.
ug,
k+1 kE+1
If || > 1 then |TZ:’1| = k—t2|z\ > 71_2 > 1 for all k. Therefore, the series Zuk diverges.

k2
1
Example 1.6.10 Determine all z € C such that the series Z <1 + k:) 2F is absolutely con-
E>1
vergent.

k}2
1
Let up, = (1 + k) 2F. We have

Vgl = 1+E |z| — e|z|.

1
This limit satisfies e|z| < 1 if and only if |z| < —.
e
1 . .
o [f|z| < = then the series E uy 15 absolutely convergent.
e
1
o If|z| > =, we have for k large enough /|ux| > 1, so the series E uy, diverges.
e

1
o If|z| = — the Cauchy Root Test does not allow us to conclude. We study the general term
e
by hand. We obtain:
Therefore
k2 k
1 1
= 1 — —
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1 1
In jug| = k? In <1+k> +kln =

e
k:-k:l 1+1 1
= n —_— —
| k

1
So lug| —e 2 #0. Thus Z |ug| diverges.

1.6.4 Raabe-Duhamel’s Rule

D’Alembert’s Ratio Test and Cauchy’s Root Test do not apply to the Riemann series

1
>
k>1

%

k
car W — 1 and #ur — 1. We need to refine D’Alembert’s Rule to be able to conclude.

However, we will return to the convergence of Riemann series using other techniques.

Theorem 1.6.11 (Raabe-Duhamel’s Rule) Let (uy) be a sequence of non-zero real (or com-
plex) numbers.

1. If Vk > ko we have Gkl <1- g, with B > 1, then the series Zuk 1s absolutely
ug
convergent.
Uk+1 1 , ,
2. IfVk > ky we a =>1- 7 then the series > uy is not absolutely convergent.
Uk
1
Caution! There are convergent series, although ‘ukﬂ >1- T By the second point, such a
ug,
series cannot be absolutely convergent.
1
Indeed, let u, = (—1)]“%. Then:
] k1 S1- 2
|ug] k+1 k+1 k

Proof:

1. The assumption implies & |ug11| < k |ug| — 5 |ug| (for all & > ko ).
Thus

(6 = 1) ug| < (k= 1) [ur| =k lugsa] -

Since § > 1 then the above inequality implies (k — 1) |ug| — k |ug+1| > 0 and thus (k —
1) |uk| > klug1]. The sequence (k|ugi1])yy, 15 decreasing and bounded below by 0 ;
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this sequence therefore has a limit. Thus, the telescoping series Z [(k—1)|ug| — k |ugs1]]
converges. Since
(8 — 1) Jug] < (k= 1) ] — K fugsal,
the series Z(ﬁ — 1) |ug| converges and therefore also Z |ug|.
2. The assumption implies k|ugy1| = (K — 1) |ug] > 0 (for all & > ko ). Therefore, the
sequence (k |ugy1])gsy, 18 increasing, so k|ugy1| > € > 0. Therefore, for all k& > ko, we

1
have |ug41| > % Therefore, Z |ug| diverges, because Z z diverges.

1.7 Products of Two Series

For a product of sums, there are several ways of ordering the terms once the product has been
developed. In the case of a finite sum, the order of the terms is unimportant, but in the case of
a series it’s essential. We choose to group the terms according to their indices, as follows:

(ao + al) (bo + bl) = aobo + a0b1 + a1b0 + ai1bi
~—~ —_——— ~—~
sum of indices =0  sum of indices =1  sum of indices =2
(ap + a1 + ag) (bp + by + ba) = apbg + agby + a1by
~— —_————
sum of indices =0  sum of indices =1
+agpbs + a1by + agbg + aiby +azby + asbo
~—~

sum of indices =2 sum of indices =3  sum of indices =4

More generally, here are different ways of writing a product of two sums:

(Z;CL) ;bj :Zn:zn:‘”bj: SN abi= Y D aibe

i=0 j=0 0<k<2n i+j=k 0<k<2n 0<i<k
The last two forms correspond to our decomposition according to the sum of indices.
1.7.1 Cauchy Product
Definition 1.7.1 Let Zuz and Zvj be two series. The series Zwk where

i>0 §>0 k>0

k
Wy = Zuwk,i (1.16)
1=0

Another way of writing the coefficient wy, is :

Wg = E U;Vj

i+j=k
From formula (1.16), we have

wp = Uglp, W1 = UpV1 + u1vp and wy, = UgVp + UIVp—1 + ... + Up_1V1 + UpVp.

“+o0o “+oo
Theorem 1.7.2 If the series Zul and Zvj of real numbers are absolutely convergent, then
i=0 =0
the product series
+0o0 400 k
Sy (z )
k=0 k=0 \i=0
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1s absolutely convergent and we have :

+o0 “+o0o +oo
Su=(Su)x [T
k=0 =0 7=0

Proof: Notations
o Sp=ug+ -+ up, S, — S,
o In=wvo+ -+, T, —T,
e [y =W+ -+ Wy

We need to show that P, — S -T.
First case: ug > 0,v, = 0 (Vk).

In this case w; > 0 and we have

The sequence (P,) is increasing and major, and therefore convergent: P, — P.

We also have
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The drawing represents the point corresponding to the indices (i,7). The red triangle rep-
resents P, (with the grouping of terms corresponding to the diagonals), the green square cor-
responds to the product S, - T},, the blue triangle represents P,,. The fact that the square lies
between the two triangles reflects the double inequality P, < Sy, - T, < Poy,.

So by making n — 400, we have : P S-T < P. So P, — S-T.

Second case: uy, € R, v, € R(VE).

We put :

o S =lug|+ -+ |un|, S, = 5,
k

o Tj = |vo| + - +|on| , T}, = T', - P = wfy+ - +w], where wj, = Y [ujvp—i|.
1=0

From the first case, P, — P’ with P’ =S’ - T'. Thus
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1S T = Pal = | D wwi| < D Juwy|=8),-T;,— P, =8 -T' - P =0.
0<i,j<n 0<4,j<n
i+j>n “hj>n
Thus P, = Sy, Tp, — (Sp-Tn — P,) = S-T—0=S-T. So the series ch is convergent

and its sum is S - T. Moreover, |wy| < wj,. Convergence of z:w}C therefore implies absolute

convergence of Z W O
“+o0o +oo

Example 1.7.3 Let Z u; be an absolutely convergent series and let Z v; be the series defined
i=0 §=0

1
by v; = YR The series Y v; is absolutely convergent.
Note

k k 1
Wk = Z“i”k—i = Z“ X SE=it
=0 =0

Then the series Zwk converges absolutely and
+o0 +oo +oo +o0
S o B D ST I ot
k=0 =0 7=0 =0

1.7.2 Counter-example

If the series Z u; and Z v; are not absolutely convergent, but only convergent, then the Cauchy
series can be divergent.

—1)¢
Example 1.7.4 Let u; = v; = \(/%,i > 0. Then Zul and Zvj are convergent by the
i

Leibniz criterion, but are not absolutely convergent. We have

1=

- S (- (D DS
w’“:;uw’”:;\/iﬂ\/k—iﬂ Z\/erl k—it1

22
Now, forx € R,(z + 1)(k —x+1) = —2® + kx + (k+ 1) < (E+2)7

(k+2)

(value at vertex of

parabola). From where \/(i +1)(k —i+ 1) < . Thus

k

k
1 2 2k+1)
w :E E — 2.
e it k-t =k+2 k+2

So the general term wy cannot tend 0, so the series Zwk diverges.
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1.8 Grouping of Terms

In general, the series obtained by grouping the terms of a given series can converge without
converging the initial series: the partial sums of the series obtained after grouping only form a
sequence extracted from the sequence of partial sums of the initial series. Consider the series

Zun =uy+ Uy + ... + Up... uy € R¥n € N.
neN

We group the terms of the Z Uy, series with conservation of order. We then have
neN

(up +ur 4 oo + Uny ) + (Uny 41 + Unyt2 + oo + Uny) ...

~~
Vo U1

+ (Unj1 + o+ Ungp ) -

Vg

In other words, we have obtained the series :

p(n+1)-1
Zvn where v, = Z up, et ¢(0) =0, p(k) =ny+1,Vk > 1.
n>0 p=p(n)

Definition 1.8.1 We say that the series Zvn is deduced from the series Zun by grouping
n>0 n>0
the terms.

We’re interested here in the possible links between the natures of Z Un and Z v, and, in the
n>0 n>0
case of convergence, the links of their sums. We then have

Proposition 1.8.2 If the series Zun converges then Zvn converges, and furthermore we

n>0 n>0
have,
+oo 400
D_tn =) vn
n=0 n=0

Proof: Let (S,), and (7},), be the sequences of partial sums of Z U, and Z vy, Tespectively

) n>0 n>0
ie.,
n
Sn:Zuk:uo—i—ul—i—...—i—un,
k=0
et
n
Tn:ka:vo+u1+...+vn.
k=0
Thus,

To =v9 =ug+ur + ... + up, = Sy,
Th=vo+vi=uo+up + ... +Upn, +Upj+1+ ... + Upy = Spy,

Tk:v0+vl+...+vk:uo—i—...—{—unkH :Snk+1'
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Where the sequence (7},), is a sub-sequence of (Sy),. Since the series Z Uy converges i.e.,
n>0

IS € R/ lim S, =S.

Then the subset (T,), of (Sy)n also converges, and we have

lim 7, =25.

n—-+o0o

Where
+00

Zvn =5

n=0

Remark 1.8.3 The reciprocal of the previous proposition is false, i.e.,

E Un, CONverge = E Up CONVETgE,
n>0 n>0

as shown in the following example:

Example 1.8.4 The series Z Uy = Z(—l)” 1s divergent because its sequence of partial sums

n>0 n>0
(Sn)n defined by
5 - 1ifnis even
"] 0ifnis odd
has no limit. But the Z vy, series obtained by grouping terms defined by
n>0
p=(1-D+0-D+..+1-1)+..
n>0

converges since it’s the null series.

Remark 1.8.5 The preceding proposition is of little interest, since it assumes convergence of the

series E Up, -

n>0
This gives us the term grouping theorem.

Theorem 1.8.6 Let Z Uy, be a infinite series and ¢ : N — N a strictly increasing application;
n>0
note forn € N,

p(n+1)—1

Up = E Up.

p=p(n)

Ifu, — 0and (p(n+1)—@(n)), is bounded then the series Z Uy and Z vn, are of the same
n—oo
n>0 n>0
nature, and in the case of convergence, we have

+o0o +oo
=3
n=0 p=¢(0)



Proof: It is assumed that Z vy, is convergent. Let N € N be such that N > ¢(0). Since
ngeq0
¢ : N — N is a strictly increasing application, there exists a unique ny € N such that

o(ny) < N < p(ny +1).

Then,

N p(ny)-1 N
Z Uy = Z up + Z Up. (1.17)

p=(0) p=¢(0) p=¢(nn)
Now for all N € N, we have
N N ¢(n+1)—1 p(N+1)—1
Zvn = Z( Z Up) = Z Up. (1.18)
n=0 n=0 p=p(n) p=(0)

From (1.17) into (1.18), we deduce that

'an

Z uprvn—i- Z Up.

p=¢(nN)
Clearly

ny—1

g Un E Un,
N—>oo
n=0

since g v, converges. To conclude, all we need to know is that

n>0
N
> v = 0. (1.19)
p=p(ny)
For this, we have
N N p(ny+1)—1
D = W [ - N S (1.20)
p=¢(nnN) p=¢(nN) p=¢(nnN)

Thus, by passing to the limit in (1.20) when N — +o00, we conclude (1.19) because v, — 0

p—00
and (¢(n+ 1) — p(n)), is bounded.
|

1.9 Permutation of Terms

We’re now interested in the following question: is it possible, without changing the nature or the

sum of a series, to permute the order of the terms in the series? We can use examples to show

that manipulating the terms of a series in this way can change the nature and sum of the series

unchanged. Consider the series Zun, with u, € N, for all n € N. By permuting the terms
n>0

(without repetition), we obtain a series of the form :

E vp, where vy = Ug(p),
n>0
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and o : N — N a bijection (also called a permutation of N). The series Z vy, is deduced from
n>0
the series Z u, by changing the order of the terms.
n>0

—+o00
Theorem 1.9.1 Let Z ug be an absolutely convergent series and let S be its sum. Leto : N — N

k=0
“+oo

be a bijection of the set of indices. Then the series Zug(k) converges and
k=0

+oo
D gy =5
k=0

Remark: the condition of absolute convergence is indispensable. As it happens, for a series that
is convergent, but not absolutely convergent, we can permute the terms to obtain any value! As
an example of permutation, we can reorder the terms ug, u, 2, us, . . . by taking two even-ranked
terms and then one odd-ranked term, which gives :

Ug, U2, U1, U4, Ue, U3, Ug, U10, U5, - - .

On the other hand, it is not permitted to group all even terms first and then odd terms:

UQ, U2, Ugy o oo s UDky o+ o s UL, U3y o ooy U2kt-Ty - - -
+oo
Proof: By hypothesis Z |ug| converges. According to Cauchy’s criterion,
k=0
+00
Ve>0 dngeN Z lug| < e.
n=ng+1
+oo
Let S = Zuk Let ¢ > 0. Let’s choose kg € N such that {0,1,2,...,n9} C {0(0),0(1),...,0(ko)}.
k=0

For n > kg we have :
For the first term we have

n no no n
EED ST TR SR RY) ol oot
k=0 k=0 k=0 k=0
no —+oco —+o00
ER R SRAES JEEE
k=0 k=no+1 k=ng+1
For the second term :
n no
Do) = ) uk| = > ur| < > [
k=0 k=0 ke{o(0),...,0(n) }\{0,...;no} ke{o(0),...,a(n)\{0,....no}
+oo
<D lml= ) ul<e
k>ng k=no+1
n
This proves |S — Z U (k)| < 2¢ and gives the result. O
k=0
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Example 1.9.2 The aim of this example is to show that if the series is not absolutely conver-
gent, some strange phenomena appear. appear. Remember that the alternating harmonic series

converges:
—+o00
1 1 1 1
S 1 L
kzo( )k+1 2+3 4+

Let’s denote S as its sum (in fact S =1n2). If we group the terms of this series in packets of 3,
and simplify, then we find half the sum/

RUREJE SUNPE U DU SO S SUS SOV SRS S SO
2 4 3 6 8 5 10 127 77 “2k—1 4k—-2 4k
1 1 1 1 1 1 1 1
f(5—Z)Jr(g—§)+(1—0—ﬁ)+...+(m—@)+...
_1(1 1_'_1 4 )
2 2 3
1
_55.

1.9.1 Abel’s Summation Theorem

Abel’s summation theorem applies to certain series that are convergent but not absolutely con-
vergent. It is a theorem that applies to series of the form Z arbr and is stronger than Leibniz’s
criterion for alternating series, but it is also more difficult to implement.

Theorem 1.9.3 (Abel’s summation theorem) Let (uy);~q and (vg)=q be two sequences such
that :

1. The sequence (uk)k>0 1s a decreasing sequence of positive reals that tends to 0.

2. The partial sums of the sequence (Uk)kZO are bounded:

AM YneN |ug+---+vn| <M.

Then the series Z URVE converges.
k>0

Leibniz’s criterion for alternating series is a special case: if vy, = (—1)* then

(ug) is a positive, decreasing sequence that tends to 0, then Y ugvy converges.

Proof: The idea of the demonstration is to make a change in the summation, akin to integration
by parts. For any n > 0, let V;, = vg + - -+ + v,. By hypothesis, the sequence (V},) is bounded.
We write the partial sums of the series Z ugvy in the following form:

Sp = ugvp + Ul + -+ F Up—1Vp—1 + Uy
=upVo + w1 (Vl - ‘/0) + -t up—1 (Vn—l - Vn—Z) + up (Vn - Vn—l)
=Vo(up —w1) + Vi (u1 —u2) + -+ Vit (un—1 — up) + Voun.

Since (V) is bounded, and u,, tends to 0, the last term V,u,, tends to 0. We’ll show that the
series Z Vi (ug, — ug41) is absolutely convergent. This is because

Vi (up — upq1)| = V| (up — ups1) < M (up — upy1),
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because the sequence (uy) is a decreasing sequence of positive reals, and |Vj| is bounded by M.
Now

M(UO—U1)+"‘+M(Un—Un+1):M(UQ—un_H),

which tends to Mug since (uy) tends to 0. The series Z M (uj — ug41) converges, so the series
Z |Vi (ug — ugs1)]| also, by the theorem 1.4.1. So the series Z Vi (up, — ug1) is convergent, so

the series (S,,) is convergent, which proves that the series Zukvk converges. [l

Example 1.9.4 Study the nature of the series

cosnT
Z , reR.

n
n>1

Step 1: Define the Series

We need to determine the nature of the series:

S(a) = Z cosgbnac).
n=1

Step 2: Identify the Sequences
To apply Abel’s summation theorem, we will identify two sequences:
1 . . .. .
e Let u, = —. This sequence is positive, decreasing, and tends to 0 as n — oo.
n

e Let v, = cos(nz). This sequence is oscillatory.

Step 3: Check the Conditions of Abel’s Theorem

We need to verify the two conditions required by Abel’s theorem:

1
1. Condition on u,: The sequence u,, = — satisfies:
n

e It is positive: u, > 0 for all n > 1.

. . . 1 1
o It is decreasing: u, > uyy1 since — > .
n n+1

e It tends to 0: lim, o u, = 0.

2. Condition on Partial Sums of v,: We need to analyze the partial sums:

N
Sy = Z cos(nx).
n=1

The series of cosine terms can be evaluated using the formula for the sum of a geometric
series.
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Step 4: Sum of Cosine Terms

Using the relation cos(nx) = Re(e™®):

N N
Sy = Z cos(nz) = Re (Z emm> :
n=1

n=1
N
The sum g e is a finite geometric series with first term e'* and common ratio e**:
n=1
N o ] _ ¢iNw
E eznx — el$ _ .
1—e®
n=1

Step 5: Evaluating the Real Part

Taking the real part gives:

T 1— iNx
Sy = Re <e(‘?)> ‘
1—e®

Using the fact that ¢® = cos(x) + isin(z):

1 —e® =1—cos(z) — isin(z).

Thus, the modulus of the denominator is:

|1 — €| = \/(1 — cos(z))? +sin?(z) = /2(1 — cos(x)) = 2|sin(z/2)|.

Step 6: Bound the Partial Sums

The expression for the partial sums of the series becomes:

b
|1 — e

1

< —_— .
[Snl < 2| sin(z/2)]

’1 _ eiN:c‘ <
Since |1 —e!V?| is bounded (oscillating terms), Sy is also bounded for all 2 such that = # 27k

(where k € Z).

Step 7: Conclusion by Abel’s Theorem

Since both conditions of Abel’s summation theorem are satisfied:

1
1. u, = — is positive, decreasing, and tends to 0.
n

N
2. The partial sums Sy = Z cos(nz) are bounded.

n=1

We conclude that the series

Z cosy(lnx)

n=1

converges conditionally for all z € R\ {27k : k € Z}.
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Final Result

Thus, the series converges conditionally, and we can express the result as:

oo
Z cos(na) converges for all z € R except at points x = 27k, k € Z.

n
n=1

1.10 Exercises of the Chapter

o0
Exercise 1.10.1 Study of the geometric series Z aq" Y, where a,q € R.

n=1

Correction 1.10.1 Note that S, = a +aq+ ...+ aq” ' for n € N. Clearly, if a = 0, then
Sn =0 for alln € N. Hence, assume that a # 0. Then we have

na if g=1

a(l—q")

T if q#1

Thus, if ¢ = 1, then (Sy) is not bounded; hence not convergent. If ¢ = —1, then we have

a if n odd
Sp =

0 if n even.

Thus, (Sy) diverges for g = —1 as well. Now, assume that |q| # 1. In this case, we have
a |al
- = lq"
1q‘ 11 —q

This shows that, if [q| < 1, then (Sy) converges to 12, and if [q| > 1, then (Sy) is not
bounded, hence diverges.

Sn

Exercise 1.10.2 Study the nature of the series with general term wy, using the indicated con-
vergence test.

a) Necessary condition for convergence: lim u, =0
n—-+00

Uy = n3nj_ 1; wy, = arctan Zii;; t, = e vVm,
b) Comparison test
R
¢) Equivalence test
n = ;n_g\—/?’ Uy = sin3%; Wy, = nll—&-,lb; t, =1 COSh\/lﬁ.
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d) Cauchy test
(3e2)  oom (o)
Up = | = + — ;. Up = | arcsin — .
2 n n

1 ‘ 3"l n4
©(2n —1)22n- 17 Un = s T

e) d’Alembert test

Correction 1.10.2

a) We have lim wu, =1 # 0, so the series g uy, diverges, and since it is a positive term
n—-+00

series, we can write E Uy = 400, as its partial sums are increasing and unbounded. For

n>0
the series with general term wy,, we have

3
. n°+1 T .
ngrfoo w, = arctan P21 #0, so E>O wy, diverges.
nz

For the series with general term t,, we have lir_i{l eV = 0; thus, we cannot conclude
n—-—+0o0

anything about the nature of the series, and a comparison test is needed.

b) For the comparison test, the most commonly used reference series are those of Riemann.
We also recall the following frequently used results:

1
lim (nae_"ﬁ) =0 foralloeR and 8 >0; lim 29 for all a > 0.
n——+00 n—+oo N

Thus, we have limy_, 4 oo n2e=V" = 0, implying that 0 < e V™ < n=2 forn > N, so the
series S, e~V from part (a) converges.

— 1
We have 27 > 1 (md3%>1, 50 2% +3n > 2 and0<un<2_”2<—2f0rn2N, hence
n

> uy, converges.

1 1 1
We have vy, = m > - forn > N since ngI-Poo ﬁ = +oo; but ) - diverges,
implying > vy, diverges.

n®lnn

As 5— — 0asn — 400 if 2—a >0, we have 0 < w,, <n~* forn > N and any «,
n

0 <a<2. Taking 1 < o < 2, we obtain the convergence of the series Y wy, by comparison

with the convergent Riemann series Y n~%.

c) The equivalence test is a special case of the previous one: it mainly applies when the general
term of the series u, has an asymptotic equivalent, for n — +o00, in terms of powers: n=%.

Here, for n — 400,

1

Upy ~ —=
2n?

1 1
= g Uy, CONVETGES. Uy ~ 3 = E Up CONVETges.wWy ~ -

1
since lim Yn=1 = an diverges.tner— = Ztn diverges.

n—+o00 n

1 1 1
d) We have /u, = <2 + ) -5 < 1 as n — 400, so > u, converges.
n

We have /v, = arcsin(n™1) — 0 as n — +00, s0 Y. v, converges.
Note: This test mainly applies to expressions with n-th powers.
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1
6) For Up = W’ we have

Yntl 2n — 1 —>1 S$ N — +00
= - a .
Unp 4(2n + 1) 4

1
Since 1 <1, > uy, converges.

3"n!

For vy, = vy, = ——, we have
n
R Ht n” 3 3
Untl _ (TitJrl)gZ ;= 1 — —-<1 asn— 4o,
Un, (n+1) nl gl e

n

50 Y vy converges.

n
For w, = —, we have
n!

4
Wn+1 n+1 1
= . —0 as n—+4o0: :>E Wn, CONVETYES.
Wn, < n ) n+1 i ! !

The d’Alembert ratio test is particularly useful for expressions involving factorials or powers.

Exercise 1.10.3 To study the nature of the series whose general term is given by

+2l+-.-+nl!
U =
" (n + p)!

9

Correction 1.10.3

o forp=20:
420+ +nl 4204+ (n—1)!
Up = ’I’l‘ n:1+ n‘ (n ) >1

Uy, does not tend to 0, so Z uy, diverges grossly for p = 0.

e Forp=1:
1 n 2! n +(n—l)!+ n!
"+ 1) (1) (n+1)! " (n+1)!
n! 1
Up = =

n+1)! n+1

1
Since Z ) diverges, Zun also diverges for p = 1.
n

e Forp=2:
1 2! (n—1)! n!
n+2)  (n+2)! (n+2)!  (n+2)!

Up =

One might be tempted to say that we have a sum of convergent series, so Z Uy, COMVETGES.
Unfortunately, the number of terms grows with n, leading to an infinite number of terms,
so we cannot conclude anything.

n—1

B kK k! n! n(n —1)! n!
n _; (n+2)! _; i+l 2 S ol (et )

<9 n! 2 2
U = ~ —
"TTm+2)! (n+1)(n+2) n?

1
Since Z — converges, we have Zun converging for p = 2.
n
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e Forp>3:
204l nn! nn!

Up = < =
" (n+p)! “(n+p)! nln+1)---(n+p)
n
By simplifying with n! and letting u,, < , we have
n n

(n+1)---(n+p) nP npl forp =

1
Since Z | is a convergent Riemann series because p—1 > 2, thus » _ u, converges for
P
p=3.

Note: One can also observe that u, (when p > 3) is bounded above by w, (when p = 2),
and the latter is convergent.

Exercise 1.10.4 Calculate the sums of the following series, showing their convergence:

1) (n+1)37"

n>0

n
2. —_
Z nt+n?+1
n>0

Correction 1.10.4
n

1. Let S, = Z(k +1)37% . The idea is to calculate the sum of (1 —3~1)S,. We have:
k=0

1-318, = 1-3H) (k+1)37F

k=0
= > (E+1)37F=> (k+1)3-*
k=0 k=0
= > k3P4 37F =N (k4 1)37*HD
k=0 k=0 k=0

By re indexing the sums, we obtain:

B n - n 1 k n B o
1-31S, = > k3 k+z<3> =) k37F — (n+1)37 ("D
k=1 k=0 k=1

w1 71—#1_1—(%)HJrl n+1
- 37 - 3n+1 - 2 B 3n+1
k=0 3 ——
—0
as the sum of the terms of a geometric series with ratio % €] — 1,1[. Therefore,
li 1 L Sp = ;
ntoo \© 3)7" 7T 2
which gives
+00 9
> (k+1)37F = 1
k=0

Note: We recognize the first derivative of the geometric series with ratio %
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n

2. Let u, = P R and seek to decompose it into partial fractions.
nten?+1 = (4207 +1) —n? =02 +1)% —n?
= (P4+n+1)n*—n+1)
Thus, w, = n

m24+n+1)(n2-—n+1) "

A B

Let’s find A and B € R such that u, = + , which leads to A(n® —
n?+n+1 n?2-n+l

n+1)+ B(n?+n+1) =n. This is equivalent to (A + B)n? + (B — A)n+ (A+ B) =n.

By identification, we have:

Thus:

n 1 1 1
Uy == —M8M8M— — — —
"pdan24+41 2\n2—-n+1 n24+n+1

N N N N
Y=Y 5 (o) —3 o m o -
" 2\n2—-n+1 n24+n+1 2 Onz—n—Fl n:0n2+n+1

n=0 n=0

Now, n> +n+1=(n+1)2 - (n+1)+ 1. By re indexing the second sum:

N 1 N 1 N+1 1
n=0 n=0 n=1
L4 ! by telescopi
= = — elescoping.
2 (N+12-N+D)+1) 7 ping

The series is therefore convergent, and the sum is

+oo
P — 1
nt4+n2+1 27
n=0
, 2n—1 ) . .
3. Let’s decompose v, = — into partial fractions. Since
n [e—

n3 —4n =n(n? — 4) = n(n — 2)(n + 2),

let’s find o, B, and v € R such that:

So,

2n—1 = a(n—-2)(n+2)+pn(n—2)+yn(n+2)
= (a+B+y)n*+(2y - 28)n — 4a
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By identification:

2v-pf) =2 * yo= 1+8 7 -3
—4a = —1 a+28+1 = 0 v = 2
\
Thus
2n—1 1 5 n 3
n3—4n  4n  8(n+2) 8(n-—2)
and

N N 5 3
;)’vn - Z<4n_8(n+2)+8(n—2)>

n=3

N N N

D B R DT

‘= dn = 8(n+2) 8(n—2)

Let’s re index the last two sums:
N N N+2 N—2
1 1 1 1

IEHD S RO W EE 3R]
n=3 n=3 n=5 n=1 n

iv—l 8 3 3 5 5 89
" 8\12 N—-1 N N+1 N+2) notoo 12°

™Non—1 89
Thus, the seri d) 1 = o
Uus, € SEeTres Converges an 712_3 n3 — 4TL 96

n

Exercise 1.10.5 Finding an asymptotic equivalent of S, = Zf(k:) by comparison with an
1

integral

a) Let f be a continuous, positive, and increasing function on [0, +ool.
Show that for alln > 1, we have:

n n n+1
/0 CEDWEE / f(z) da

b) Find an asymptotic equivalent for n — +oo of

Sn=1+vV2+V3+--+/n.

1
Deduce the nature of the series with general term w, = 5
n

Correction 1.10.5
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a) For all k =0,1,...,n and for any = € [k, k + 1], we have f(k) < f(x) < f(k+ 1), from

which follows
k+1
f) < [ ra)ds < ),
Therefore,
n n—=1 k+1 n—1 n
| r@aa=Y [ p@ae <Y s =Y 1)
0 k=0"F k=0 k=1
and
n n k+1 n+1
f(k) < f(@)dz = f(x) dx.
EEY) J
b) Let us consider the function f(x) = /x. Using part (a), we get
2+ 1)t —1).

2 4 n n+1

n2—/ \/EdacSSnS/ Vadr =

3 0 1 3
5\ 1 3 3

From this, we have 1 < <3n2> Sp<n2 [(n +1)2 -1 =1 asn — +oo. This shows

3
n2 as n — +oo.

Wil N

that
S, ~

—, SO

The series E u, has positive terms, and u, ~ .
nz2

1
E 3 converges = E Un COMVETJES.
n2

Let f(x) =z (a > 0); f is continuous and increasing on [0, +o00]. We have

c)
n n n+1
JNEIZES T EY O
0 k=1 1
a+1 a+1
n <5, < (n+1) 1 '
a+1 a+1 a+1
We deduce that
(a+1)S, <n+1>a“ 1
1< < - —
notl n notl’
: . (a+1)S, notl 3
from which we conclude ngrfoow =1, ie, S, ~ ) as n — +oo. For a = 3,
: Sn, 1 n
we recover the result of part (b). Hence, nll)r_ir_loo v R Let n > 1, then ot
1o (k)“ 1
— Z -] = — as a — +o0.
n n n
k=1
=1
converges

Exercise 1.10.6 Use the Integral Test to determine whether the series Z ——
— n(lnn)

or diverges.
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Correction 1.10.6 The Integral Test states that if f(x) is positive, continuous, and decreasing
for x > 1, then the convergence of the improper integral

/100 f(x)dx

determines the convergence of the series Z f(n).

We evaluate the integral:

o0 1
—d
/1 z(Inx)? v

Let w=1Inz, hence du = %d:c, and the integral becomes:

|
1 u?

o0
The integml/ uw”2du converges, so by the Integral Test, the series converges.
1

Here, f(z) = x(lr}xﬁ

Exercise 1.10.7

a) Determine the nature of the following alternating series:

arctanmn n? . 1
Up = (—1)”W; Up = (—1)”2—”; wy, = sin (< + n) 7T> .

b) Study the series with general term

Up = Sin (71\/ n2 + 1) )

Correction 1.10.7

a) We have |uy,| ~ 27# as n — +oo: E2 up, converges absolutely.
2
n |Un+1] n+1 1 1
=—. N = e P — g bsolutely b
|vn| on ow, (o] n 5 5 as n — +00 v, converges absolutely by

applying the d’Alembert ratio test.
(T no. [T 7r
wy, = sin (7) -cos(nm) = (—1)" sin (—); and |wy| ~ — as n — 400, so an does not
n n n
converge absolutely. Let’s then apply the convergence test: the sequence (an) with a, =

sin (%) tends to zero and is decreasing, so E wy, converges, meaning there is conditional
convergence.

b) We haver/n2+1 =nn+n(vVn2+1-n) = mr—i—*, 50 uy = (—1)"sin <7T>
) ( ) Vit rl4n " - VnZ+1+n
7r

Now, 0 < 2 form > 1, so Zun is an alternating series. We have

T
—_ <
vni+1+n
lim u, =0 and |up41] < |up| since

T
n—+00 vni+1+n

w
sine is an increasing function on [0, 5] Therefore, Zun converges, but not absolutely,

18 a decreasing function of n and the

since |uy| ~ L asn— +o0.
2n

Exercise 1.10.8 Let the series with general term

Up =4/ 1 4+



a) Show that Zun s an alternating series.

b) Using asymptotic expansions, show that Zun diverges.

Correction 1.10.8

1
a) Pourn =2k, ugp = /1 4+ ——1>0.
) 2" \/ V2k

1
Pourn=2k+1, ugpy1 = 4/1 — ———1<0.

V2k+1

1
—1)™\ 2 -nH" 1 1 1"
b) Pourn — +00, u, = <1+ <\/7% > —-1= (2\} —%—i- <n2) Or, (2\/27 représente

le terme général d’une série alternée convergente; — est le terme général d’une série
"8
n

divergente, et le reste O (%) est une série absolument convergente. La série E Uy, €st
n2

donc divergente.

[e.e]
1
Exercise 1.10.9 Show that the series 2(72)”7 converges conditionally.
n=1 n
- 1
Correction 1.10.9 We know from the Alternating Series Test that the series Z(—2)"— con-
n
verges. =t
1
However, the corresponding series Z — (the harmonic series) diverges.
n
=1
Since the series converges but not absolutely, it converges conditionally.
Exercise 1.10.10
1. Which series are Leibniz series? Which series are convergent?
1 1 1
l—=-4+-=—=-+..
@) 2+3 i
1 1
b) 1 - — + = — 4= +
2. Are the following series convergent? Are the following series absolute convergent?
+oo
a) Z(—
sinn
b) Z .
Correction 1.10.10
11 > ni1l N 1
1. a) 1—= —|— s— -+ Z(—l) — is a Leibniz series because = converges to 0 mono-
3 4 — n n
tomcally decreasly, therefore the series is a convergent (but not absolute convergent).
b) The terms of 1— —— 4+ _ 1 i( L lternating, but th
e terms o - = —1)"—~= are alternating, but the sequence
\f \[ \/‘ — \/ﬁ

of the terms does not converge to 0 (|ay| = 1), therefore the series is divergent.
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[ee]
1
2. a) Z(—l)” is convergent Leibniz series, but not absolute convergent.
n=1

2n+1
. sinn sinn 1
b) Z 2 is absolute convergent, because 2|2
n=1
Exercise 1.10.11 Nature of the series with general term
a)
cosn cosn cos?n
Up = nz;vn: n y Wn = n
b)
In(n)
upn = cos(an)—= with a € R.
Correction 1.10.11
1
a) We have |u,| < @; 50 Z |un| converges absolutely.
For the series , we will apply Abel’s theorem.
1 . - 1
Let b, = — and A, = Zcosk‘, Recall that |Zcosk:«9\ < — for 0 # [2m]. The
" k=1 k=0 S 5

hypotheses of Abel’s theorem are verified, so Zvn converges.
cos?’n  l4cos2n (1 cosQn) 1

. r
We have w,, = = o '3 Now, since Z - diverges and

cos 2n
Z converges by Abel’s theorem, it follows that an diverges.
n

n n

1 1 1
n(n) > ——, forn > N, hence — diverges = > up,

vnooon vn

1 1

%. We have ngrfoo bn =0 and forn > 1, (%)n
Inz\’ 1 1

is a positive decreasing sequence (note that (\I;;E) = m (1 — n2$> <0ifzx > 62),

n

1

We also have ]ZCOS ka| < —— hence, by applying Abel’s theorem, Z anby, converges.
— sin §

b) If a = 2km, then cosan = 1, so

diverges.

If a # 2kr, let ayp, = cosan and b, =
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Chapter 2

Sequences and Series of Functions

In this chapter, we introduce and analyze the concept of convergence for sequences and series of
functions. There are various ways to define the convergence of a sequence of functions, with each
definition leading to distinct types of convergence. Here, we focus on two fundamental types:
pointwise convergence and uniform convergence. All functions considered here are defined on an
interval A of R and take values in K =R or C.

Let F(A,R) the space of functions f : A — R defined on A C R.

Definition 2.0.1 A.sequence of functions defined on A is any mapping from N to F(A,R) and
is denoted by (fn)n.

Example 2.0.2 Let A = [0,1] and fp(x) = 2™ Vn € N. (fn)n is a sequence of functions defined
on [0, 1].

Remark 2.0.3 For any x € A, the sequence (fn(x))n is a numerical sequence which may be
convergent or divergent.

2.0.1 Pointwise Convergence

Pointwise convergence defines the convergence of functions in terms of the convergence of their
values at each point of their domain.

Definition 2.0.4 Suppose that (f,) is a sequence of functions f, : A — R and f : A — R. Then
fn = f pointwise on A if fp(x) — f(x) as n — oo for every x € A.

We say that the sequence (f,) converges pointwise if it converges pointwise to some function
f, in which case

f(z) = lim f,(x)

n—oo

f is called the pointwise limit of the sequence (fy).

Pointwise convergence is, perhaps, the most obvious way to define the convergence of functions,
and it is one of the most important. Nevertheless, as the following examples illustrate, it is not
as well-behaved as one might initially expect.

Example 2.0.5 Suppose that fy, : (0,1) — R is defined by

n
Julz) = nx + 1
Then, since x # 0,
. . 1 1
A falw) = lim S =2
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so fn — f pointwise where f:(0,1) — R is given by

1
f(z) = =
We have |fn(x)| <mn for all x € (0,1), so each fy is bounded on (0, 1), but the pointwise limit
f is not. Thus, pointwise convergence does not, in general, preserve boundedness.

Example 2.0.6 Suppose that f, : [0,1] — R is defined by fn(x) = 2™. If0 < x < 1, then
™ = 0 as n — oo, while if x =1, then 2" — 1 as n — co. So fn, — f pointwise where

fz) =

0 #f0<xr<l
1 ife=1

Although each fy is continuous on [0, 1], the pointwise limit f is not (it is discontinuous at
1). Thus, pointwise convergence does not, in general, preserve continuity.

Figure 2.1: The Sequence functions x™.

Example 2.0.7 Define f,, : R = R by

sin nx

Jn(z) =

Then f, — 0 pointwise on R. The sequence (f},) of derivatives f)(x) = cosnz does not
converge pointwise on R; for example,

n

!
fu(m) = (=1)"
does not converge as n — oo. Thus, in general, one cannot differentiate a pointwise conver-

gent sequence. This behavior isn’t limited to pointwise convergent sequences, and happens because
the derivative of a small, rapidly oscillating function can be large.

Example 2.0.8 Define f,, : R = R by



If x # 0, then

$2 2

T
lim —— = —
n—ooo /324 1/n |z

while fn(0) =0 for alln € N, so f, — |x| pointwise on R. Moreover,

= ||

. 1 ifx >0
3
2
f{z(w)z—gc2 i x/’;fﬂ 0  ifz=0
(2% +1/n) -1 ifx<0

The pointwise limit |x| isn’t differentiable at 0 even though all of the f, are differentiable

on R and the derivatives f], converge pointwise on R. (The f, ’s "round off" the corner in the
absolute value function.)

Example 2.0.9 Define f, : R — R by

o= (2)

Then, by the limit formula for the exponential, f, — €* pointwise on R.

2.0.2 Uniform Convergence

In this section, we introduce a stronger notion of convergence of functions than pointwise conver-
gence, called uniform convergence. The difference between pointwise convergence and uniform
convergence is analogous to the difference between continuity and uniform continuity.

The pointwise convergence on I of a sequence of functions (f,,) to f is written

Veel, f(x) = lim f,(z).
n—oo
Or, by rewriting the definition of the limit:
Veel, Ve>0,3 nyg €N, VneN, n>ng=|fn(z)— f(z)|<e

depends on
€ and x

While it’s normal for ng to depend on e (the more precise the approximation we want, the
more terms of the sequence we need to calculate), it’s sometimes inconvenient that it also depends
on z (the sequence does not converge everywhere to f at the same rate).

This led to the following definition:

Definition 2.0.10 (Uniform Convergence) Suppose that (f,) is a sequence of functions f, :
A—>Rand f: A— R. Then f, = f uniformly on A if, for every € > 0, there exists N € N
such that

n > N implies that |fn(z) — f(z)] <€ forallz € A

When the domain A of the functions is understood, we will often say f, — f uniformly
instead of uniformly on A.

The crucial point in this definition is that IV depends only on € and not on « € A, whereas for a
pointwise convergent sequence N may depend on both € and x. A uniformly convergent sequence
is always pointwise convergent (to the same limit), but the converse is not true. If a sequence
converges pointwise, it may happen that for some € > 0 one needs to choose arbitrarily large N
’s for different points z € A, meaning that the sequences of values converge arbitrarily slowly on
A. In that case a pointwise convergent sequence of functions is not uniformly convergent.

The following figure gives the geometric interpretation of this definition. If the sequence (f,)
converges uniformly to f, then for n large enough, the graph of f,, stays within a tube of constant
width 2e around the graph of f:
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Y

Figure 2.2: Graphical interpretation of uniform convergence

Example 2.0.11 The sequence fp(x) = x™ in Example 2.0.6 converges pointwise on [0, 1] but
not uniformly on [0,1]. For 0 < x < 1, we have

|fo(z) = fl2)] = 2"

If 0 < e < 1, we cannot make " < ¢ for all 0 < x < 1 however large we choose n. The
problem is that x™ converges to 0 at an arbitrarily slow rate for x sufficiently close to 1 . There
is no difficulty in the rate of convergence at 1 itself, since f,(1) =1 for every n € N. As we will
show, the uniform limit of continuous functions is continuous, so since the pointwise limit of the
continuous functions fy is discontinuous, the sequence cannot converge uniformly on [0,1]. The
sequence does, however, converge uniformly to 0 on [0,b] for every 0 < b < 1; given € > 0, we
take N large enough that bV < e.

Example 2.0.12 The functions in Example 2.0.7 converge uniformly to 0 on R, since

_ |sinnz|

1
ula)] = 22 <
50 |fn(x) — 0] <€ forallz e Rifn>1/e.

Example 2.0.13 Study the uniform convergence of the following sequence of functions:
For all n € N*, we define f, on I =[0,+00] by

- T _i( 2nx
140222 2n1+ n2z2

fn() ).
We know that

(1—-nz)?>0Vz €R, Vn.

Then,
9 9 2nx
14+n°z°>2nr = ——5—5 <1
1 + n2z?
Hence
1 2nzx 1

|[fu(z) — f()|

- <
o2nl+n2z2 = 2n’
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with f(x) = 0. To make |fn(x) — f(x)| smaller than e, it suffices to have

>1
n> —.
2e

1
So, it suffices to take ng = [2] + 1. Consequently, f, converges uniformly to f.
€

05

0.45

0.4

0.35

0.3 o

0.25

0.2

0.15

0.1+
0.0s —Lég
T T T
o 10 20 a0

o]

Figure 2.3: The Sequence functions 15—

Proposition 2.0.14 If (f,) converges uniformly to f on I, then (f,) converges pointwise to f.

Proof: Immediate: it suffices to read the two definitions. O

Remark 2.0.15 The converse of the proposition is false, that is, a sequence of functions can
converge pointwise without converging uniformly.

Theorem 2.0.16 Let (fy,)nen be a sequence of functions defined on an interval I, taking values
m K, and f a function from I to K.
Then (fn) converges uniformly to f on I if and only if

e the functions f, — f are bounded on I (at least from a certain rank);

e and EIJrrl | fn = fIIL =0, where we have set: || fn — f||L, = sup|fu(z) — f(z)|.
n 00 zel

Proof: Indeed, to say that || f, — f||’ exists and tends to 0 is equivalent to
Ve >0, dng € N such that n > ng = sup |fn(z) — f(2)| < e
zel
that is
Ve >0, 3ng € N such that n > ng =V € I ,|fp(z) — f(2)| <e,

which is exactly the definition of uniform convergence of (f,) to f on I (and this definition
implies that f,, — f is bounded for n > nyg). O

Proposition 2.0.17 Let (fn)nen be a sequence of functions defined on an interval I, taking
values in K, which converges uniformly on I to a function f: I — K.
If the f, are bounded on I, then f is bounded on I.
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Proof: We apply the definition of uniform convergence, with for example € = 1; this gives
dng € N such that Vn >ng, Ve el , |fu(x)— f(z)] <1.

We then have, in particular:
Veel ’ |f(33‘) - fno(x)| <1

hence, using the triangle inequality
Vo €I, [£(@)] < |y (@) +1 < [l fnollle +1
which shows that f is bounded on I. O

Remark 2.0.18 The result does not hold if there is only pointwise convergence: consider for
example the sequence of functions (fn)nen defined on [0,1] by:

Fulz) = m’; -2 €]0,1] and  £,(0) =0.

Remark 2.0.19 The set B(1,K) of bounded functions from I to K is a normed vector space for
the norm defined by

Ve BIK), |flL= sup | £(@)|

This norm s called the uniform convergence norm.

By Proposition 2.0.17, if (fy) is a sequence of elements of (I, K) which converges uniformly
to f € A(I,K), then f € B(I,K), and the uniform convergence of (f,) to f is then written

. I
Jim £ = flloo =0
that is, the sequence (f,) tends to f in the normed vector space (,%’(I,K), |-l oo )

Examples 2.0.20
1. Let, forn € N,

falz) =

T "

{[0,1]—>R

Then the sequence (f,) converges pointwise on [0,1] to the function

f:xH{o z:fxe[o,u
1 ifze=1

However, || f, — fH[o%l[ = sup |fu(z) — f(x)] = sup 2" =1, so the sequence (f,) does
z€[0,1] z€[0,1]
not converge uniformly to f on [0, 1].
However, there is uniform convergence on any segment of the form [0,a] with 0 < a < 1,
since || frn, — f”g%a] = sup |fa(z) — f(x)] =a" tends to 0 as n — +o0.
z€[0,a]
2. Let, forn € N*,

0,1] = R
fnlx) = nw

T
1+ nx

If £ =0, f,(0) = 0 for all n € N*, and otherwise, lim f,(x) = lim T so the

n—-+oo n—-+oo0 NI
sequence (fy) converges pointwise on [0,1] to the function
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Figure 2.4: The Sequence functions

1 ifz€]0,1]

f::cb—>{0 ifx =0

0.1 _ o _ — _
o = p |fu(z) — f(x)| = sup = 1, so the sequence (fy,
ze[(],l]| (z) = f(z)] S T (fn)

does not converge uniformly to f on [0, 1].

However, | fn — f|

However, there is uniform convergence on any segment of the form [a,1] with 0 < a <1,

since || fr, — f||([fé’u = sup |fu(z) = f(z)| = tends to 0 as n — +o0.
z€la,l 1+na

. Let, for n € N*¥,

The sequence (f,) converges pointwise on R to the zero function. Indeed:
2
x
Let x € R, be fized. There exists an integer ng such that, for all n > ng, we have — < n
n

2
therefore, for n > ng, fn(z) = % hence lim f,(x)=0.

n—-+o0o

However, there is no uniform convergence on R, since sup |fn(x) — f(x)| = sup fn(x) = n.
z€R z€R

However, there is uniform convergence on any segment [—a,a] (a > 0). Indeed, from

. a .
a certain rank ng, we have — < m, so for all x € [—a,a], we will have, for n > nyg,
n

2 2
fu(z) = % and sup |fu(z)— f(x)| = %, which tends to 0 as n tends to +o00.

z€[—a,a]
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Figure 2.5: The Sequence functions min(n, z—:)

4. Let, forn € N*,

[0,1] - R
f@=y . =tn_
n + 4nx?’

1
The sequence (fy) converges pointwise on [0, 1] to the function f: x — T a2 Here there
x

is uniform convergence on [0,1] because:

Vo € 10,11, fule) = f(@) = gy therefore My = IR = sw 1fu(a) = f(a)] <

SRR

r+n

Figure 2.6: The Sequence functions rdna?
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2.0.3 Dini’s Theorem for Sequences of Functions

The following result, known as Dini’s theorem, characterizes a class of function sequences for
which pointwise convergence ensures uniform convergence

Theorem 2.0.21 (Dini’s Theorem) Assume that:
1. fn € C(I,R) Vn € N, where I is a closed bounded interval of R.
2. (fn)n converges pointwise to a continuous function f on I.
3. (fn)n is a monotone sequence.

Then (fn)n converges uniformly to f on I.

Proof: Suppose (fn)n is increasing, i.e.,
foae1 > fn YneN.
Let, for n € N
b= f = fu 20

since f, —> f. Then (6,), is a decreasing sequence of continuous functions converging
n——+00

pointwise to 0. We denote

Q= sup o, ().
zel

To show the uniform convergence of (f,,), to f, it suffices to show that («ay,), converges to 0. It
is clear that (o), is decreasing and positive. It is therefore convergent to a real number a > 0.
We now show that o = 0. For this, we will argue by contradiction, i.e., we assume that o > 0.
We consider, for n € N, the sets

Kn:{:cel,énz%}.

Each set K, is non-empty, bounded because contained in I, and as the preimage of the closed
set [g, +oo[ by the continuous function d,,, K, is closed in I therefore in R. As 0,41 > J,, we
have K11 C K,. It follows,

() Kn #0.

neN

Therefore, there exists ¢ belonging to K, Vn, and consequently d,(c) > % for all n, which

contradicts the pointwise convergence to 0. U

1

Example 2.0.22 Let I = [~1,1] and fu(x) = \[2*+ — for n € N*. We will satisfy the
n

assumptions of Dini’s theorem.

1. It is clear that f, is continuous on I, ¥n € N*

2. (fn)n is decreasing since for x € [—1,1], we have

Fasa(®) = a2 + Ly <y fa2 4 = fu(e).



3. fn converges pointwise on I to the continuous function f(z) = |x|.

Applying Dini’s theorem, we conclude that f, converges uniformly to the function f on [—1,1].

Remark 2.0.23 Caution. Dini’s theorem does not hold if we do not assume that I is a closed
bounded interval of R, as the following example shows:

Example 2.0.24 Forn € N, we define f, on I =|0,1[ by

-1
ful(z) = 1+ nx’
This sequence is increasing on I. Indeed, for all x € I, we have
-1 -1
for1(z) = > = fu(z).

1+ (n+1)x ~ 14+nx

Moreover, (fn)n converges pointwise to f = 0 on I. But (fy)n, does not converge uniformly to
f =0 onl, because

—1 . 1
fa(5) == and Hm (D

() = )

1 ‘ 1
Theorem 2.0.25 (Cauchy condition for uniform convergence) Let (f,)nen be a sequence

of functions defined on an interval I, taking values in K.

1. If the sequence (f,) converges uniformly to a function f: I — K, it satisfies
(%) Ve>0, 3 no €N, such thatVz € I, ¥p,q > ng, |fp(z) — fo(x)] <e

only depends
on e

2. If E is complete, and if (fy,) satisfies the uniform Cauchy criterion (x), then there erists a
function f: A — E such that (f,) converges uniformly to f on A.

Proof:
1. If (fn) UC to f, we have

Ve>0, IngeN, VneN, n>ng= Vze A, |[fu(z)— f(z)| <§
so, using the triangle inequality, we will have, for p, ¢ > ng and for all x € A:

1fp(x) = fo(@)]| = [l fp(2) = f(2)) + (f(2) = f(x)| < 5 +

DO ™

which is the desired result.

2. Suppose that the sequence (f,) satisfies (x), then, for all x € A, the sequence (fy,(z))
satisfies the Cauchy criterion in E. FE being complete, this sequence converges to an
element of F which we will denote f(z).

By then letting ¢ tend to +o00 in (*), we obtain
Ve >0, dng € Nsuch that Vn > ng , Ve € A, |[fp(z) — f(2)||g <e

which is exactly the definition of uniform convergence of (f,) to f.

Remark 2.0.26 In what follows, the normed vector space E is assumed to be complete.
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2.1 Properties of Uniform Convergence

In this section, we prove that, unlike pointwise convergence, uniform convergence preserves both
boundedness and continuity. However, uniform convergence does not preserve differentiability
any better than pointwise convergence. Nevertheless, we present a result that allows us to
differentiate a convergent sequence, with the key assumption being that the derivatives converge
uniformly.

2.1.1 Continuity of the Limit of a Sequence of Functions

One of the most important properties of uniform conver- gence is that it preserves continuity.
The following theorem is now assumed:

Theorem 2.1.1 ( Interchanging Limits (or Double Limit Theorem)) Let (f,) be a se-
quence of functions from I to K, which converges uniformly on I to a function f: I — K.
Let a € I (possibly £oo). Assume that, for any integer n (at least from a certain rank), the
limat lim fn(x) = €, exists.
zel
Then the sequence (€n)nen converges to an element ¢ € K, and moreover:

lim f(z) = ¢.
zel

In short: lim lim f,(z) = lim lim f,(z).

T—a n—0o0 n—oo r—a

Remark 2.1.2 Uniform convergence is essential here, as shown by the example of the sequence
(z = 2™) on [0,1].

Proof:

e Since (fy,) converges uniformly to f , we have:
Ve >0, dng € Nsuch that Vn > ng , Ve € I, |fo(x) — f(2)| <

Using the triangle inequality, we deduce:
Ve >0, dng € N, such that Vo € I, Vp,q > ng, |fp(z) — fo(z)| <e
By letting = tend to a in this property, we obtain

Ve >0, 3ng € N, such that Vp,q > ng, |[{, — {4 < e.

This means that the sequence (¢,) is a Cauchy sequence in K (complete), therefore con-
verges to an element ¢ of K.

e Since (fy,) converges uniformly to f , we have, if we are given £ > 0:

dng € N such that Vn > ng , Ve € I, |fu(z) — f(x)] < %
By writing the definition of lim ¢, = ¢, we also have:
n—-+00
dn; € N such that VYn > ny , |6, — ] < %
Let us then choose N > max(ng,n1). The definition of lim fy(z) = {n is written:

zel

3V € V(a) such that Ve e VNI, |[fn(z) —In] < %
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We will then have, for all x € V N I, using the triangle inequality:

F@) = 0= (@) = (@) + (f(e) = ) + (v = )] S S + 5+ 5 =<

which is exactly the definition of lim f(z) = ¢.
zel

O
The concept of uniform convergence is crucial for preserving the stability of continuity, Riemann
integration, and differentiation properties of the limit function. We begin by discussing the
continuity of uniform limits.
The following theorem shows that uniform convergence preserves the continuity of the limit.

Theorem 2.1.3 (Continuity of the Limit) Let (f,) be a sequence of functions from I to K,
which converges pointwise to a function f: I — K.
Let a € I. Assume that:

e the f, are continuous at a (at least from a certain rank);

e there exists a neighborhood V' of a such that the sequence (f,,) converges uniformly to f on
V.

Then f is continuous at a.

Proof: Let € > 0. By definition of uniform convergence, we have in particular:
€

N € N such that Vz € V, |fn(z) — f(2)| < 3

Since fy is continuous at a we have :
3V’ € V(a) such that Vo € V', |fy(z) — fn(a)| < %

Therefore, for all x € V NV’ we will have, using the triangle inequality:

[f(@) = fla)| < |f(x) = In(@)| + [n(@) = fa(a)| + [fn(a) = fla)] <&
which is the definition of the continuity of f at a. O

Definition 2.1.4 If the sequence (f,) converges pointwise to f on I and if, for all a € I there
exists a neighborhood V' of a such that the convergence of (fn) to f on V is uniform, we will say
that there is local uniform convergence on I.

Remark 2.1.5 [t is clear that, if there is uniform convergence on the whole of I, then there is a
fortiori local uniform convergence; the converse is false, as shown by the example of the sequence
of functions (x — x™) on [0,1].

Corollary 2.1.6 If the sequence (f,) converges pointwise to f on I, the convergence being local
uniform, and if the f, are continuous on I, then f is continuous on I.

Proof: Indeed, for all a € I there exists a neighborhood V' of a such that the sequence (f},)

converges uniformly to f on V. According to the previous theorem, f is continuous at a, and

since this is true for all a € I, f is continuous on [ ]
A stronger result implies a weaker one:

Corollary 2.1.7 If the sequence (f,,) converges uniformly to f on I, and if the f, are continuous
on I, then f is continuous on I.
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Remark 2.1.8 This theorem can sometimes be used to show that there is no uniform conver-

gence.
Let’s take the first ezample from the chapter, with f,(x) = z™ for z € [0,1]. We saw that the
sequence (fy) converges pointwise on [0,1] to the function

f:xH{o z:fxe[O,l[
1 ife=1

The f,, are continuous on [0, 1] but not f: there cannot therefore be uniform convergence on [0, 1].

Example 2.1.9 Consider the sequence of functions (fn)n defined by:
xy/n

T 1tna?

fa(z) where x € [0, 1].

It is clear (fn)n converges pointwise to f on [0,1] with
f(z)=0 Vze]0,1].

Moreover, f is continuous on [0, 1], but (fn)n does not converge uniformly to f on [0,1]. Indeed,
we have

00(0) = 1Falo) - F(0)] = | {200 0] = 50

1+ na? :1+nm2'

By differentiating 6, we obtain

V(1 — na?)

@) = ST e

The function 6, has a maximum at T, = ﬁ, therefore
1 1
sup 0, (z) = on () =— 0.
z€[0,1] Vn 2

Convergence is not uniform.

2.1.2 Integration of a Sequence of Functions on a Segment
The following theorem allows us to interchange the limit with the integral sign.

Theorem 2.1.10 ( Interchanging Limit-Integral on a Segment) Let (f,) be a sequence
of continuous functions on a segment [a,b] of R, and converging uniformly on [a, b] to a function

f.

Then f is continuous on [a,b] and

/a ’ f(t)ydt = lim / b Fa(t)dt.

n—-+00

Proof: The continuity of f is ensured by Theorem 2.1.3. The continuity of the functions
involved also ensures the existence of the integrals considered. We then have

/ab o)t — /abf(t)dt’ _

b b
/cnw—f@mds/\nw—met

b
S/HhﬂmﬁzwwLMHm

and the result follows from EI_P | fn = flloo = 0. O
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Remark 2.1.11 The theorem also applies to a sequence of functions f, piecewise continuous,
which converges uniformly on [a,b] to a function f piecewise continuous. The proof is similar,
but we must also check the piecewise continuity of f, which is no longer ensured by uniform
convergence.

Remark 2.1.12 The two assumptions « uniform convergence » and « the integration interval
s a segment » are essential, as shown by the following examples.

1. Let (fn)n>1 be the sequence of functions defined on [0, 1] by
1
n

fn(0) = fu(=)=fu(1)=0 ; fn(%) =n and f, continuous piecewise affine.

We have already shown that the sequence (fy) converges pointwise on [0,1] to the zero

1
1
function. However, for all n € N*, / fa(t)dt = 3 does not converge to 0!
0

2. Let (fn)n>2 be the sequence of functions defined by:

1 1
fa(t) == fort € [0,n— —=]; fu(t) =0 fort>n and f, continuous piecewise affine.
n n

1
Then anH]i+ = - 50 the sequence (f,) converges uniformly on Ry to the zero function.

Howewver, it is easy to check that lim fn=1.
n——+oo Ry

Exercise 2.1.13 Let f,: [0,1] — R be defined by
2 . 1 .
fu(x) =nz(1 —nx) if z € |0, E] and  fn(x) = 0 otherwise.
1. Study the pointwise limit of the sequence (fy).

1
2. Compute / fn(t)dt. Is there uniform convergence of the sequence (fy) on [0,1]?
0

3. Study the uniform convergence on [a, 1] with a > 0.

Solution 2.1.14

1. For x =0, fu(x) =0, and for x > 0, we also have f,(x) = 0 for large enough n (as soon
as T > %) Hence, the sequence (fy) converges pointwise (PWC) to the zero function on

[0, 1].

1 1 1
2. /0 fn(t)dt—/O th(l—nt)dt—/O u(l—u)du:a

Therefore, there is no uniform convergence of the sequence (fy), by virtue of the theorem
on the interchange of limit and integral.

3. For large enoughn (as soon asa > L) sup |f,(z)| =0, hence the sequence (f,) converges
z€[a,l]

uniformly (UC) to 0 on [a,1].
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2.1.3 Differentiation of a Sequence of Functions

The uniform convergence of differentiable functions does not, in general, imply anything about
the convergence of their derivatives or the differentiability of their limit. As noted above, this is
because the values of two functions may be close together while the values of their derivatives
are far apart (if, for example, one function varies slowly while the other oscillates rapidly, as in
Examples 4.5 and 4.6). Thus, we have to impose strong conditions on a sequence of functions
and their derivatives if we hope to prove that f,, — f implies f, — f’.

Indeed, let (f,,) be a sequence of functions of class C'!, converging pointwise on an interval I to
a function f of class C'.

We do not necessarily have (lim f,,)’ = lim f],, even if there is uniform convergence

Example 2.1.15 Let f, iz € R— SR for n € N*.
vn
1
Then anH]i = —, so the sequence (f,) converges uniformly on R to the zero function.

NG

However, fl(z) = v/ncosnx, and the sequence (f) does not even have a pointwise limit!

Example 2.1.16 Consider the sequence (fy) of functions f, : R — R defined by

o
14 na?

Then fr, — 0 uniformly on R. To show this, we write

)l = = (720 ) = =t
AT \14+na?)  nl+t2
where t = y/n|z|. We have
t 1
mgg for’alltE]R,

since (1 —t)2 >0, which implies that 2t < 1+ t2. Using this inequality, we get

1
|fn(z)| < —= forall z € R.

2y/n
Hence, given € > 0, choose N = 1/(4¢?). Then
|fn(z)| <e forallz e R ifn> N,

which proves that (f,) converges uniformly to 0 on R. (Alternatively, we can obtain the same
result by using calculus to find the mazimum value of |fy| on R.)

Each f, is differentiable with

1 — na?

() —
fn(w) - (1 _’_nxg)z'
It follows that f — g pointwise as n — oo, where
0 ifz+#0,
g(x) = .
1 ifx=0.

The convergence is not uniform since g s discontinuous at 0. Thus, f, — 0 uniformly, but
f1(0) = 1, so the limit of the derivatives is not the derivative of the limit.

Therefore, additional assumptions are required to differentiate the limit of a sequence of functions.

Theorem 2.1.17 (Differentiation of the Limit of a Sequence of Functions) Suppose that
(fn) is a sequence of differentiable functions f, : (a,b) — R such that f, — f pointwise and
Il — g uniformly for some f,g : (a,b) = R. Then f is differentiable on (a,b) and f' = g.
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Proof: Let ¢ € (a,b), and let € > 0 be given. To prove that f'(¢) = g(c), we estimate the
difference quotient of f in terms of the difference quotients of the f;, :

)10 _ ) 21 _ )=l
[P0 )] 1 £10) — o)

where z € (a,b) and x # c. We want to make each of the terms on the right-hand side of the
inequality less than /3. This is straightforward for the second term (since f,, is differentiable)
and the third term (since f], — g ). To estimate the first term, we approximate f by f,, use the
mean value theorem, and let m — oo.

Since fi, — fn is differentiable, the mean value theorem implies that there exists £ between ¢
and x such that

fm(‘T) — fm(c) o fn(x) — fn(c) — (fm - fn) (JU) — (fm - fn) (C)
xr—c x—c x—c
= fm(&) = fa(§)
Since (f],) converges uniformly, it is uniformly Cauchy by Theorem 2.0.25. Therefore there
exists N1 € N such that

[Fn(€) = £1(8)] <
which implies that

% for all € € (a,b) if m,n > Ny

fm(@) = fm(c) _ fa(x) = fu(c)

Tr —cC r —C

€
3

Taking the limit of this equation as m — oo, and using the pointwise convergence of (f,,) to
f, we get that

f(@) = fle)  falz) = fulc)

r —cC r —cC

< for n > N;

Wl M

Next, since (f],) converges to g, there exists Ny € N such that

|f,’1(c) —g(0)] < g for all n > Ny

Choose some n > max (N7, N2). Then the differentiability of f, implies that there exists
0 > 0 such that

fnl(x) = fulc)

3 .
- —f,/l(c)<§ ifo<|r—c <0
Putting these inequalities together, we get that
M—Q(C) <e fO0<|z—¢l <
r—c

which proves that f is differentiable at ¢ with f’(¢) = g(¢). O Like Theorem 2.1.3, Theorem
2.1.17 can be interpreted as giving sufficient conditions for an exchange in the order of limits:

() — fn(c)] fnlx) — fn(c):|

N—>00 T—>C xr—c T—CN—00 €r—cC

lim lim [ = lim lim [
It is worth noting that in Theorem 2.1.17 the derivatives f, are not assumed to be continuous.
If they are continuous, then one can use Riemann integration and the fundamental theorem of

calculus to give a simpler proof (see Theorem 3.4.3).
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Theorem 2.1.18 Let (f,) be a sequence of functions of class C' on an interval I of R, taking
values in K. Assume that:

a)
b)

The sequence of functions (f,) converges pointwise on I to a function f.

The sequence of functions (f},) converges pointwise on I to a function g, the convergence
being local uniform on I .

Then the function f is of class C' on I, and, for all x € I, f'(z) = g(x) (i.e., in short,
(hm fn)/ = lim f’fll)

Moreover, the sequence (f,) converges uniformly locally to f.

Proof:

Since the sequence of continuous functions (f]) converges uniformly locally to g on I,

according to Theorem 2.1.3 g is continuous on I.

Let a € I, and V be an interval containing a on which there is uniform convergence of
x

the sequence (f},) to g. For all z € V we have f,(z) = fu(a) —}—/ fr(t)dt. Since the
a

convergence of the sequence (f}) to g is uniform on the segment [a,z] (or [z, a]), Theorem
X X

. . . ! _
3.4.8 gives: nll)rfoo/ fn(t)dt—/ g(t)dt.

a a
Moreover, the pointwise convergence of the sequence (fy,) to f gives lir_sr_l fn(x) = f(2)
n—-+0oo

and lm_fu(a) = f(a).

T

We deduce, for all x € V, f(z) = f(a) +/ g(t)dt. Consequently, f is of class C' on V/

a
and f’ = g. This being true in the neighborhood of any a € I, it is true on I (the notions
of continuity and differentiability are local notions).

Finally, if a is an element of I and if J is a segment containing a on which the sequence
(f1) converges uniformly to g (there exists one by assumption), we will have, thanks to the
triangle inequality and the mean value inequality:

Vo d |fule) — F@)] = |(fula) - Fla) + ( [ - g<t>>dt)\
< |fula) = fla)| + €D |1 12 — 9|l

by denoting ¢(J) the length of J.
Thus,
1 = £ < 1fala) = F@] + €0 |11 = gl
and since the convergence of (f}) to g is uniform on J, we have nll}glrloo H fr - gHio =0
hence nll)r_ir_loo Il fn — ngo =0, i.e. the sequence (f,) converges uniformly to f on J.

There is therefore indeed local uniform convergence of (f,) to f.

O

Corollary 2.1.19 (Sequences of Functions of Class C*, k > 1) Let (f,) be a sequence of
functions of class C* (k € N*) on an interval I of R, taking values in K. Assume that:

a) For all j € [[0,k — 1]], the sequence of functions (ﬁ(Lj)) converges pointwise on I;
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b) The sequence of functions (fqﬁ’“)) converges pointwise on I to a function g, the convergence
being local uniform.

Then, the function f = Ll\rf fn is of class C* on I, we have f*) = ¢ and for j € [0,k —1]],

each sequence (fT(Lj)) converges uniformly locally to f9).

Proof: The proof is naturally done by induction on k.
e For k =1, it is the previous theorem.

e Assume the proposition is true at rank k — 1 with & > 2. Then let h,, = 7&’“71). The
assumptions allow us to apply Theorem 3.4.3 to the sequence (h,); we deduce that the
sequence (h,,) converges uniformly on any segment of I, its limit A being of class C' on I
and such that A’ = g.

By the induction hypothesis, f is of class C*~! on I and f (k=1) = p, each sequence ( f,(Lj ))
for 0 < j < k — 2 converging uniformly to fU) on any segment included in 1.
Thus f(k_l) = h is of class C! i.e. f is of class C*, with f(k) = h/ = ¢ and the sequence

( ék_l)) converges uniformly locally to h = f%*~1) which establishes the result at order k
and completes the induction.

O

Corollary 2.1.20 (Sequences of Functions of Class C*°) Let (f,) be a sequence of func-
tions of class C*° on an interval I of R, taking values in K. Assume that:

a) For all j € N, the sequence of functions () converges pointwise on I;

b) There exists p € N* such that, for all k > p, the sequence of functions ( ﬁk)) converges
pointwise on I, the convergence being local uniform.

n

Then, the function f = 1ir41_1 fn is of class C°° on I, and for j € N, each sequence (f(j))
n—-+0oo

converges uniformly locally to f @)

Proof: We apply the previous corollary to any order k > p. Il

2.2 Series of Functions

A series of functions is useful in solving ordinary differential equations or partial differential
equations. Very often, these equations do not have an obvious solution expressible using standard
functions. Therefore, the idea is to look for solutions in the form of series.

2.2.1 Preliminaries

Let (un)nen be a sequence of functions from an interval I to K. We can then consider the

sequence of functions (S, ),en defined by

Veel, Sy(z)="> up(x).
k=0
To study the series of functions Y wu,, is to study the sequence of functions (.S,,).
neN
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2.2.2 Domain of Convergence

Definition 2.2.1 The set D defined by

D=<zel/ Zun(m) converges
n>0

1s called the domain of convergence of the series Zun(x)
n>0

Examples 2.2.2 We will calculate the domain of convergence for each series in the following
series:

n

1. Let the series of functions Z x—' where © € R. Then, by d’Alembert’s rule
n!

n>0
n+1 |
=t | B _gciwer
n—+oo | (n+ 1)l 2™| notoon+1

mn

Consequently, E — converges for all x € R. Hence
n!

n>0

wn
D=(zeR/ E — converges o =R.
n!
n>0

n
2. Consider the series of functions Z T where z € R. Applying d’Alembert’s rule, we get
n

n>0
Tl n n
l= lm |———.—|= lim |z = |z|.
n—s+too|(n+1) 2| n—+oo n+1

n

x
Then, if |z| < 1, the series Z — converges and if |z| > 1, it diverges. Finally, for the case
n

n>0
1 1"
|| =1 i.e., z£1, we obtain two infinite series E — and g (=1) which are respectively
n n
n>0 n>0
divergent and convergent. Thus the domain of convergence is
xn
D=<zeR/ E ~ converges o = [—1,1[.

n>0

3. To determine the domain of convergence of the series of functions Z nx" where x € R.
n>1

Let’s analyze the convergence of this series by examining the general term u, = nx™.

Step 1: Using the Root Test

The root test is useful here. For a series »  uy, the root test states that the series converges
when

limsup v/ |up| < 1.

n—o0
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For our series, we have u, = nz". So,

|un| = nfz]™.

Taking the n-th root, we get:

Ylun| = ¥/n - ||

Asn — 00, /n—1, so

limsup {/|uy,| = |z].
n—oo

Therefore, the series converges if |x| < 1.
Step 2: Convergence on the Boundary |x| =1

We now check whether the series converges on the boundary points x =1 and x = —1.
(a) At x =1:

Zn-l”:Zn,

n>1 n>1

which diverges, since the series Y n grows without bound.

(b) At x = —1:
don-(=1"=) (1),

n>1 n>1
which is an alternating series. However, the terms |n| do not tend to zero, and instead
increase in magnitude, so this series also diverges.

Conclusion

The series E nx" converges for |x| < 1 and diverges for |x| > 1. Therefore, the **domain
n>1
of convergence** is

lz| < 1.

Consequently,

D=(zeR/ Zn:ﬂ" converges p =] — 1,1].

n>1

Similarly, for series of functions, we define the notions of convergence that we studied previously

Definition 2.2.3 Let (up)nen be a sequence of functions defined on an interval I and taking
values 1n K.

We say that the series of functions Y u, *converges pointwise™ on I if there exists a function
neN
S : I — K such that the sequence of partial sums (Sy) converges pointwise on I to S. This means

+o0o
that, for all x € I, the series >, un(x), taking values in K, converges and that S(z) = > un(x).

neN n=0
S is then called the *sum™ of the series of functions Y u,. We also define the *remainder of
eN
+0o0 !
order n*, R, =S — S, = > wug. The sequence of functions (Ry,) converges pointwise on I to
k=n-+1

the zero function.

86



Definition 2.2.4 We say that the series of functions Z Uy, converges uniformly on I if there

neN
exists a function S: I — K such that the sequence of functions (Sy) converges uniformly on I to

S.

Theorem 2.2.5 The series of functions ) uy, converges uniformly on I if and only if it con-
neN
verges pointwise on I and the sequence of remainders (Ry) converges uniformly on I to the zero

function (in other words, lim ||R,|., =0).
n—+4o00

Proof: Indeed, if the series converges uniformly on I, it also converges pointwise. We can then
define its sum S : [ — F.

By definition of the uniform convergence of the sequence (S,,) of partial sums to S, the sequence
(R,) converges uniformly on I to the zero function, because

. I . _ I _
dim [[Rafll = Tim 1S = S,llL =0,

The converse is identical. O

Remark 2.2.6 As with sequences, we define the notion of local uniform convergence in the

same way: it occurs when there is uniform convergence in the meighborhood of every point in I.

Specifically, for all a € I, there exists a neighborhood V' of a such that liril |R,||Y = 0.
n——+0oo

Examples 2.2.7

n
1. Study of the series of functions Z %
n

n>1
e Pointwise Convergence :
z" z"
For |z| > 1, — does not tend to 0 as n — 400, so the series 2—2 diverges to
n n
n>1
infinity.
Flel <1, | %] < L so the seri " is absolutel h
flx] <1, oy ) so the series Z o) is absolutely convergent (therefore conver-

n>1
1
gent) by comparison with the convergent series with positive terms Z —-
n>1 n
In conclusion, the series converges pointwise on [—1,1] and we can therefore set:

400 2"
Ve e [— =y
ve[-11], fl@) =)
n=1
e Uniform Convergence :
For all xz € [-1,1], we have
X g X gk =
Ba@)=| > 22| 20 || 2 52
k=n+1 k=n+1 k=n+1
= 1 = 1
50 [|Rnl o < Z = and ngg_looHRnHoo = 0 since Z = the remainder of a
k=n+1 k=n+1

convergent infinite series.
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:L,n
In conclusion, the series of functions E — converges uniformly to f on [—1,1].
n
n>1

:IZ2

2. Study of the series of functions Z W

n>0

e Pointwise Convergence :
+oo
o Foralln € N, u,(0) =0 so ZU"(O) =0.
n=0

o [fx # 0, the infinite series Y un(x) is a geometric series with common ratio
n>0

$2

< 1, so it converges, and its sum S is such that S(r) = ———— = 1422,

2 _ 1
1+=x T2

In conclusion, the series of functions converges pointwise on R to the function

S:xr—>{0 ife=0

1+ 22  otherwise.

e Uniform Convergence : The u, being continuous, so are the partial sums of the series;
the limit function S not being continuous, there cannot be uniform convergence on R.

However :  there is uniform convergence on any subset of R of the form A =] —
00, —a| U [a, 400 with a > 0.
Indeed, if © #£ 0,

+§ x2 2 1 1
R (z) = 2 k= (2 1 1~ 7.2
W @) (2 + 1)1 — g (2 )"

1
— — 0
(a%2 + 1) n—+oo
We deduce that there is local uniform convergence on R*.

A
50 | Bnlls =

As with infinite series, we have a necessary condition for uniform convergence. In fact, the con-
trapositive of this condition is very useful for establishing the divergence of a series of functions.
This is given by the following proposition:

Proposition 2.2.8 If the series of functions Zun(x) converges uniformly on I, then (up)p

neN
converges uniformly to 0 on I.
Proof: Indeed, since Z u,(x) converges uniformly on I ie., S, <% S on I, we therefore
n—-+00

neN
have

Up=S5,—S,.1 = S—S=0onl.

n—>-+00

Consequently, we have the following corollary.

Corollary 2.2.9 Ifu, % 0onlie lim sup|u,(x)| #0, then the series Z up () does

n—-+oo n—-+0o00 zel o
n

not converge uniformly on I.
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Example 2.2.10 Consider the series of functions with general term w, defined by
Up(z) = 2" where x €] —1,1[= 1.
Then, we have, for alln € N

sup [un ()| = sup 2| = 1.
xzel zel

Hence, lim sup |uy(x)| # 0. Therefore Zaz" does not converge uniformly on I.
N—>+00 gy >0
2.2.3 Dini’s Theorem for Series of Functions

As with sequences of functions, Dini’s theorem below shows that pointwise convergence implies
uniform convergence under certain conditions.

Theorem 2.2.11 Assume that:
1. for alln € N, u, € C([a,b],R),
2. for all x € [a,b], Vn € N, we have uy(x) >0 or uy(z) <0,

3. Zun converges pointwise on [a,b],

n>0
+oo
4. 8= Zun is continuous on [a,b].
n=0

Then, the convergence of the series Z up, on [a,b] is uniform.
n>0

Proof: Let S,(z) = uo(z)+ui(z)+...4+un(z), z € [a,b]. This sequence satisfies the assumptions
of Dini’s theorem for sequences of functions, i.e.,
C.S

1.5, =
n—»

? S on [a, b], (pointwise convergence of Z Up).

n>0
2. S, and S are continuous (continuity of wuy) .

3. (S,) is monotone (it is increasing if u,(x) > 0 and decreasing if u,(x) < 0). Then the
convergence of Sy, to S is uniform on [a, b].

Which means that Z uy, converges uniformly on [a, b]. O
n>0
2.2.4 Criterion for Uniform Convergence

Here we give two criteria for uniform convergence for series of functions.

2.2.5 Cauchy Criterion

Consider the series of functions Z Uy where u, : I — R, I C R.

n>0
The Cauchy condition for the uniform convergence of sequences immediately provides a corre-
sponding Cauchy condition for the uniform convergence of series.

Theorem 2.2.12 The series Z Uy, converges uniformly on I if and only if for any e > 0,

n>0
<5>.

dng e N, Vn,meN, Vz eI : (n,man:

> wlx)
k=n+1
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Proof: Let (S,), be the sequence of partial sums of the series Z Uy, then for all x € T
n>0

Sp(x) = uo(x) + ur () + ... + up(x).

The series E Uy, converges uniformly on I, i.e.,
n>0

S, <% Sonl. (2.1)

n—->-+00

Hence, by the Cauchy criterion for sequences of functions, (2.1) is equivalent to Ve > 0, Ing € N,

Vn,meN, Ve el : (n,m>ny=|S, — Sy <¢).

<g>.

This is still equivalent to Ve > 0, dng € N,

VnmeN, Vel : (n,m2n0:>

> up(z)
k=n+1

2.2.6 Abel’s Criterion

Consider the series of the form:

Zan(x)bn(a:) where a,,b, : I CR — R.
n>0

Thus, Abel’s criterion is given by the proposition:
Proposition 2.2.13 Assume that:
1. for x € I, the sequence (an(x))nen s decreasing with positive real values,

2. the sequence of functions (ap)nen converges uniformly to 0 on I,

3. the sequence of partial sums ofz b, is bounded, i.e.,
n>0

dM > 0,Yyne N, Vz eI : < M.

> bi(x)
k=0

Then, the series Z an(z)by(x) converges uniformly on I.
n>0

Proof: The proof of this proposition is analogous to that for infinite series (see the previous
chapter). O
2.2.7 Absolute Convergence

As with infinite series, we define the notion of absolute convergence for a series of functions.
Definition 2.2.14 The series Z un(x) is said to be absolutely convergent ifz |un ()| is con-

n>0 n>0
vergent.
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Example 2.2.15 Consider the series of functions

1—2"1
n>1

Let x > 0 be any fized value, then we can write

1—2™ 1 1
1427 n2| — n2’
since we have
1— "
<1 ve>o.
1+2zn
And since the Riemann series Z ! 15 convergent, then by comparison, the series Z L
n2 q s Y D ] 1+ zn n2

n>1 n>1
is convergent. This shows that the series (2.2) is absolutely convergent.

2.2.8 Normal Convergence of a Series of Functions

We introduce an additional notion of convergence. It is very useful in practice for establishing
the uniform convergence of a series of functions, because it reduces the study of the latter to
that of the convergence of a series with positive terms.

Definition 2.2.16 We say that the series of functions Z Uy, converges normally on I if:
neN

e the functions u, are bounded on I (at least from a certain rank)

e and the infinite series Z ||“n||£o is convergent (by denoting as usual: ||un||£O = sup |un(x)|).
n>0 zel

Theorem 2.2.17 (Weierstrass M-test) Let (f,) be a sequence of functions f, : A — R, and
suppose that for every n € N there exists a constant M, > 0 such that

|fn(x)| < M, forallx e A, ZMn<oo

n=1

Then

n=1

converges uniformly on A.

Proof: The result follows immediately from the observation that > f,, is uniformly Cauchy if
>~ M, is Cauchy.

In detail, let € > 0 be given. The Cauchy condition for the convergence of a real series implies
that there exists N € N such that

n
Z M, <e foralln>m>N
k=m+1

Then for all x € A and all n > m > N, we have
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Thus, > fp satisfies the uniform Cauchy condition in Theorem 2.2.12, so it converges uni-
formly. O

Example 2.2.18 We consider the geometric series

o0

> "

n=0
If |x| < p where 0 < p < 1, then

o0

" <pt Y <L

n=0

The M -test, with M,, = p", implies that the series converges uniformly on [—p, p|.

Example 2.2.19 The series

x) = Z 2i cos (3"x)

n=1
converges uniformly on R by the M -test since

1 1
S D!

‘ cos (3"x)
n=1

Theorem 2.2.20 If (uy)nen is a sequence of functions from I to K such that the series of

functions Z Uy, %s normally convergent on I, then:
neN

1. For all x € I, the series Z un () is absolutely convergent in K.
neN

2. The series of functions Z Uy, 18 uniformly convergent on 1.
neN

Proof: Assume therefore 3 |luy ||, is convergent.
neN

Since, for all z € I, |Juy(x)| < ||unl| io, by comparison of series with positive terms, the series

> |un(x)| converges. This means that the series > w,(x) is absolutely convergent. It is

neN neN

therefore convergent, i.e. the series of functions >  w, converges pointwise on I. We will then
n:eN

have, for all z €

“+oo “+00 —+00
Ru(@)[ = | D un(@)| < D Jun(@)| < Y lunlll
k=n+1 k=n-+1 k=n+1
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+oo
hence HRnHio < Z [l ||* N 0, which proves the uniform convergence
k=n+1

remainder of aconvergent infinite series
of the series. ]

Remark 2.2.21 Using the abbreviations PWC, AC, UC, and NC for pointwise, absolute, uni-
form, and normal convergence respectively, we have the following sequence of implications:

S up(z) ACVz €1

neN

\
> up NConl > up, PWC on I
neN ::>=::::> ;;;;;;:ﬁ’neN

S uy UCon I

neN
Examples 2.2.22
. , 1
1. Study of the series of functions Z PR
n>1
L R !
et, for all x € R, up(x) = o
1 R 1
We have [un(x)] < — for all z, so ||un|, < —.

1
The series with positive terms Z—Q being convergent, it follows from the comparison
n>1
theorem for series with positive terms that the series Z ||un||I§;j converges.
neN

Thus, the series Y uy is normally, therefore uniformly, convergent on R.
neN

-1 n—1,.n
2. Important Example : Study of the series of functions Z ()7:6
n>1 n
(_1)n71xn
- .

Let, for all x € R and all n € N*, u,(x) =

e Pointwise Convergence :

i. For |z| > 1, u,(x) does not tend to 0 as n — 400, so the series Z Un ()

neN*
diverges to infinity.

ii. For x = 1 the series converges (alternating harmonic series), and for v = —1,
the series diverges (harmonic series).
iii. For |z| <1, we have |u,(z)| < |z|". Now the series with positive terms Z |z|"

neN*
is a geometric series with common ratio |x| < 1, therefore converges. The usual

comparison theorems on sertes with positive real terms then ensure the absolute
convergence, therefore the convergence, of the series E Up (T).

n>1
In conclusion: the series converges pointwise on the interval | — 1, 1].
e Normal Convergence :
1
There is no normal convergence on the whole interval | — 1,1]. Indeed, ||u,| ., = —,
n

. r .
and the series E — diverges!
n
neN*
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However, there is normal convergence (therefore uniform) on any interval of the form
n

[—a,a] with 0 <a < 1. Indeed, ||un||([;a’a] = a—, and the series Z a converges by
n n

neN*
d’Alembert’s rule.

e Uniform Convergence :

There is no normal convergence on [0,1], but let us show that there is uniform con-
vergence on [0, 1].

+o00 +o00 (_1)k71$k
Indeed, by denoting R, (x) = Z up(z) = Z ’ , Ry () is the remainder
k=n+1 k=n+1

of order n of an alternating series which satisfies the assumptions of the alternating
series test (immediate verification). We therefore have, for all x € [0,1], |R,(x)| <
xn+1

1 1
] < g S0 ||RnH[O%’1} < p—l H:OO 0, which proves the uniform convergence

on [0,1] (we easily deduce that there is then uniform convergence on any interval of
the form [a,1] with —1 < a <0).

2.2.9 Properties of the Sum of a Series of Functions
The following important theorem is assumed.

Theorem 2.2.23 (Interchanging Limits (or Double Limit)) Let Z uy, be a series of func-

neN
tions defined on I, taking values in K.

Let a € T (possibly £00). Assume that, for any integer n, the limit %13% up(x) = £y, exists, and
zel

+oo
that the series Z uy, is uniformly convergent in a neighborhood of a. Let S = Y uy,.

neN n=0
Then:

o The series g L, converges
neN

+o0o +0o0o +00
o lim S(x) =Yy (that is, in short: 1i£n(z un) =y lim ).
xzel n=0 n=0 n=0

The following theorems follow directly from the similar theorems concerning sequences of func-
tions (we apply these theorems to the partial sums of the series of functions).

Theorem 2.2.24 (Continuity of the Sum) Let Z up be a series of functions defined on an
neN
interval I, taking values in K, such that the series Z Uy, converges pointwise on I. Let S be its

neN
sum. Assume that:

e the u, are continuous at a;

o there exists a neighborhood V of a such that the series Z Uy converges uniformly on V.
neN

Then S is continuous at a.

Corollary 2.2.25 Let Z uy, be a series of functions defined on an interval I, taking values in

neN
K.

If the uy, are continuous on I and if the series converges uniformly locally on I, then its sum S
is continuous on I.

94



Proof: Indeed, for all a € I there exists a neighborhood V of a such that the series Zun
converges uniformly on V. By the previous theorem applied to V', S is continuous at a.
Thus S is continuous at every point of I, that is, on 1. O

Theorem 2.2.26 (Interchanging Series-Integral on a Segment) Let Z uy, be a series of

neN
functions defined on a segment [a,b] C R, taking values in K.

Assume that the u,, are continuous on [a,b], and that the series Z uy,, converges uniformly on

neN
+0o0
[a,b]. Let S = Zun
n=0
b b 100 b
Then S is continuous on |a, b], the series Z/ up, (t)dt converges, (md/ S(t)dt = Z/ U (t)dt.
TLEN a a n=0 a

Proof: We prove the theorem in three steps.
Step 1: Continuity of the sum S
o0
For each n € N, w,, is continuous on [a, b] by hypothesis. Since the series Zun converges
n=0
uniformly on [a, b], the sum S = Y>>  u, is the uniform limit of the partial sums Sy = Zr]:[:O U,
Each partial sum Sy is a finite sum of continuous functions, hence is continuous on [a, b|.
The uniform limit of continuous functions on a compact interval is continuous. Therefore, S' is
continuous on [a, b], and in particular is integrable on [a, b].

Step 2: Convergence of the series of integrals

Let € > 0. By uniform convergence of the series Y u,, there exists Ny € N such that for all
N > Ny and for all = € [a, b],
+00

n=N+1

3

< b—a

Consider the partial sums of the series of integrals:

N b
Iy = Z/ U (t) dt.
n=0"%

For M > N > Ny, we have:

v — IN| =

> [ ni

n=N+1
M b
Z / lun ()| dt  (by triangle inequality)

n=N-+1
M

b
S/ ( Z |un(t)|> dt (by linearity of the integral)

n=N+1
b M

g/ S u(t)|dt (since ‘Zan <3 Jaal)

b

g

_E dt=-e

</a S di=c

IN

n=N+1
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This shows that (Ix) is a Cauchy sequence in K. Since K (either R or C) is complete, the

0 b
sequence (Iy) converges. Therefore, the series Z / un(t) dt converges.
n=0"9%

Step 3: Interchanging the integral and the series
Let S(z) = > " gun(z) and Sy(x) = Zfl\;o up(x). For any N € N, we have:

b N o b
/aSN(t)dt:nz:O/a U (t) dt.

Now, since the convergence Sy — S is uniform on [a, b], we have:

sup |[Sny(xz) —S(z)] >0 as N — oo.
z€[a,b]

Therefore,

/abS(t)dt—é/abun(t)dt

/abS(t) dt—/abSN(t) dt'
b

[0 - swaa

a

b
< ['Ist) - swiolds

< (b—a) sup |[S(z)— Sn(z)|.
z€[a,b]

Taking the limit as N — co, we obtain:

b N b
li t)dt — t)dt| = 0.
Jim | [0 %L%U
This proves that:
b N b )
S(t)dt = lim / un (1) it = / (1) dt.
Conclusion: We have shown that under the given hypotheses:
1. S is continuous on [a, b],
2. The series > 7 f; up (t) dt converges,
b & b
3. / S(t)dt = Z/ U (t) dt.
a n=0 a
This completes the proof. O

Remark 2.2.27 The theorem also applies when the u, are only piecewise continuous; however,
it 1s mecessary to check the piecewise continuity of S, which is no longer guaranteed by uniform
convergence.

Theorem 2.2.28 (Term-by-term Differentiation) Let Zun be a series of functions de-

neN
fined on an interval I, taking values in K.

Assume that:
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a) the uy, are of class C' on I;

b) the series of functions Z Uy, converges pointwise on I; we will denote its sum by S;
neN

c) the series of functions Z ul, converges pointwise on I, the convergence is locally uniform
neN
1.
Then:
1. The function S is of class C* on I;

2. the series of functions Z Uy converges uniformly locally on I;
neN

+o0
3. for all x € I, we have: S'(x) = Zu;(aj)
n=0

Proof: We prove the theorem in several steps.
Step 1: Setup and notation
oo oo
Let S(x) = Z un(x) be the pointwise sum (given by hypothesis (b)). Let T'(z) = Z ul ()
n=0 n=0

be the pointwise;um of the derivatives (hypothesis (c) ensures this series converges pointwise).
Define the partial sums:

N N
Sn(x) = Zun(m) and Tn(z) = Zu;(x)
n=0 n=0

Step 2: Sy converges uniformly on compact subsets of [

Let K C I be a compact interval. We will show that (Sx) converges uniformly on K.

Fix xg € I. For any x € K and N € N, by the fundamental theorem of calculus applied to
each u, (which is C1), we have:

Un () = up(x0) + /:C ul, (t)dt.

Summing from n = 0 to N, we get:

T

SN(w) = SN(.fo) +/ TN(t) dt.

o

Now consider M > N > 0. We have:

T

Sar(x) — Sw(x) = [Snr (o) — Sw(zo)] + / (Tar(t) — T (1)) .

Z0

By hypothesis (c), the series Y ul, converges uniformly on K (since K is compact and con-
vergence is locally uniform). Thus, (T%) is uniformly Cauchy on K. That is, for any € > 0, there
exists Ny such that for all M > N > Ny and all ¢ € K:

€
Ty (t) —Tn(t)] < 2+ K|

where | K| denotes the length of the interval K.
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Also, by hypothesis (b), (Sy(z¢)) is a Cauchy sequence in K, so there exists Nj such that
for all M > N > Ny:

1Sar (o) — S (wo)| < g

Taking No = max(Ny, N1), we have for all M > N > Ny and all z € K:

|Sm(x) — Sn(2)| < [Sm(zo) — Sn(zo)| +

/x[TM(f) —Tn(t)]dt

0

IN

MmN DM

max(zo,x)
+ Tar(t) — T (1) dt
min(zo,x)
e

= EEarY)

+’$—x0|

€

—+ K| —< <e.

2 K] 2(1+|K))
This shows that (Sy) is uniformly Cauchy on K, hence converges uniformly on K. Since K

was arbitrary, Sy converges to .S uniformly on compact subsets of I.

Step 3: S is differentiable and S’' =T
Fix xg € I. Choose a compact interval K C I containing xg in its interior. For any z € K,

we have for each N: .

SN(a:) = SN(l‘o) +/ TN(t) dt.

o

Taking the limit as N — oo, and using the uniform convergence established in Step 2:
e Sy(z) = S(x) and Sn(zo) — S(zo).

e Since Ty — T uniformly on K (by hypothesis (c)), and each T is continuous (as a finite
sum of continuous functions w},), the limit 7" is continuous on K.

e By the theorem on interchanging limit and integral for uniform convergence (proved earlier),

we have:
T

lim [ Tw(t)dt = / lim T (t) dt / T(#) dt.
N—o0

N—o0 zo0 z0 z0

T

Therefore, passing to the limit in the equality, we obtain:

T
S(z) = S(zo) +/ T(t)dt forall z € K.
o
Since T' is continuous on K (as uniform limit of continuous functions), by the fundamental
theorem of calculus, S is differentiable at zy and:

S'(wo) = T(x0) = )y (x0)-
n=0

Step 4: Sis C! on [

We have shown that S” =T on I. Since each Ty is continuous (finite sum of continuous u),)
and Ty — T uniformly on compact subsets, 7" is continuous on every compact subset of I, hence
continuous on I (since continuity is a local property).

Therefore, S’ = T is continuous on I, which means S is of class C' on I.

Step 5: Uniform local convergence of > u,

This was already established in Step 2: for any compact K C I, the convergence Sy — S is
uniform on K, which means ) u,, converges uniformly on compact subsets of I, i.e., converges
locally uniformly on I.

Conclusion: We have proven all three claims:
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1. S is of class C! on I,

2. > uy, converges uniformly on compact subsets of I,
3. §'(x Zu ) for all z € I.

This completes the proof of the theorem. O

Corollary 2.2.29 (Series of Functions of Class C*, k > 1) Let Zun be a series of func-

neN
tions defined on an interval I, taking values in K.

Assume that:

a) the u, are of class C* on I;

b) each series of functions Z ug) for j € {0,k — 1} converges pointwise on I;
neN

c) the series of functions Z u%k) converges pointwise on I, the convergence being local uni-

neN
form on I.

Then: the sum function S is of class C* on I, each series Zusf) with j € 0,k converges
uniformly locally to SY) | and:

Vie {0k}, Vael, SU(z ZUU

Corollary 2.2.30 (Series of Functions of Class C*) Let Z uy, be a series of functions de-

neN
fined on an interval I, taking values in K. Assume that:

a) the uy, are of class C* on I;

b) for all j € N, the series of functions Z ug) converges pointwise on I;
neN

c) there exists an integer p € N* such that, for any integer k > p the series of functions

g u,(f) converges pointwise on I, the convergence being local uniform on I.
neN

Then: the sum function S is of class C* on I, each series ug) with j € N converges uniformly
locally to SY) and:

VieN,Veel, SV ZuU

2.3 Examples of Applications

Examples 2.3.1

1. Let z € C and let



Then the function e, is of class C* on R and: Vt € R, €. (t) = ze'*.
n.,n

+oo
t
Let, for all t € R, uy(t) = —Z', so that e,(t) = E un(t). We have already seen that this
n!
n=0

series converges pointwise (absolutely) on R (cf. course on the complex exponential).
tn—lzn
(n—1)V

series Y ul converges normally, therefore uniformly, on any segment of the form [—A, A]
n>1

Furthermore, the u, are of class C! on R and Vt € R, Vn € N*, ul (t) = The

n—1 n
with A > 0 since Hu;Hfo = H,
|z el#]).

The term-by-term differentiation theorem therefore applies: e, is of class C* on R and for
all real t, we have:

general term of a convergent series (with sum

, +oo tnflzn +oo tnflznfl .
_ oz oo z
eLit)=> (n—1)! =z} -1  °
n=1 n=1

Remark. By induction we immediately have: ¥Yn € N, e, is of class C™ on R and Vt €
R, e™(t) = 2"e"*. And in particular, for z =i we obtain

61(77’) (t) — ineit — ei(t—i—ng).
We thus find known results:

Vn e N, Vt € R, cos™(t) = cos (t + n%) et sin™(t) = sin (t + n%) .

' ) (_1)n—1$n
2. Study of the series of functions g -
n

n>1

e Domain of definition :

We have already seen that this series of functions converges pointwise on | — 1, 1]; we
can therefore define its sum

+oo (_1)n71xn

Vo el -1,1], Sx) =)

n
n=1

e Continuity :
We have already seen that the series converges uniformly on any segment of the form
[a, 1] with —1 < a < 0. Since uy, is obviously continuous, it follows that S is continuous
on any interval of this type, and thus on (—1,1).

e Differentiability :

(_1)71—11:71
For all n € N*, the function u, : © — ~———"— is of class C' on —1,1], and
n

() = (~1)manL,

For all a €]0,1], Hu;LH[;a’a] = a1, so the series Z Hu;H[o;a’a} is convergent (geomet-
n>1
ric series). It follows that the series > ul converges normally, therefore uniformly,
n>1
on any segment included in | — 1,1].
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The term-by-term differentiation theorem then allows us to assert that S is of class
Cl on]—1,1] and that

—+00

1
/ _ n—1,_n—1 __
Vaze]l,l[,S(z)—;(l) A
S being continuous on | — 1,1[, we deduce
vrel—1,1[, S( /s' In(1+ ).

Finally, this last equality extends to x = 1 by continuity. Therefore, we have proved :
too —-1,.n
—1)"
Ve el —1,1], In(1+x) :Z()ix
n=1

(for x =1, We obtain the well-known value of the alternating harmonic series.).

n

n COS
3. Study of the series of functions G COSRE ith 0<a<l.
n>1 n

Let, for allz € R and alln > 1: un(z) = 2"

n

e Domain of definition and continuity :
n

For all © € R, we have |up(z)| < a < a", so ||un||]§; < a". By comparison with a
n

geometric series, we deduce that the series of functions Y wu, is normally therefore
n>1
uniformly convergent on R.

We can therefore set:

V.’EER S Za cosnr

Moreover, since uy, is continuous on R, S is also continuous by uniform convergence.

e Differentiability :
For all n € N*, the function uy, is of class C* on R and, for all x € R, ul,(z) =

n o3 PR _ ; ; !
—a"sinnx. We therefore have HunHoo = a", and the series of functions » wul,

n geql
converges normally therefore uniformly on R.
The term-by-term differentiation theorem then allows us to assert that S is of class
C! on R and that

+oo +o0
VzeR, S'(z) = E —a"sinnz = —a"sinnz.
n=1 n=0

Let us calculate this sum:

asinx

a? —2acosx+1°

|
|
&l
VRS
—
| |
o
.
8
N~
|
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+00 41
Now, for x =0, S(0) = > % = —In(1 —a), so we will have, for all x € R:

1
v v asint
S(x) = S(0 S'(t)dt = —In(1 — -
(z) ()+/0 ®) ( a)+/0 a? —2acost + 1
1 T
:—ln(l—a)—§[ln‘a2—2acost—|—1H0
1 1
:—1n(1—a)+§ln((1—a)2—iln’a2—2acosx+1

1
=3 In(a® — 2acosz + 1) (since a €0, 1[)

e Application : Calculate I = / In(a? — 2acosx + 1) dz.
0

Thus, I = —2/ S(z)dz.
0

1% g™ cosnx

The series S(x) = Y. —————— being normally therefore uniformly convergent on R,
n=1 n

therefore on [0, 7], we can apply the term-by-term integration theorem:

s 1o 1 on
/ S(x)d:v:Z/ G EBNT 4 = 0
0 n=1"0 n

hence: I = 0.

2.4 Exercises of the Chapter

Exercise 2.4.1 Let (fn), fn : [a,b] = R denote a sequence of functions. Define what it means
for (fn) to converge pointwise on [a,b].

(i) Determine the pointwise limit function in the case

fo: (L1 =R, fulz) =a", n=12,-

Ezxplain why the convergence is not uniform.

(ii) Show that the pointwise limit function of the sequence

nx

fn : [07 1] — Ru fn(x) = m7

n=1,2,-

is the zero function but that

max {|fn(z)]: 0<2x <1} »0 asn— .

Correction 2.4.1 (f,) converges pointwise on [a, b] if the sequence of numbers (fn(x)) converges
for all x € [a,b].

(i) If |x| < 1 then 2™ — 0 as n — oo. If v = 1 then =™ = 1 for all n. The pointwise limit
function is f: (=1,1] = R,
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o, if —l<x <l
f(x)'_{L ifr=1

Fach function f, is continuous on (—1,1] and the limit function is f is discontinuous at
x = 1 which implies that the convergence is not uniform.

(ii) For x =0 we have f,(0) = 0.

For x > 0 we have

x/n 0

= % :0 % .
1/(n2) +22  0+a2 e oo

Thus for all x € [0, 1] we have f,(x) — 0 as n — oo.
By inspection when x = 1/n we have f,(1/n) =1/(1+1) =1/2 for all n. Thus

1
max {[ ()| 0 < 2 <1} 2 full/m) = 5
and we hence do not have convergence to 0.

Exercise 2.4.2
(a) Let I C R and let f be a bounded function on I. Define the uniform norm || f|| of f on I.
(b) Let I CR andlet fr,: I - R,n=1,2,--- and f : I — R be functions.

(i) Define what it means for (fy) to converge pointwise on I.
(i) Define what it means for (fy) to converge to f uniformly on I.

(c) In each of the following cases of sequences of functions, determine the pointwise limit
function and determine whether or not the convergence is uniform.

()

n

fn:[0,00) = R, fu(z):= 1195”'
(ii)
fo i RSR, folz) = Cosflnx).

(iii)
fn:0,1] 2 R, fu(x) :=2"(1 — z).

(i)
fni[0,00) = R, fn(x):=ze "

Correction 2.4.2

(a)
I£1:= sup{[f ()] : = € I}.

(b) (i) (fn) converges pointwise on I if the sequence of numbers (f,(x)) converges for every
z el

(ii) (fn) converges uniformly on I to f,f: 1 — R, if

|fn—fIl >0 asn— o0
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(c) (1) If0 <z <1 then 2" — 0 as n — oo and we get fp(x) — 0 as n — oco.

If v =1 then f,(1) =1/2 - 1/2 as n — .
If x > 1 then

1 1

— =1 as n — 0o
(1/z")+1 041

falz) =

Hence the pointwise limit function f is the discontinuous function

0, 0<zx <1
f:00,00) = R, f(z):=¢1/2, =1
1, z>1
As each f, is continuous and the pointwise limit is discontinuous the convergence is
not uniform.

(ii) For all x € R

cos(nz)

<—=0 asn—>
n n

Thus (fn) converges uniformly to the zero function on R which is thus the pointwise
limit.

(11i) If v =1 then fp(1) =0 and (fn(1)) is a constant sequence. If 0 < x <1 then z" — 0
as n — oo. Thus (fn) converges pointwise to the zero function on [0,1]. To test for
uniform convergence we determine the uniform norm of each f,.

As fn(x) > 0 with f,(0) = fr(1) = 0 we need to find the mazximum of fr(x), 0 < z <
1.

fiz) =na" ' —(n+ 12" =2" Y (n— (n+1)x)
The mazimum occurs at x =n/(n+ 1). Since for this x,z™ < 1 we have

1
|fn(n/(n+l))’§1_nil:n+1_>0 asn — oo

Hence f, — 0 uniformly on [0, 1].

() If x = 0 then f,(0) =0 and (f,(0)) is a constant sequence. For x > 0 fu(x) — 0 as
n — 0o. Thus (fn) converges pointwise to the zero function on [0, 1].
To test for uniform convergence we determine the uniform norm of each f,.

1
fi(x)y=e"™(1—-nz)=0 whenz= -
As fl(x) > 0in[0,1/n) and f](xz) < 0 in (1/n,00) this is a local maximum. We have

| full = fu(l/n) = e;l -0 asn— o0

The sequence converges uniformly to the zero function.

Exercise 2.4.3
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(a) Show that when I = [0,1] and

n
Inle) = T
| fnll = 1/2 for all n. Hence show that the sequence (f,) converges pointwise on I but not

uniformly on I.

(b) Suppose that (f,) is a sequence of continuous functions which converges pointwise on I to
f. What can you conclude about the uniformity of the convergence in the following cases:
(1) when f is continuous on I,(2) when f is discontinuous on I.

(c) Let fr, : I — Ryn = 1,2,--- be a sequence of bounded functions. Define what it means
for (fn) to be a Cauchy sequence in the uniform norm and show that if fr, — f uniformly
then (fyn) is a Cauchy sequence. (In your answer you can assume that the uniform norm
satisfies all the norm axioms, e.g. the triangle inequality.)

Correction 2.4.3

(a) As fn is continuous on [0,1] it attains its mazximum on [0,1].f,(0) = 0 and f,(1) =
n/(1+n?) =1/((1/n) +n).f1(1) = 1/2 and for n > 2f,(1) < 1/n < 1/2. To find the
maximum we consider turning points of fy.

s (T4+nP?)n— (nx) (20°z)  n(1-n?z?)
fnl@) = (14 n2z2)? (14 n2a2)? !

when x = 1/n.fy, increases in [0,1/n) and decreases in (1/n,00). Thus

[fnll = fn(1/n) =

T N

For the pointwise convergence observe that for x =0, f,(x) =0 for all n. For z > 0,

1/(nz) 0o
(1/nx)?2 +1 0—|—170 asm =00

fn(z) =

Thus the sequence converges pointwise to the zero function. As ||fn|| - 0 the sequence does
not converge uniformly.

(b) If the limit function is discontinuous then this is sufficient to prove that the convergence
is not uniform. If the limit function is continuous then nothing can be concluded about
whether or not the convergence is uniform.

(c) (fn) is a Cauchy sequence if for every e > 0 there exists an N such that

| fo — fmll <&, foralln> N and m > N

(fn) converges uniformly to f means that for every e > 0 there exists a N such that

lfn—fll <e/2 foralln>N

Then for all m,n > N and for all x € I we compare both f,, and f, with the limit f to
give

105



[fm(@) = fu(@)] = |(fm(2) = f(2)) + (f(2) = fu(2))]
< [fm(2) = f(@)] +[f (@) = fal2)]
SN = I+ 1f = full <e/2+¢/2 =€

As this is true for for all x € I we have || fm — ful|l < € as required.

Exercise 2.4.4 Forn=1,2,3,..., x real, put

o
14 na?

Show that {f,} converges uniformly to a function f, and that the equation

fl(@)= lim f,(z)

n—-+o0o

is correct if x # 0, but false if x = 0.

1
Correction 2.4.4 The Schwarz inequality, which implies that |f,(x)| < 2\)%"3:‘ = NG for
: 1 — na?
x # 0, shows that f,(x) tends uniformly to 0. Now f,(x) = ﬁ, which tends to 0 if

x # 0, though f,(0) =1 for all n.
Exercise 2.4.5

(a) Let (fn),fn : I — R, denote a sequence of continuous functions defined on I. If (fy)
converges to f uniformly on I then what properties will the limit function f have?

(b) In each of the following cases of sequences of functions, determine whether or not the
sequence converges pointwise on its given domain. If the sequence does converge pointwise
then give the pointwise limit function and determine whether or not the convergence is
uniform.

(1)

(i)

(iii)

xr
fn . (_171] _>R7 fn( ) = (1—|—l’n)27 n = 1727
(iv)
$n
fn : [0,00) — Rv fn( ) = (1 +mn)n7 = 1727

Correction 2.4.5

(a) As each fn is continuous and (f,) converges to f uniformly on I then f is continuous on
1.
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(b) (i) By the properties of the sine function we have for all z € R that

S|

[fn(@)] <

and thus

1
anHSE_)() as n — 00

Thus the sequence converges uniformly to the function f

fR=R, f(z):=0

Uniform convergence implies pointwise convergence and hence f is also the pointwise
limat.

(ii) If we let x = w then fp(m) = cosnm = (—1)". The sequence of numbers (fn(m)) does
not converge and thus the sequence does not converge pointwise and as a consequence
it does not converge uniformly.

2" =0 asn—ooif |z <1

Thus for z € (=1,1), fo(z) = 0/(1+0)2 =0 as n — oco. Also, f,(1) = 1/4 for all n.
Thus

fx) == Tim fo(x) =

n—oo

0, ifze(—1,1)
1/4, ifzx=1

As each f, is continuous and f is discontinuous this indicates that the convergence is
not uniform.
(iv) Let g, : R — R,
z (1/a)" !

90(®) = T = a1

If0 < x <1 then

n
fn(l‘):(lf n) <z" =0 asn— oco.
z

If x =1 then

fa(l)=(1/2)" -0 asn—

If x > 1 then (1/2)" — 0 as n — oo and

fulz) = (m>n < <;>n(n1) —0 asn— o0

The pointwise limit function is f : R — R, f(z) := 0.
To establish that the convergence is uniform we need to bound g, and hence f,. We
note that g,(0) = 0 and gn(z) — 0 as |x| — oco. For turning values we have

(1+2™) —z (na"1)

=0 when 1= (n-—1)2"
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As there is only one turning value it is the point where g, has a global maximum.
Thus

(/=) (1 N
“%“%@>§1+¢mn—n<<Qn—n>

and
In max fn ) = n 1 — as n — oo

Exercise 2.4.6

sin(nz)
n

1. Let the sequence of functions fn(z) = on the interval [0, g] . Show that the sequence

(fn)nen+ converges uniformly to a differentiable function f and verify that the sequence
(f1)nen+ does not converge.

2. Let fr, : R — R be defined by fr(x) = /2% + % Show that each f, is of class C' and that

the sequence (fy)nen+ converges uniformly on R to a function f which is not of class C1.

Correction 2.4.6

1. Forall x € [0, %] :
lim sin(nx)

n—+4o0o \/ﬁ

The sequence of functions (fy,) converges pointwise to zero function on [O, g], and this
function is obviously differentiable.

=0

_ ncos(nx)

NG

FExcept for x = 0, the sequence (f],) does not have a limit.

fi(a) — Vi cos(na).

The simple limit is |z|.

Next, we show that there is uniform convergence:

1 1 ( x2+n%—|x]> (\/$2+ni2+|$’> .’L’2+%—l‘2
22+ — = |z|| = |\[2 + = — ||| = -
n n MHM \/@Hx\

_ w? _ 1. ! <1 1 1,21
2, 1 n? 2, 1 ~n? 1 w2 " T h
2?2+ 5 + |z r? + o5 + |7 \/0+ -5 +0
Therefore
, 1 1
sup [\/2?2 + — — |z]| < —
z€eR n n
And finally
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=0

1
[n2 4 &
T +n2 ||

The sequence of functions (fy) converges uniformly to f(x) = |z|, a function that is not
differentiable at 0, and therefore is not of class C* on R.

lim sup
n—-+o0o z€R

Exercise 2.4.7 Let f, :[0,1] — R be defined by:

0 otherwise

TLQ&? — N or x 1
fn<a:>={ (1 =ne) forw € (03]

1. Study the pointwise limit of the sequence (fn)nen-

/01 fn(t)dt

Is there uniform convergence of the sequence of functions (fn)nen?

2. Compute:

3. Study the uniform convergence on [a, 1] with a > 0.

Correction 2.4.7

1. For z €]0, 1], there exists ng such that nio < z, so for all n > ng, fr(z) =0— 0.
For z = 0, we have f,(0) =0.

Therefore, the sequence of functions (f,) simply converges to 0.

1 1 1 2 3 1
"2 2 [ 2 9 |t nt’ [ » 9 1 n 1
(1)t = 1- = - S 3 R R, (LU
/0 fu(t)dt /0 n“t(l —nt)dt =n /0 (t—nt*)dt =n [2 3], "\ 52 " 33 5

If there were uniform convergence of the sequence of functions (f,), we would have

1 1
1' n = =
nﬂlrfoo/o fn(t)dt /0 0dt =0

Which is not the case, so there is no uniform convergence of the sequence of functions (f,)
towards zero function.

3. On [0, 1], the sequence of functions (f,,) converges pointwise to f, for all n > %, and for all
x € [0,1], fn(xz) = 0 thus
Therefore, there is uniform convergence.

Exercise 2.4.8 The Weierstrass M-test gives a sufficient condition for the series > fy to con-
verge uniformly on [a,b]. State the conditions of this test.
Use the test to show that the following series converge uniformly on the given domain.
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(1)

oo
x

E on |z| <r < oo.
nn

0

(i)

Z (;L) 'x” on |z| <r < 4.
5 n)!

(
(iii)

1
2oy R
0

Correction 2.4.8 The conditions of the Weierstrass M-test are satisfied if || fnll, < My with
the series >, My, converging.

(i) In this case fn(x) =x"/n"™. On the domain {z : |z| < r} we have

TTL
falloe = o = My

We test for the convergence of the series Y M, by using the root test.
r
MY"=— 50 asn— oo
n

As the limit is less than 1 the series converges and by the M-test the power series converges
uniformly.
(ii) In this case fn(z) = (n!)22"/(2n) . On the domain {z : |x| < r} we have

G
Iiloe = (™" = Mr

We test for the convergence of the series Y M, by using the ratio test.

My (n+1)2

M,  (2n+2)2n+1)

B (14 1/n)? r
T er2n)2+1/m) 4

as n — o0

As the limit is less than 1 when r < 4 the series converges and by the M-test the power
series converges uniformly.

(1ii) In this case fn(x) =1/ (1‘2 +2") and on the domain R we have by inspection that | fn | .o =
oo
fn(0) = 1/2". The geometric series Z 1/2" is convergent and by the M-test the series

n=0
converges uniformly on R.

Exercise 2.4.9
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(a) We know from the previous chapter that the series
>
kp
k=1

converges for all p > 1 and diverges for all p < 1.
Let

cos(kx)
k3

n

fo it R=R,  fu(z) ::Z

k=1

Use the the Weierstrass M-test to explain why (f) and (f],) converge uniformly on R.
Does the sequence (f)) converge pointwise on R ¢

(b) Determine the radius of convergence of the following power series and state regions in which
the series converge uniformly.

()

D
k=0
(ii) In the following o € R is not an integer.

o0

Z(a(a_l)”é!(a_k—i_l))xkzl—l—ozx—ka(a;l)ﬁ‘i"“
k=0

(iii)
> k3gk
Z 3k; :
k=0

(i)

[e.9]

Z KF k.

k=0
Correction 2.4.9

(a) To apply the M-test to the series for fn(x) we note that |cos(kx)| < 1 so that the k th
component function is bounded by

The series > 1/k% converges and thus the series for f, converges uniformly on R. f! is
given by
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The series Y. 1/k* converges and thus the series for f! converges uniformly on R.
1 is given by

() = — Z cos](gkx)

k=1

When x = 0,cos(0) = 1 and —f}/(0) is the nth partial sum of the divergent harmonic series.
Hence the series does not converge pointwise on R.

(b) (i) Let fy(x) = 2F/k I On |z| <7

k
|[fr(@)] < 77 =t My
By the ratio test
My ) (k+1)
M, o Jh —k+1—>0 as k — oo

The series Y My, converges for all r and hence the radius of convergence is oo. The
series converges uniformly in any region of the form |z| < r.

(i4) Let fr(x) = apx® where

0 = (Oz(ozl)--l;;!(ozk‘Jrl))'

On lz| <r

| fr(@)| < lag|r"® =: My,
Using the ratio test

My 14
M,

B a—k
o k+1

alk—1
1+1/k

| Qk+1

= r—=r ask— o0
Qg

‘r:

Thus the series converges absolutely if r < 1 and diverges for r > 1. The radius of
convergence is R =1 and the series converges uniformly in [—r,r| for all r satisfying
0<r<l1.

(iii) Let fi(x) = apz® where
k?)
T3k
Onlz| <r
| fr(@)] < Jag|r* = My,

Using the ratio test

Mppr _appn _ (k+17° (LK) v

My 353 3 3

The series converges if r < 3 and diverges for r > 3. The radius of convergence is
R = 3. The series converges uniformly in |x| < r for all v < 3.

112



(iv) Let fy(x) = kFz*. On |z| <r

[fi(@)| < (kr)" = My
Using the root test

M]i/k = kr.
The sequence (M;ﬂc) only converges when r = 0 The radius of convergence is R = 0.

Exercise 2.4.10

(a) Show that if fn(z) := x4+ 1/n and f(z) := x for all x € R then f, — f uniformly on R
but that (fﬁ) does not converge uniformly on R.

(b) Let CMla,b] denote the set of continuously differentiable functions on a finite interval [a, b].
For each f in CWMla,b], define

fller = NI+ |7

Show that ||-||c1 satisfies the norm requirements of non-negativity, linearity and the triangle
inequality. (Remark: It can be shown that the linear space C(l)[a, b] is complete in this
norm.)

(c) Use the Weierstrass M-test to deduce that if > |ayn| and >~ |by| converge then the Fourier
series

oo
% + z; (ap cosnx + by, sinnx)
n—=

converges uniformly on R.

(d) Let

k=1

Explain why (sn), (sh,), (sh) and (s) all converge uniformly on R but that (s)(0)) does
not converge.

Correction 2.4.10
(a) fo(x) =2+ 1/n and f(x) =z and hence fp(z) — f(x) = 1/n. Thus

1
||fn—f||m:g%0 as n — 0o

PefP=fat ) (fa— 15

and thus in this case

and

1
sup ‘fn(az)Q — f(x)Q‘ = —sup
z€R N xR

1
2:174—‘ =00 for all n.
n
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(b) Nonnegativity: Clearly || f||cr > 0 since ||f]| > 0 and || f'|| > 0. If | fllcr =0 then || f]| =0

and hence f(x) =0 for all x € [a,b].
Linearity: By using the linearity of the uniform norm

lefller = llef ||+ [lef | = ledll Il + el [ £/]) = ladll flles

Triangle inequality: By the triangle inequality for the uniform norm

1f+aller = 11f + gl + ||+
<1+ gl + (£ + 11¢']])
= flcr + llgllen

(c) With f,(x) := ap cosnz + b, sinnx we have

[fn(@)] < |an] + [ba]

by the triangle inequality and that |cosnz| < 1 and |sinnz| < 1. As > |an| and Y |by|
both converge we have that > (lan| + |bn|) also converges. Hence the conditions of the
Weierstrass M-test apply with My, = |ayn| + |bn| and the series converges uniformly on R.

(d)

k=1
" sin(kx
() = - Y0 D)
k=1
- kzx)
() = — cos(
n 3
k=1 k
() = zn: sin]gm)
k=1
() = - cosi}kx)
k=1

The k th term in the series of sy, 5h, sl and s"' are bounded on R by respectively 1/k> 1/k*,1/k3
and 1/k% and as the series of the bounds converge the sequence of functions converge uni-

formly on R. However

3

8//// (0) —

n

| =

k=1
are the partial sums of the harmonic series which is divergent.

o
_1)"
Exercise 2.4.11 We consider the function f : x — Z u
" +x

a) Study the definition, continuity, and differentiability of f on R (the set of positive real

numbers).

b) Show that f is decreasing on R .

114



c) Find a relationship between f(x) and f(x + 1).
d) Compute f(p) for p € N (natural numbers).

e) Determine an asymptotic equivalent of f(x) near 0 and +oo.
1 tz‘fl

dt.
1+t

£) Show that: Yz >0, f(z) = /
0

Correction 2.4.11

+1
(-1 1 T G O
a) The functions fy, : x = 7 are of class C* and f,(z) = it
By the special criterion for alternating series, ), fn(x) converges pointwise on R>q to
f.
Leta > 0. On[a,+o0], an|| atool < J: E and the seriesy >0 | n+ Tata)? Converges, therefore

> fl converges normally and thus umformly on [a,+o0].

According to the theorem on the differentiation of a series of functions, f is defined and of
class C* on R>o and
too (_1)n+1

Vo >0, fl(z) =) i

n=0

400 (—1)"Jrl

verification). This series is thus of the sign of its first term ;—21 Therefore, f'(x) § 0 and
the function f is decreasing.

)

b) We can apply the special criterion for alternating series to the series

“+oo (71)71 —+00

I N o ) L - S
f(x+1)+f($):;)n+x+1+z_%n+x:_Z_:ln+x+z_;)n+:p::c'

d) We use the previous relation to write, for integer p > 2:

fo)+ (D)Pf) = (f) + flp—=1) = (flp—1)+ fp—2) + -+ (=1)P(f(2) + f(1))
1 1

- _1)P.
1 p-2 ++(-1)
Since f(1) =1n2, we obtain f(p).
e) o f(x)==—f(x+1)and f(x+1) — f(1) as x — 0 by continuity, hence f(z) ~ 1
x
asa:—>+0.
o Asx — +o0, the bounds
1 1
(@) + flz+1) < flz) < 5(flz) + fz ~ 1))
th L~ L gives f() ~
wi T gives 57"
f) Let x > 0. For allt € [0,1] and all int NL—EN (—t)"—l—ﬂh
et x . Fora 1] and all integers N, —— =3 g Ty henee

for allt €]0,1],

txfl N a1 N+1tN+x
=S (et (N
14+t n:O( ) +(1) 1+4+¢
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r—1

1 being integrable on [0,1] (since x > 0), we obtain by integrating:

= 1 1 tN-i—x
/ _Z )N—l—l/ dt,
0 1+t =0 n—{—ﬂc 0 1+t

LtV N+
dt < Tt = ———
0157 ‘ Jo N+zt1

the desired result by taking the limit as N — +oo.

The function t —

and since |(—1)N+1 — 0 as N — 400, we obtain
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Chapter 3

Power Series

Power series are a particular class of function series. We will first focus on the properties of the
sum of a power series (such as the domain of convergence, continuity,...). Then, we will explore
how to express common functions as sums of power series.

Definition 3.0.1 Let (a,) be a sequence of complex numbers.
A power series in the complex variable z with coefficients (ay) is defined as the series of

+o0o
functions > apz".
n=0
The domain of convergence of this series is given by

+oo
D={zeC| Zanz” converges};
n=0

this is the domain of definition of the sum of the power series, defined by:

+o00
Vze D, f(z)= Zanz”.
n=0

o
Remark 3.0.2 Any series of the form Y anz" converges at z = 0. Indeed, let (Sy)n be the
n=0
o0

sequence of partial sums of the series Y anz". Then, we have
n=0

Sn(z) = Zakzk = 5,,(0) =agp = lim S,(0) = ap.
k=0

n—-+00
o
Thus, the domain of convergence of the series Y. anz™ is never empty, because we always
n=0

have 0 € D and f(0) = ap.

The two basic examples of power series are the geometric series and the exponential series. We
will later see that many common series can be expressed in terms of one or the other.

Geometric series:
1 =
Vz, |2 <1, —— :Zz”:1+z—|—z2—|—...—|—zn—l—...
1—2z o

Exponential series:

+O<>Zn 2’2 g
VeeC, exp(z) =) —r=l+zt oot o+
n=0 :
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The calculation of the sum of the geometric series is straightforward, thanks to the explicit
formula for the partial sums. However, the fact that the sum of the exponential series is exp(z)
is not immediately obvious. Two approaches can be taken to understand this.

1. After proving that the series converges for all z, we can define the complex exponential as
the sum of this series. Based on the results we will establish regarding power series, we
can then prove all the classical properties of the exponential function.

2. There are other definitions of the exponential function. For instance, it can be defined on R
as the inverse function of the natural logarithm, which is itself defined as the antiderivative

1
of — that vanishes at 1; this definition can then be extended to the entire C. We can

T
subsequently prove that exp(z) is the sum of the exponential series.
Another class of power series is given by the example below:
Examples 3.0.3

1. A polynomial in z is a power series whose coefficients vanish after a certain degree. In this

case, D = C.

2. Z nlz" is a power series for which D = {0} I.Indeed, To find the domain of convergence

neN
[e.e] (e e]
for the series Z nlz", we can use the ratio test. The ratio test states that a series Z an
n=0 n=0

converges absolutely if

. a
li ntll o,
n—oo an
Step 1: Identify a,
For our series, we have:
an = nlz™.

an+1

Step 2: Compute

Qn
We calculate:

any1 = (n+ 1)12" = (n 4 Dnlz"

Thus,

1)1+l
nt1 _ (n+ iz =(n+1)z.

an nlzm

Step 3: Apply the Ratio Test

Now, we take the limit:

Gn+41
an

lim
n—0o0

= lim |(n+ 1)z|

= lim
n—0o0 n—oo

(n+1)|z| =00 for any z # 0.

This limit diverges for any z # 0.
Step 4: Conclusion
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oo
o If 2 =0: The series becomes Z n!-0" =0, which converges.
n=0

o If z £ 0: The series diverges.

o
Thus, the domain of convergence for the series Zn!z” is:

n=0
The series converges only at z = 0.

n
3. Ifa is a non-zero complex number, E Z—n is a power series for which D = {z € C tq |z| < |a|}
a

neN
a

is the open disk centered at 0 with radius |a| (and for all z € D, we have f(z) =

).

a—z

n

4. Ifa is a non-zero complex number, Z
neN
is the closed disk centered at 0 with radius |al.

n2aqn

3.1 Radius of Convergence of a Power Series

3.1.1 Definition of the Radius of Convergence and Properties

This section discusses the properties of the radius of convergence for power series. Understanding
these properties is crucial for analyzing the behavior of power series within their convergence
regions. All results presented here are founded on the following important theorem:

Theorem 3.1.1 (Abel’s Lemma) Let Y anz" be a power series.
neN
We assume that there exists a non-zero complex number zy such that the sequence (anzy) is

bounded.
Then, for any complex number z such that |z| < |zo|, the infinite series Y anz" is absolutely

neN
convergent.
Proof: By hypothesis: IM € Ry tqVn € N | |anzy| < M.
n n
z
Since zg # 0, we will have then, for any z € C : |ap2"| = |anz{||—| < M|—| . Now,
20 20
n
if |z] < |z0|, the geometric series > |—| 1is convergent, hence the result according to the
neN | 20
comparison theorems for series with positive terms. O

Remark 3.1.2

1. If there exists a zg € C* such that the series Y anz{ is convergent, then the sequence
neN
(anzy) tends to 0 when n — 400, hence this sequence is bounded. Then, according to Abel’s

lemma, for any z such that |z| < |zo|, the power series Y anz™ is absolutely convergent,
neN
hence convergent.

2. If there exists a zg € C* such that the sequence (anzy) is not bounded, then, for any z

such that |z| > |zo| the sequence (anz") is not bounded, hence the power series Y a,z"
neN
diverges.
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Therefore, the key to studying a power series is to find the values of z for which the sequence
(anz") is bounded.

Definition 3.1.3 Let > a,z" be a power series. The set I of positive real numbers r such that
neN
the sequence (anr™) is bounded is an interval containing 0 (indeed, 0 € I, and if r > 0 belongs to

I, then any real number r' with 0 < r' <r also belongs to I).
We then call the radius of convergence R of this power series the least upper bound (in R) of this
interval:

R =sup{r € Ry | (apr") bounded} or R =sup{r € Ry | (Ja,|r") bounded} (R €

Recall that any bounded subset of R has a finite least upper bound. By convention, the least
upper bound of an unbounded subset is +0c0.

Remark 3.1.4 There are two important special cases.

1. If R = 0, for any non-zero z, the sequence (anz™) is not bounded: the series Y. apz™ is
neN
then grossly divergent. It only converges for z = 0.

Example : ) nlz".
neN

2. If R = +o0, the sequence (a,r™) is bounded for any r € Ry. Since, for any complex number
z, there exists v € Ry such that |z| < r, it follows from Abel’s lemma that the power series

> anz™ is absolutely convergent for any z € C.
neN

ZTL
Example : -
neN T

In the general case, we have the following result:

Theorem 3.1.5 Let Y a,z" be a power series with radius of convergence R.
neN

1. If R >0, then:

for any z such that |z| < R, the series Y anz™ is absolutely convergent.
neN

2. If R < 400 then:

for any z such that |z| > R, the series Y, anz" is (grossly) divergent.
neN

Proof:

1. If |z] < R then, by definition of the least upper bound, there exists r such that |z| <r < R
and such that the sequence (a,r™) is bounded. The result then follows directly from Abel’s
lemma.

2. If |z| > R then, by definition of the least upper bound, the sequence (a,z") is not bounded.

The series ) a,z" is therefore grossly divergent.
neN

Other characterizations of the radius of convergence may be useful:
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Proposition 3.1.6 Let > a,z" be a power series. Its radius of convergence R can be defined
neN
by one of the following equalities:

a) R = sup {|z| tq the series Z anz" is absolutely convergent};
neN

b) R=sup {\z| tq the series Z anz" is convergent} ;
neN

¢c) R= Sup{|z[ tq nli)rfooanz" = O};

d) R =sup{|z| tq the sequence (a,z") is bounded} .

Proof: Let us denote E, = {|z] tq the series Z anz" is absolutely convergent » and R, =

neN
sup E,; similarly, let Ep, E. and E; be the other three sets in the statement, and R, R. and Ry

their least upper bounds (in R).
e By definition, the radius of convergence of the power series is R = Ry.
e Since B, C Ey C E. C E4, we have R, < Ry < R. < Ry.

o If Ry =0 or Ry = 400, we are done (cf. the previous remarks). Otherwise, we still need
to show Ry < R,.

By definition of the least upper bound of Ey, for any € > 0 there exists zg € Ey4 such that
Ry — e < |z0| < Ry. Since Ry > 0 we can assume ¢ is small enough so that Ry — e > 0;
let then z € C such that |z| = Rq —e. Since zp € E; the sequence (anzy) is bounded, so

n

according to Abel’s lemma, since |z| < |z, the series Z anz" is absolutely convergent,

neN
that is, |z| € E,.
It follows that |z| < R, that is Ry — & < Ry; this being true for any £ > 0 small enough,
we deduce that Ry < R,.

O

Definition 3.1.7 Let > anz™ be a power series with radius of convergence R > 0.
neN
We call the open disc of convergence of this power series the set

D ={zeC tq |z| < R} (the open ball centered at 0 with radius R).

Remark 3.1.8 In the case of a power series Y a,x" of the real variable x, we then speak of
neN
the open interval of convergence | — R, R].

This open disc of convergence is therefore characterized by the following properties:

e If z € D, the power series > a,z" is absolutely convergent.
neN

o If 2 ¢ D, the power series Y a,2" is (grossly) divergent.
neN

e If |z| = R we cannot say anything a priori (the circle cen-
tered at 0 with radius R is sometimes called the circle of
uncertainty).
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Remark 3.1.9 On the circle of uncertainty (let us denote it C), three situations are actually
possible:

e there exists z € C such that the series >, anz" diverges grossly; then this series diverges
neN
grossly on the entire circle.

Examples : Y nz", > 2" .
neN neN

o there exists z € C such that the series Y anz" is convergent; we cannot then say anything
neN
a priori for the other points of the circle.
n

z

Example : > — .
neNs 1

o there exists z € C such that the series Y, anz" is absolutely convergent; then this series

neN
converges absolutely on the entire circle.

n
Example : > ol
neN*

Proposition 3.1.10 For any real number «, the series
S
has radius of convergence R = 1.

Proof: Indeed, n“r" tends to 0 for r» < 1, to 400 for r > 1. The series Z n®z" converges for

|z| < 1, diverges for |z| > 1. Now consider a complex number z of modulus 1 : z = ¢/

o If a > 0, the series Z n%e™ diverges.
o If @ < —1, the series Z n%e™ is absolutely convergent.

o If —1 < a <0, the series Z n®e™? is convergent for § # 2k, but not absolutely conver-

gent. For z = 1, the series Zna diverges.

3.1.2 Methods to Calculate the Radius of Convergence
Application of the Definition of R

The following remarks follow directly from the definition of the radius of convergence of a power
series (or one of the equivalent definitions given above) and can assist in its determination (or in
establishing bounds for it).

Let > an,z" be a power series and R its radius of convergence.
neN

o If the series ) a,2" converges for z = zg, then R > |z|.
e If the series > a,z" diverges for z = z; then R < |z].

o If the series Y a,2" converges non-absolutely for z = z9, then R = |z3].
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Figure 3.1: Disc of convergence of a power series.

e If the sequence (a,z™) is bounded for z = zg, then R > |z|.

e If the sequence (a,z") does not converge to 0 for z = z;, then R < |z1].

o If the sequence (a,z") is bounded but does not converge to 0 for z = 23, then R = |23|.

Examples 3.1.11

1.

zn
> — s conditionally convergent for z = —1 : its radius of convergence is therefore
neN+x T
R=1.
We can also say: the series diverges for z =1, so R < 1; and it converges absolutely for
|z| <1 (by comparison with the geometric series with general term |z|"), so R > 1.

n

z
> —5 converges (absolutely) for z =1 : its radius of convergence R is therefore greater

neN*
n

than or equal to 1; since the sequence <—2) does not converge to 0 as long as |z| > 1, we
n

have: R < 1. Ultimately, R = 1.

zn

E: 3 1)7\n g

nen (34 (=1)")

zn |z|n

B+ (nmr| T o2
converge to 0, so R = 2.

< : this sequence is therefore bounded for z = 2, but it does not

The first two examples are a special case of Proposition 3.1.10, which is now part of the
curriculum, so can be used directly.

The radius of convergence of the series Y a,2" is related to the coefficients a,, in the following

way.

neN

123



Using Comparison Rules

Theorem 3.1.12 Let Y a,z" and > byz" be two power series with respective radii of conver-
neN neN
gence R, and Ry.

1. Ifa, ~ by, then R, = Ry.

n—-+o0o

2. If |an| < |bn| (at least from a certain rank), then Ry > Ryp.

3. If a,, = O(by) or a, = o(by), then Ry > Ry.

Proof:

1. If ap, ~ by, then (a,z") is bounded <= (b,2") is bounded, hence the equality of the

n—-+00
radii of convergence.
2. Suppose |a,| < |by|. For any z such that |z| < Ry, the series > |by||z]"
neN
since 0 < |ap||2|" < |bn| |2|", the series > |a,||2]" also converges, so |z| < R,.
neN

Thus: Vz € C, |z] < Ry = |z| < R,. This implies Ry < R,.

converges, so

3. Immediate consequence of the previous result since a, = O(by,) can be written as: IM €
R+ tq |an| < M|bn‘

O

Examples 3.1.13

1. Radius of convergence of the power series Y, anz™ where a, denotes the n-th decimal after
neN
the comma in the infinite decimal expansion of .

We have a, < 9 for any n, so the radius of convergence R of the power series Y. apz"
neN

is greater than that of the power series . 92", which is equal to 1 (geometric series with
neN
common ratio z):
R>1.

Furthermore, the infinite series Y a, diverges since its general term does not tend to 0:
neN
indeed, if the sequence (a,) tended to 0, since it is a sequence of integers, it would be

constant equal to O from a certain rank, and the number m would be a decimal number....

Since the power series Y anz" diverges for z =1 we have
neN

R<1
and finally, R = 1.

2. Radius of convergence of the power series Y, dnz" where d,, is the number of divisors of

neN*
n.

Easily, we have 1 < d, < n for any n € N*, so the radius of convergence R of the power

series Y, dpz" lies between that of the power series > 2", which is 1, and that of the
neN*

power series an”, which is also 1 (cf. Proposition 3.1.10 ).
Therefore, R = 1.
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3. Radius of convergence of the power series Z(cos n)z". What is its sum?
neN

e Since |cosn| < 1, the radius of convergence R of the power series Y (cosn)z" is
neN
greater than that of the power series > 2", that is, R > 1.

We know (classical exercise) that the sequence (cosn) is divergent; it follows that the
series > cosn diverges, so R < 1.

In conclusion, R = 1.

[e.@]
o For |z| < 1 we have : +Z:ei"z" = 1o (geometric series with common ratio ze'
. " . 1
with }zel‘ < 1), and also ;emz” =T
We deduce:
f(cosn)zn _1 < ! — + ! . > =... (to be arranged)
= 2\1—-¢z 1—elz

4. Radius of convergence of the power series > (chn)z™. What is its sum?
neN

1
Since chn  ~  —e", the radius of convergence R of the power series »_ (chn)z™ is equal
n—+oo 2 neN

1
to that of the power series Y, e"z", that is, R = — (the geometric series with common
e

neN
ratio ez converges if and only if |ez| < 1).

1 .
For |z| < =, we can write
e

+o00 1 400 +o0
S =4 (S s S
n=0 n=0 n=0

since both series converge. The desired sum is therefore equal to —

1 1 n 1
2\1—ez 1—§

The Cauchy-Hadamard Rule

The following result is Cauchy-Hadamard’s theorem, which is used to determine the radius of
convergence of a power series.

Theorem 3.1.14 Let ) a,z" be a power series and let R be its radius of convergence. Assume
neN

that there exists | = lim {/|ay|. Then,
n—-+00

1. if0 <l < +o0 thenR:%
2. ifl=0 then R =+
3. if l = o0 then R =0.
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Proof:
1. Assume that 0 <! < 400, where I = lim {/|a,|. And let L = 11m Y/ |anz"|, hence

n—-+4o0o

L= hm |z| V/|an| = ]z| hm Vlan| = |21

Thus,
= |z|l.

1
The Cauchy rule for infinite series then allows us to conclude: if L < 1 <= |z| < 7 then

1 1
> apz™ converges absolutely on D1 and hence R = T And it diverges if |z| > T
neN

2. If I = 0, then L = 0, according to the Cauchy rule the series ) a,z" converges for all

neN
z € C. Therefore R = +o0.

3. If | = +o0, then L = +00. So by the Cauchy rule, the series ) ay,2" diverges for all z # 0.
neN
Therefore R = 0.

Example 3.1.15 Calculate the radius of convergence of the series 2(3" Inn)z".

n>2
We have a, = 3" Inn, and therefore the radius of convergence R is:
1 1 1
R= lim = — = —.
n=toe lan|  3lim,,ieo(lnn)n 3

Using D’Alembert’s Rule for Infinite Series

Here we consider a power series . a,2" such that, for any integer n, a, # 0.
neN
For any z € C*, the sequence with general term u,, = a,z" therefore does not vanish. We can

then try to apply D’Alembert’s rule to the series with positive terms »_ |u,|, by studying the
|Un+1]

a
eventual limit when n — 400 of the ratio ] i.e. the expression |~ |z| .
Up, an,
Recall that, if £ = lim [un+1] exists (in R):

n—-+00 ‘un’
o if / < 1, the series with general term w, is absolutely convergent;
e and if £ > 1, this series is (grossly) divergent.

The following theorem is due to Hadamard-d’Alembert. It also allows us to determine the
radius of convergence.

Theorem 3.1.16 (Hadamard-d’Alembert Theorem) Let > a,z" be a power series and

neN
a
let R be its radius of convergence. Assume that there exists [ = lim ntl) Then,
n—-+oo an

1
1. if 0 <l < +o00 thenR:Y
2. ifl =0 then R = +00

3. if l = o0 then R =0.
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Proof: The proof is identical to that given in Cauchy-Hadamard’s theorem (see Theorem
3.1.14), except that here we use D’Alembert’s criterion instead of Cauchy’s. O

Examples 3.1.17

|
1. Radius of convergence of the power series —Z
neN+ TV

|
Forn e N* and z # 0, let u, = n—nz" Then
n

ol _ (DL at (e )

lun|  (n+1)7tL pl

n

Now (classical calculation, already done and to be known):

1 n 1 n
lim (n—i— > = lim (1—1—) = lim e"ln(H%):e

n—-+4oo n n—-+oo n n—-+4oo

so lim !un+1\:@
n—+00 \un\ €

. D’Alembert’s rule for infinite series then allows us to say that:
o if |z] <e, the series with general term uy, is (absolutely) convergent;
o and if |z| > e, it diverges.

In conclusion, the desired radius of convergence is equal to e.

2. Radius of convergence of the power series Z
neN

272
Let uy, = 2%23”. For z # 0 we have

lunt1|  n+1 8‘23("“)‘ _n+1
lug| 27t m [23n] 0 2n

e

3
Therefore, lim [un 1] = ﬂ
n—+oo  |uy| 2

According to D’Alembert’s rule for infinite series:

o if |2|* <2, that is, if |2| < V2, the series with general term u,, is (absolutely) conver-
gent;

o and if |z| > V2, it diverges.
In conclusion, the desired radius of convergence is equal to V/2.

. . 2
3. Radius of convergence of the power series Z nlz"™" .

neN
Let up, = nlz"". For z # 0 we have
el _ (1) o 0 = 1 o
n

0 ' <1
Therefore, lim [l _ if || '
n—oo |uy| 400 otherwise .

According to D’Alembert’s rule for infinite series, if |z| < 1 the series with general term u,
is (absolutely) convergent, and otherwise it is divergent.

In conclusion, the desired radius of convergence is equal to 1.
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2n
4. Radius of convergence of the power series g ( >z2"+1.
n
neN

2
Let uy, = ( n) 22 For 2 # 0 we have
n

’Un+1| _ 2n+ 1 ’ ‘2
[tn | n+1

so lim [t 1]
n—-+oo ‘un‘

=4 ]2\2 According to D’Alembert’s rule for infinite series:

1
o if 2] < 5 the series with general term uy, is (absolutely) convergent;

1
o and if |z| > 3 it diverges.

. . . o 1
In conclusion, the radius of convergence of this series is equal to —-

Remark : another possible solution is to use Stirling’s formula...

Z’I’L

n+5

5. Calculate the radius of convergence of the series Z

n>0

Zn

We h ==
€ nave an 2n+5,80

Ap+41
Qp

lim =
n—oo

2n+5 _
n+T7|

n—o0

Thus, the radius of convergence of this series is

Remark 3.1.18 The radius of convergence of a power series Y a,z" depends only on the mod-
neN
ulus of the coefficients a,, (i.e., |ay|). Then, the series Y anz"™, >, @pz™ and > |ay|2"™ have
neN neN neN
the same radius of convergence.

Remember that a power series converges absolutely on its disc of convergence. Moreover, the
convergence is uniform on any closed disc included in the disc of convergence.

Proposition 3.1.19 Let > a,z"™ be a power series, with radius of convergence R. Let r be a

neN
real number such that 0 < r < R.

“+oo
E anz"

k=n+1

Ve >0, Ing € N,Vn € N, n > ng, Vz s.it. |z| <, <e.

Proof: Let us fix 7’ such that r < 7’ < R. For any n € N:

TTL 7,,n

<M
= )
where M is an upper bound of |a,|(r")" (which exists by definition of the radius of convergence).
Then, for any complex number z with modulus less than or equal to r:

Jio 0| < Jio u rk _ Mr (r>n+1
n — (T’)k vl — o \ !
k=n-+1 k=n+1

anz"| < lan| ()"

This bound being independent of z, the convergence is indeed uniform. (Il
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3.2 Operations on Power Series

The results of this section have numerous practical implications for calculating sums of power
series. We analyze the behavior of series with respect to standard operations (linear combinations
and products).

3.2.1 Sum of Two Power Series

Theorem 3.2.1 Let Y apz" and Y by2" be two power series with respective radii of conver-
neN neN
gence R, and Ry.

o If R, # Ry, the power series Z(an + by) 2" has radius of convergence R = min(R,, Ry).
neN

o If R, = Ry, the power series Z(an + by)z" has radius of convergence R > R,.
neN

e In both cases, for any z such that |z| < min(Rg, Rp):

“+oo “+oo “+oo
Z(an +bp)2" = Zanz” + anz”.
n=0 n=0 n=0

Proof: If z is a complex number such that |z| < min(R,, Rp), the two series Z anz" and
neN
Z by2" converge, so Z(an + b,,)z" converges; we deduce that R > min(R,, Rp).
neN neN
Suppose for example R, < Rp; if z is a complex number such that R, < |z| < Ry, Z an 2"
neN

diverges and ) b,2" converges, so Z(an +by)2" diverges; thus R = R, = min(R,, Rp). O
neN neN

Remark 3.2.2 If R, = Ry, it is possible that R > min(Rgy, Rp): for example, >  z" and
neN

1
> (2—71 — 1)2™ both have a radius of convergence equal to 1, but the radius of convergence of
neN
their sum is 2.

3.2.2 Cauchy Product of Two Power Series

Here we consider two power series Y a,2" and E b, 2" with respective radii of convergence R,

neN neN
and Ry.

For z such that |z| < min(Rg, Rp), let u, = a,z" and v, = b,z". The two series with general
term u, and v, are then absolutely convergent. We can then consider their Cauchy product
series whose general term w, is defined by:

n n

n

Wy, = E UpUn—k SO Wy = E apbn—r | 2"
k=0 k=0

If we let, for any natural integer n:

n
Cp = Zak’bn—k = Z apby ,
k=0

P,q€N
pt+g=n
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the power series Y ¢,z" is called the Cauchy product series of the two power series Z anz"
neN neN
and ) bpz". The results from the course on absolutely convergent series then allow us to

neN
directly state the following theorem.

Theorem 3.2.3 Let Z anz" and Z bnpz" be two power series with respective radii of conver-

neN neN
gence R, and Ry.

Let, for anyn € N :
n
Cn = Z arby_k.
k=0

The radius of convergence R, of the power series Z cnz" is such that R. > min(R,, Ry). More-

neN
over, for any complex number z such that |z| < min(R,, Rp), we have:

+o0 +oo +o0

chz” = (Z anz"> (Z bnz”> .

n=0 n=0 n=0
Examples 3.2.4

1. By performing the Cauchy product of the power series Z 2" by itself, we obtain:
neN

1 =

m = Z(n+ 1)z".

n=0

for any complex number z such that |z| <1,

+o0o
1
Indeed, we have for any z such that |z| < 1, T, = Zz”. It is therefore sufficient to
-z
n=0
apply the previous formula with a, = b, = 1.

2. More generally, we can prove by induction on the integer p € N* that:

1 = n+p—1
Y N* V¥ Ct 1, — = .
pE , VzeCtg |z < T —op n§:0< b1 >z

1
(a) The proposed formula is verified for p = 1 (power series expansion  of 17) and
—z
also for p = 2 according to the previous example.
(b) Suppose it is verified at rank p, and let us check it at rank p + 1.

(¢) 1st solution: using the Cauchy product
Given the induction hypothesis, we have, for any z such that |z| < 1:

1 S n+p-1), Ll 1 R,
m—z p—l z ana atso 1_2—22.
n=0 n=0
‘ n+p—1 . ‘ ‘
By defining a,, = 1 and b, = 1, the previous theorem directly gives, for
p —
any z such that |z| < 1:
1 +oo n
m = Z cn 2" where ¢, = Zakbn,k.
o n=0 k=0
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k+p—1
-1

formula, for any k € N (wzth the standard conventions for binomial coefficients), we

have:
(k+p—1> <k+p—¥> <k+p)
+ g
p—1 P P

EIC)-C7)
(-
(7)

(we have just proven above the generalized Pascal’s triangle formula).
We have therefore proven, for any z such that |z| <1 :

-5 ()

n=0

We then calculate: ¢, = Z <

>. However, according to Pascal’s triangle

so, by telescoping:

which is the desired formula at order p + 1.
(d) 2nd solution, faster

+
1
We want to prove, for any z such that |z| < 1, the equality: W = Z (n + p> 2",
—z

which is equivalent to proving that:

B )

n=0

And this follows from the calculation below:

S E ) E)
<n+p

n=0
n +p> n

>z" (change of index)

n=0

I
(]

3
Il
o

M§ (g}

CURGE

nrp- ) 2" (Pascal’s triangle)

ol
{0 5 3 (0 PG
;
S

1
= a—ar (induction hypothesis).

As a new application of Theorem 3.2.3, we will verify the fundamental property of the expo-
nential.
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n

Proposition 3.2.5 If for any z € C, we define exp(z) as the series Z z—', then:
n!

Va,b e C, exp(a+b) = exp(a)exp(b).

n

Proof: We can see exp(a) as the value at z = 1 of the series Z a—‘z”, and exp(b) as the value
n!

bn

at z = 1 of the series g —'z”. According to Theorem 3.2.3, the product of these two series is
n!

the series g ¢, 2", with:

_ a, anfl é_|_ N g bnfl g
= n—1!'1 " 7 1(n-1)! n!

B z”: akbn—kz
- | — |

= kl(n — k)

1< n! kin—k
= — bn

n! &~ kl(n — k)'a
1 ~ (n kin—k

k=0

_(a+b)"
oo

according to the binomial theorem.

The series Z cn 2" therefore has sum exp((a + b)z), and its value at 1 is exp(a + b). O
In the previous proposition, we replaced z by az and bz in the exponential series. Replacing

the variable z by a function of it is an operation that we frequently use. Here are two examples.

For any z such that |z| < 1, we have:

1
424224+ +2"+...=
1-=2
Replace z by —z:
1
l—z4+ 224+ ()" + ... =
142
Replace z by 22
1
1+2 42"+ +22 4+ = ——.
1-=2

We could have obtained this result in two other ways using Theorem 3.2.3, since:

1 1
L3 5 11
1—22 1—2 142z 1—z1+4z2

We will now examine the properties of the sum of a power series, treated as a function of
the variable z. In order not to complicate the definitions, we assume throughout this section
that z is real. The identities obtained remain true for complex z, but it would be unnecessarily
anticipating future chapters to leave the real domain.

3.3 Continuity of the Sum of a Power Series

3.3.1 Case of a Power Series of a Real Variable

Theorem 3.3.1 The power series Y, anx" of the real variable x, with radius of convergence
neN
R > 0, is normally convergent on any segment included in the open interval of convergence

|- R,R].
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Proof: Let [—r,r| with 7 < R be a closed interval included in the open interval of convergence
of the power series.

Ve e[-rr] |z|<r so Hana:"H[O;T’T] <lan|r".

Since |ap|r"™ is the general term of a convergent series by definition of R, the series Z anx™ is

neN
normally convergent on [—r,7]. O

Remark 3.3.2 There is not necessarily normal convergence, or even uniform convergence, of
the power series on the entire interval of convergence.

n

Example 3.3.3 The power series of the real variable (—1)”_1x— converges pointwise to
neN* n

z—In(l+2x) on]—1,1].
1
There is no normal convergence on | — 1, 1], since ||un||L;1’1[ =—-

There is no uniform convergence on | — 1,1], because, otherwise, the double limit theorem would
lead to a contradiction.

However, there is uniform convergence on any segment [a, 1] with —1 < a < 1, by using the bound
for the remainder of an alternating series.

Theorem 3.3.4 Let > anz™ be a power series with radius of convergence R >0 (z € R).
neN
Let S denote the sum of the series Y anx™. Then S is continuous on each interval [—r,r] C

neN
| - R, R|.

Proof: The functions x — a,z™ are continuous, and it is then sufficient to apply the theorem
on the continuity of the sum of a series of functions. O

Corollary 3.3.5 Let (a,) be a sequence of elements of C, and ) anx™ be a power series of the
neN

+o0
real variable x, with radius of convergence R > 0. Let, for x €] — R, R[, f(x) = >_ apz™.
n=0

Then, for any integer p, f has, in a neighborhood of 0, the limited expansion:

f@) =) ana™+O@™h).

n=0

Proof: For any = €] — R, R| we have:

p +o0
f(z) = Z anx" + Pt Z apz™ P71
n=0

n=p+1

=rp(z)

“+o0o
Now, > a,2" P~ !isa power series with radius of convergence R; it is therefore, in particular,
n=p+1
continuous at 0, hence bounded in a neighborhood of 0, that is, r,(x) = O(zP*1). O
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3.3.2 Continuity at the Boundary of the Interval of Convergence

Theorem 3.3.6 Let 0 < R < 400 be the radius of convergence of the series Zanajn. Let

n>0
+oo
S = Zanm” denote the sum of the series. If the series Zanx” converges at ¥ = R (resp.
n=0 n>0

r = —R), then S is continuous at © = R (resp. v = —R).
Example 3.3.7 Calculate the sum of the following series:

Sy

n>1

To determine the radius of convergence, we apply the d’Alembert ratio test. Thus, we have

n
n+1

Gn+41
an,

— .
n——+0o00
n
Therefore, R =1 > 0. Consequently, Z(—l)”*lx— is absolutely convergent on | — R, R[=
n
n>1

a;n
] —1,1[. Moreover, E (—=1)" 1= is convergent at x = 1 = R (since it is a Leibniz series), so
n
n>1

n
by theorem 3.3.6, the sum Z(—l)”_I:E 18 continuous at x = 1, i.e.,
n
n>1
+oo n 100 n—1
: _ n—li _ (_1)
iy (S ) - S
n=1 n=1
1 (=1t
=1—=+4+= . 3.1
ghgto et (3.1)
—+00 n
Now, Z(—l)”_l‘r— is the antiderivative (zero at x = 0) of the series
n
=1
" +oo
(D)t =1-z+a+ -+ (-1)"a" + ...
n=0
and
—+oo —+o00 1
gt = (—a)'= — Y 1
S = S = g Vel
where
+00 1
Z(—l)"w" = , Yz, |z < 1.
o 14+
Therefore,
= x" 1
Z(—l)"*; = /O T dt =In(1+ z) (3.2)
n=1
Of (3.1) and (3.2), we deduce that
, 11 (=)t
lmIn(l4o)=1— g gt
This 1s still equivalent to
11 (—1)nt
M(2) =14~ 4 bl
n(2) shg bt
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3.3.3 General Case

We have already defined the notion of continuity of a function defined on R. In particular, saying
that a map f defined on a subset D of C and with values in C is continuous at a point 2o of D
can be written as:

Ve>0, Ja>0telqueVz € D, |z — 20| < a=|f(2) — f(20)] < &.

Some results on sequences and series of functions can also be extended without difficulty to
functions from C to C.

Definition 3.3.8 Let (uy,) be a sequence of functions defined on a non-empty subset D of C and
with values in C. We say that this sequence converges pointwise on D if there exists a function
u: D — C such that: Vz € D, 1ir_ir_1 un(2) = u(z).

n—-+00o

Definition 3.3.9 Let (u,,) be a sequence of functions defined on a non-empty subset D of C and
with values in C.
We say that this sequence converges uniformly on D if there exists a function u: D — C such

. D _
that nll)r_{loo lun — ull% = 0.

We have denoted, as usual: ||Jun, — ul|2 = sup {jun(z) — u(2)| | z € D}, and this definition as-
sumes that the functions u, — u are bounded on D (at least from a certain rank).

Theorem 3.3.10 If the u, are continuous on D and if the sequence (uy) converges uniformly
on D to a function u, then u is continuous on D.

Proof: The proof is exactly the same as for sequences of functions defined on an interval I C R,
simply replace the absolute value by the modulus. O

Definition 3.3.11 Let Z Uy be a series of functions defined on a subset D of C and with values

neN
in C.

1. We say that this series converges pointwise on D if for any z € D the infinite series

> un(z) is convergent.
neN

2. We say that this series converges uniformly on D if it converges pointwise on D and if the
sequence (Ry) of remainders converges uniformly on D to the null function.

3. We say that this series converges normally on D if the u, are bounded on D (at least from

a certain rank) and if the infinite series Z ||un||oDQ converges.
neN

We prove exactly in the same way as for series of functions of the real variable the following
result:

Theorem 3.3.12 If (up)nen s a sequence of maps from D C C to C such that the series of

functions Z Uy, %s normally convergent on D, then:
neN

a) For any z € D, the series Y un(2) is absolutely convergent in C.
neN

b) The series of functions Y uy, is uniformly convergent on D.
neN
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The following theorem generalizes Theorem 3.3.1 in the case of a power series of the complex
variable.

Theorem 3.3.13 Let (ay,) be a sequence of complex numbers. The power series Y, anz™ of the
neN
complex variable z, with radius of convergence R > 0, is normally convergent on any closed disc

wncluded in the open disc of convergence.

Proof: Let r < Rand K = {z € C| |z| < r} be the closed disc centered at 0 with radius r.

VzeK, |z/<r so [anz"|K < |an|r™

Since |a,|7" is the general term of a convergent series by definition of R, the series Z an 2" is

neN
normally convergent on K. O

Theorem 3.3.14 Let (a,) be a sequence of complex numbers and Z anz" be a power series

neN
with radius of convergence R >0 (z € C).
+o00
The sum function f: z — Zanz” is continuous on its open disc of convergence.
n=0

Proof: The functions z — a,2" are continuous. The convergence of the power series > a,z"
being normal, hence uniform, on any closed disc K C B(0, R), we deduce that f is continuous
on any closed disc included in B(0, R), hence on B(0, R). O

Examples 3.3.15

1. The power series Y, z" has radius of convergence 1 and :
neN

1
1—2z

+o0o
VzeB(0,1), Zz":
n=0

It follows from the previous theorem that the function z — is continuous on B(0,1).

—Z

. 2" :
2. The power series g - has radius of convergence +o0o and :
n!

neN

+o0o  n

z __ AR
VzeC, Zm—e.
n=0

It follows from the previous theorem that the function z — €7 is continuous on C.

Remark 3.3.16 In the complex case, the theorem 3.3.6 is formulated as follows:
Ifz anz" converges at 2°, a point on the circle of convergence ofz anz" (2° € {z € C| |z| = R}),

n>0 n>0
+oo
then S = g anz" is continuous at 2°.
n=0
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3.4 Derivation. Integration

3.4.1 Derived Series
Definition 3.4.1 Let Z anz"™ be a power series.

neN
We call the derived series of this series the power series:

<Zanz"> :Znanznfl = Z(n+1)an+1z”

neN n>1 n>0

We call the primitive series of this series the power series:

a Ap—1
O CD BE
n—+1 n

n>0 n>1

Theorem 3.4.2 A power series, its derived series, and its primitive series have the same radius
of convergence.

Proof: It is sufficient to carry out the proof for the derived series (since the initial series is the
derived series of its primitive series!).

Let R be the radius of convergence of the power series > a,2", and R’ that of the derived power

neN

series Y. na,z" L.

n>1

e Suppose R # 400, and let z be such that |z| > R. Then the series ) |an2"| is divergent.
neN
”_1| = ﬁ lanz"| > |anz"| for n large enough, the series »_ ’nanz"_l} also
z n>1
diverges, so |z| > R'.
Thus, for any 2, |z| > R = |2| > R/; we deduce that R > R’, and this inequality remains

true when R = +o00.

Since ‘nanz

e Suppose R # 0, and let z be such that |z] < R. Then there exists a real number r such
that |z| < r < R. By definition of R, the sequence (a,r") is bounded: there exists a real
number M > 0 such that, for any n we have: |a,|r" < M.

We then have:

n M (z|n
<n—.|=

2] 7

{2 plealr” -

‘nanz”_ .
2| Ir

z

S0, since ’f‘ < 1 and by comparison growth: lirf nanz""' = 0. This implies, according
T n—-+00

to one of the characterizations of the radius of convergence: |z| < R’

Thus, for any z, |2|] < R = |z| < R’; we deduce that R < R/, this inequality remaining

true if R = 0.

e Finally, we have R = R/.
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3.4.2 Derivation of a Power Series of a Real Variable

Theorem 3.4.3 Let (a,) be a sequence of elements of C, and > anx™ be a power series of the
neN

+00
real variable x, with radius of convergence R > 0. Let, for v €] — R, R[, f(x) = ) anz™.
n=0

Then f is of class C* on ] — R, R[ and, for any x €] — R, R] :

+o0 +o0
fl(x) = Znanaj”_l = Z(n + Dapy12" .
n=1 n=0

Proof: It is sufficient to apply the theorem of term-by-term differentiation of a series of func-
tions. Indeed, if we let u,: z — a,z™:

e the u, are indeed of class C! on | — R, R[;

e the series of functions ) wu,(x) converges pointwise to f on | — R, R];
n>0

e according to the previous theorem, the derived series Y u/,(z) has radius of convergence R,
n>0
so according to Theorem 3.3.1, it converges uniformly on any segment included in | — R, R][:
this is local uniform convergence.

The hypotheses of the theorem of term-by-term differentiation of a series of functions are therefore
well verified, hence the result directly follows. O

Examples 3.4.4

400
1. Calculation of . na™.

The series ZNn:tjnl has radius of convergence R = 1, and, for any z €] — 1,1], f(x) =
ne
%Zx” = ﬁ The previous theorem allows us to directly write, for any x €] — 1,1] :
n=
fl(z) = Jrzojormn_l, 50 Jionx"_l S and finally: Jrzo:ona:” - .
n=1 n=1 (1 - x)Q n=1 (1 - ZL‘)2

+o00o
2. Calculation of > n%a".

n=1

Using the same notation, and again using the previous theorem, we have, for any x €]—1,1]

+00 “+o00
s (@)=Y n(n—1)2"2, so 2 f"(z) = 3 n(n —1)z" then
=2 "=
2z x r+x
2. n 2 el n
> nta" =t (x) + ) nat = 5+ ;= 5
— — (1—-2)3 (1-2x) (1—2x)

Corollary 3.4.5 With the same notation, the function f is of class C* on | — R, R| and, for
any natural integer k and for any x €] — R, R| :

too  pl +oo (n + k)!
k) _ n—k __ n
f®)(z) = ngk n— k)!anx = ngo VAR

Corollary 3.4.6 With the same notation we have:
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VkEeN, o

Corollary 3.4.7 Let two power series be f(x Z anz™ and g(x Z bpx™.

If f and g are defined and coincide in a nezghborhood of 0, then a, = b for any integer n.

) (o
Proof: Indeed, according to the previous theorem, we have, for any integer n, a,, = / '( ) =
n!
(n)
770 _y, O
n!

3.4.3 Integration of a Power Series of a Real Variable

Theorem 3.4.8 Let (a,) be a sequence of elements of C, and Z anx” be a power series of the

neN
+00
real variable x, with radius of convergence R > 0. Let, for x €] — R, R|, f(x) = Z anz™.
n=0

b +00  np
a) For any segment |a,b] C] — R, R[, we have; / f(z)dz = Z/ (apz™) dx
a = a

T +oo n+1
an®
b) I ticular, €] — R, R|, we have: tdtzg .
) In particular, for any z €| [, we have /0 f(t) 2

Proof: Since there is normal, and hence uniform, convergence of the series of functions on [a, b]
according to Theorem 3.3.1, we can apply the theorem of term-by-term integration of a series on
a segment. 0

Examples 3.4.9

+00
— = —1)"x™.
T2 ngo( )
This is a power series with radius of convergence R = 1. We therefore have, according to

the previous theorem:

1. We know that, for |z| <1 :

+oo n+1
v:]f E]—l,l[, . m / t dt th(];t 18 1n(1+x>—n:0(—1) n+1
or again:
+o0 oo
v —1,1[, In(1 = [ gy
v €= 1L Il +a) = 3 (1

Using the alternating series test, we can show that the series of functions above converges
uniformly on [0,1], so the previous equality remains true for any x €] — 1,1]. This was
done in the chapter on series of functions.

—+00

1
2. We know that, for |x| <1 : i 7;;)(—1)n$2",
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This is a power series with radius of convergence R = 1. We therefore have, according to
the previous theorem:

+o0

voel -1l [ 5= Yy [
x €] — — = —
Y ) 0 1+t2 0
n=0
that is:
oo p2n+l
Voe]—1,1], arctanz = Y (—1)"
x €] [, arctanx nz:;)( )2n+1

This series of functions actually converges uniformly on the segment [—1,1].

Indeed, it is easy to check that this series satisfies the hypotheses of the alternating series
test on this segment, so it converges for any x € [—1,1] and, if we denote by r,(x) its
remainder of order n, we will have:

|.T|2n+3
vV E] - 171[7 |’f‘n($)| <

2n + 3

[—1,1] [—1,1]

= 0. This uniform convergence then implies

< gy o o Il

the continuity of the sum function on the segment [—1,1], so the equality above remains
true for any x € [—1,1].

50 [[7nl5

+o0o
_1)n
In particular, for x =1 we (re)find the famous formula: nz% 2(n +) L= Z

3.5 Power Series Expansions

Power series expansions extend the concept of polynomial approximations by expressing functions
as infinite series. Here, we focus on functions defined in a neighborhood of 0 in the complex plane,
which can be represented as the sum of a power series

3.5.1 Functions Expandable in Power Series

Definition 3.5.1

1. We say that a function f: C — C is expandable in power series in a neighborhood V' of 0,
if there exists a power series Z anz" with radius of convergence R > 0 such that, for any
neN

zeV, f Zanz

2. We say that a function f: C — C is expandable in power series in a neighborhood V' of zg,
if there exists a power series with radius of convergence R > 0 such that, for any z € V,

oo
= Z an(z — 20)"
n=0

Example 3.5.2 The function f:z — f(2) = —
borhood V' of 0 because for any z (|z| < 1), we have

1 =
_ n
— ="
n=0
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3.5.2 Taylor Series of a Function

For the rest of this section, we restrict ourselves to power series and functions of the real variable.

Definition 3.5.3 Let f be of class C*° in a neighborhood V' of xo. We call the Taylor series of
f in the neighborhood of xo the power series of the form

(n) (5
Z f n(' 0)(:1;_170)71‘

n>0

If xg = 0, the series

1s called the Maclaurin series of f.
We can then state the following result.

Theorem 3.5.4 Let f be a numerical function expandable in power series in a neighborhood of
xg, then the coefficients a,, of this series are of the form:

Vn € N.

The expansion of f in power series is unique and coincides with the sum of the Taylor series of
f in a neighborhood of xy, i.e.

X fm) o)

n!

(x — )" Vz / |z — 20| <R,

fz) =

n=0
where R > 0 is the radius of convergence of the power series.

Proof: Since f is expandable in power series in a neighborhood of zg, then we have for any
x €|lxg — R,zo + R

+oo
f@) =" an(z — z0)"™. (3.3)
n=0

Now f is infinitely differentiable on |z¢g — R,z + R], so

+oo
F®(z) = Z anCFEN(z — 20)" .
n==k

Hence,
F®) (o)
k!

Thus, by replacing the value of a,, in (6.3.2), we obtain the Taylor series:

f(k) (.To) = akC',]jk:‘ — ar =

I )
f(z) = Z fn(‘xo)@ —x9)" Vo € |z — x| < R.
n=0 )
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3.5.3 Functions Expandable in Taylor Series

Definition 3.5.5 We say that a numerical function defined in a neighborhood of xg can be
expanded in Taylor series in the neighborhood of xq if there exists R > 0 such that for any
x €|xg — R, 0 + R[ we have

00 £(n) (4
oy =3 )

n!

Remark 3.5.6 There exist functions of class C* in a neighborhood of 0 whose Taylor series at
0 has a non-zero radius of convergence, but whose sum does not coincide with f.

Example 3.5.7 Let f be defined on R by:

f(x):efz% ifx#0 et f(0)=0.

We easily check, using the theorem of extension of class C* functions (iterated), that f is of class
C* on R, and that f(")(O) = 0 for any n. Thus, the Taylor series of f gives the null function;
this series has an infinite radius of convergence and does not coincide with f except at 0.

Let us systematically examine the definition and properties of the function f.

Definition of the function f.

e The function f is defined on R as:

B e_a%2 ifx #£0,
ﬂ@_{o if z = 0.

e For x # 0, the function f(x) =e 2 s highly regular: it is of class C*° (infinitely differ-
entiable), with its derivatives decreasing rapidly as x — 0.
o At x =0, f(0) is explicitly defined as 0.
Regularity of f on R

e Using the theorem on the extension of C' functions (iteratively applied), it can be shown
that f is of class C*° on all of R. This means that f is infinitely differentiable everywhere,
including at x = 0.

The derivatives of f for x # 0 approach 0 as x — 0. This property allows us to extend the
definition of the derivatives at x = 0 by setting f(0) = 0 for all n.

Taylor series of f near 0

e The Taylor series of f in a neighborhood of 0 is expressed as:

> f(n)
JH@ZE:ffmﬂ.
n=0

n!
Since fm (0) =0 for all n, the Taylor series is identically zero:

Te(x) =0 for all x.

Radius of convergence of the Taylor series The Taylor series of f has an infinite radius of

f™(0)

convergence because all the coefficients are zero, ensuring perfect convergence for

all z € R.
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Comparison of f with its Taylor series

o Although Ty(x) = 0 for all x, the function f(x) is nonzero for x # 0. This illustrates an
example where the Taylor series of a function does not match the function itself, except at
the expansion point, x = 0.

Conclusion

This function f illustrates an important phenomenon in analysis: an infinitely differentiable
function (C*) may have a Taylor series that completely diverges from the function, except at
the expansion point. This is a classic example of a flat function at x = 0, where all derivatives
vanish at that point.

Graph of the function f(x) = P forxz #0 and f(0) =0

f(z)
0.7 |

0.6 1
0.5
0.4 1
0.3 ¢
0.2 ¢

0.1

9 _15 1 0.5 0.5 1 15 2

Remark 3.5.8 There exist functions of class C*° in a neighborhood of 0 whose Taylor series at
0 has a zero radius of convergence.

+o0 2
Example 3.5.9 For any x € R, we let f(z) = > COS;":JJ)'

n=0
The results on the differentiation of series of functions allow us to easily show that f is of class

+oo f(n) 0
C onR. However, we can show that the radius of convergence of its Taylor series > LA )33”
n=0

n!
18 zero.
Indeed:

cos(n’x)

By setting un(x) = o the uy, are of class C*° on R and, for any k € N we have:
2 s 2k
cos(n“x + k%
ugf) (x) = n%(2n2) ‘ = on which is the general term of a convergent series.
oo

Thus, the series Z ug“) are normally, and therefore uniformly, convergent on R, which proves
n>0

e

SO‘

+oo 2 iy
kT
that f is of class C*° on R and that: Vk € N, Vz € R, f(k)(x) = g n%cos(n;—i_Q),

n=0
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Moreover, for k € N, f#8)(0) = L7 therefore have, for any v € R:

n=0 2n
f(4k)(0) zt _ < LSIC |x|4k (4]{‘1)8’6 |x|4k > (4k)8k |x‘4k — k?4k(2 |CC|)4k
@R T Lo @k = 2 (k) T 2% 4k

by having bounded the sum by the term with n = 4k only and then by noting that (4k)! < (4k)*,
1.4]6

(4k)!

= +o00 and the Taylor series of

so for any non-zero real number x we have lim ‘f(4k)(0)
k—+00

f diverges.
Another method.
Let us consider the function f(x) defined by the series:

= cos(n’x)
n=0
Convergence of the Series

Each term of the series involves cos(n?x), which is bounded for allx € R, i.e., —1 < cos(n?z) < 1.

Additionally, the factor on decays exponentially as n — oco. Therefore, for each x, the general

2
1
term M 1s bounded by —, and since the series
2n 2n
1
on
n=0

is a convergent geometric series, we conclude that the series for f(x) converges absolutely for all
x € R.
Thus, the function f(x) is well-defined for all x € R.

Differentiability of f(x)

Now, let us check if f(x) is differentiable. The derivative of f(x) is obtained by differentiating
each term of the series:

o

n=1
To determine if this series converges, we note that the terms are dominated by the exponential
decay of on and the factor n? grows slower than 2" as n — oo. Hence, the series for f'(x)
converges uniformly, and we conclude that f(x) is differentiable for all x € R.

Taylor Series at z =0

Next, we consider the Taylor series of f(x) at x = 0. The Taylor series is given by:
oo
IR SVARI(O
Tr(x) = nEZO T

To find the Taylor series, we first compute the derivatives of f(x) at x = 0. Since each term of

the series for f(x) involves cos(n’x), we compute the value of the function and its derivatives at
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xz=0.
1
At x = 0, we have cos.(n2 -0) =1 for all n, so each term of the series at x =0 is on” Therefore,
the value of f(x) at x =0 is:
=1

FO) =35 =2

n=0

Next, consider the derivatives at x = 0. Since sin(n’x) is zero when evaluated at x = 0, all
derivatives of f(x) at x =0 are zero:

FM0)=0 forall n>1.
Thus, the Taylor series of f(x) at x =0 is:

Ti(z) = f(0)+0-24+0 -2+ = 2.

Radius of Convergence of the Taylor Series

The Taylor series at x = 0 is simply T¢(x) = 2, a constant function. This is very different from
the original function f(x), which is not constant and oscillates for x # 0.

The radius of convergence R of the Taylor series is determined by the distance from 0 to the
nearest singularity of the function. Since the Taylor series does not represent the function at any
point other than x = 0, the radius of convergence of the Taylor series is R = 0.

Conclusion
‘ >, cos(n’z)
The function f(z) = ZT is smooth (C*°) and well-defined for all x € R. However,
n=0

the Taylor series of f(z) at x = 0 has a zero radius of convergence and is simply the constant
2. This is an example of a smooth function whose Taylor series at a point has zero radius of
convergence, even though the function itself is smooth in a neighborhood of that point.

A necessary and sufficient condition for a function of class C*° on a neighborhood of 0 to be
expandable in power series is given by the following theorem.

Theorem 3.5.10 Let f be a function of class C*° on a neighborhood V' of xg. In order to have,

00 £(n) (4
) =3 L) e e e,

|
=
it 1s necessary and sufficient that

lim r,(x) =0 Vx €V,

n—-+0o

where r,(x) is the remainder in Taylor’s formula defined by:

£

rn(x) =
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Proof: According to Taylor-Lagrange’s formula, we have:

n k) (g
fuy—zjféokx—mﬁ+nwwvxev
k=0

Which is still equivalent to

(k)
f(z) = Sp(x) + rp(x) where Sp( Z f o (z — )"
k=
Hence,

X )
fay =3 T gy

n=0

= nli)I—iI-loo Sn(x) = f(x) <= nll)r_il_loo rn(z) =0, Yo e V.

O
The condition that the remainder tends to 0 when n tends to infinity is a priori very tedious to
verify. However, there is a very simple sufficient condition for the expansion of f in Taylor series
to be achieved. We then have,

Theorem 3.5.11 We assume that:
1. f is of class C* on a neighborhood V =|xg — 0,9 + 6] (6 > 0) of xo.

2. dM > 0, Vx € V, we have
‘ﬂm@ﬁSM’vneN

Then, for x € V, we have
I ) (g
= Zif (' 0)(30—330)".
~ nl

Proof: It is sufficient to show that

lim r,(z)=0, Vz e V.

n—-4o00

Indeed, we have

£ (E) | ezl e
n =|l—(r—x9)"" | < M——+— < . 4
rn ()] (n+nW O (n+1! =7 (n+1) 34)
too gntl
Now, the series Z m converges, so its general term tends to 0, i.e.
n=0 ’
5n+1
li =0. .
M G = 9
From (6.4.1) and (3.5), we deduce that Er}rl rn(z) = 0. O

Remark 3.5.12 The second condition of the previous theorem is sufficient for the expansion of
f in Taylor series in a neighborhood of xo but it is not necessary. Indeed, we have:
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Example 3.5.13 Let f be a function defined by:

n

— 2 n _ 2 4 3
f(x)—;)n!x =14+2z+22 +§x + ..
n>

This series converges on R because

Un41
Unp,

=0<1,

n——+o0o

n

where u, = —.
nl

Moreover, f is of class C*° on R and we have

lim f™(0)= lim 2" = +oo.

n—-4o0o n—-4o00

Therefore,
£ ) <M Vo e - 5,44

s not verified.

3.5.4 Methods for Power Series Expansion

To expand a function in power series, we reduce it to expansions of standard functions. All these
power series expansions are to be known by heart and are listed at the end of this chapter.

Using a Taylor Formula

Let f be a function of the real variable x, with values in C, of class C**° in a neighborhood V' of
0. We then have, for any z € V and any n € N:

n
F®(0)
fl@)y=>" o a4 (x).
k=0
To show that f is expandable in power series in a neighborhood of 0, it is therefore sufficient to
show that there exists r > 0 such that, for any x €] — r, r[ we have: li_>m rn(z) = 0.
n oo

To do this, we can use:

|x|n+1

)

e Taylor-Lagrange’s inequality: |r,(x)| < su nHl(¢
y grang quality ; sup

(n+ D!y,

x—t)"

x
e or Taylor’s formula with integral remainder: r,(z) = / ( FrD @) de .
0

n!

Examples 3.5.14

1. Trigonometric functions :
Let f : R — R be the sine function. Then f is of class C* on R and its derivative of
order n exists and is given by:

) () = sin(z + ng) Vn e N, Vo e R.

Moreover, we have
FO@)| <1 vneN, ver
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We therefore conclude (cf. Theorem 3.5.11) that the sine function is equal to its Taylor
series in a neighborhood of 0 on R:

X £
f(z) = ! '( ):c", Vo € R.
~ nl
Which is still equivalent to
3 5 2n+1
s1nx—:c—x—+x—+ A=) T VzeR.

31 (2n + 1)

Similarly, we find the power series expansion of the cosine function, given by

+oo (—1)" ) x2 o " z2n
= "=1—-—+— " ——+ ... Yz eR.
cos T nz:% )] x + 1 + ...+ (-1) 2n)] + x €

. Exponential function : Let f : R — R be the exponential function. Then f is of
class C* on R and its derivative of order n exists and is given by:

fM(z)=¢® VYneN, Vz eR.

Moreover, the Taylor-Lagrange remainder of this function is:

eC

= " wh =0+0(x—0)=0
rn () it 1)!96 where ¢ +6(z —0) = O,
+00 e
with 0 < 0 < 1. Since the series E 733”“ is convergent for any x € R, then its
(n+1)!
general term tends to 0, i.e.,
e 11
. L ntl _
ngrfoo ’I”n(l’) o ngrfoo (n + 1)!33 0-

According to Theorem 3.5.10 (here the point o = 0), the power series expansion of the
exponential function is given by

+oo " 2 "
X __ _ — N
e _Zn -1+ 2 +2,+ o+ VEER.
n=0
Similarly, we find:
+oo 2"
n=0

. Let a be a real number, and f(x) = (1 +x)® for z €] —1,1].

Whatever the value of «, f is of class C™ on €] — 1,1] and, for any k € N* we have:

fB@)y=ala—1).. (a—k+1)(1+2)*F.

We will use here Taylor’s formula with integral remainder:
x —
Vo ee]—1,1] Z f J2H0) +rp(x)  with ry(x) _/ Mﬂnﬂm) dt
0
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that is

ala—1)---(aa—n

o) = ) / e

n!

_de-Dfe-n) /OI (x_t>n(1+t)°“1dt.

n! 14+t

—t —t
Now, fort between 0 and x (or x and 0), T < |z|. Indeed, the function t — v is
14¢ 14t

monotone on €] — 1,400| :

o The function t — z is monotonic on the interval t €] — 1,4o00[. This follows

from the behavior of the numerator x — t and the denominator 1 + t, which do not
introduce discontinuities or oscillations in this range.

Since the function is monotonic, the mazximum value of on the interval [0, ]

(or [z,0]) is attained at one of the endpoints, namely t =0 ort = x.

e Att =0, we have

r—t x-0
= =x.
1+1¢ 1+0
e Att=x, we have
r—t T—=x
= = O‘
1+¢ 1+
—1
e Therefore, T—l—t’ < |z| holds for all t in the given interval.

So we have the inequality:

ala—1)---(a—n)
n!

n

[rn(2)] <

/ (1+t)> ! dt‘ :
0

=Up

—n-1
Now, the expression denoted u, above tends to 0 whenn — +oo, since Untl] _|& i 1
Up, n
|z| < 1 and by virtue of D’Alembert’s rule.
+oo f(k) ()
Therefore, for any x €€] —1,1], lim r,(z) =0 and f(x) = > x*, that is:
n——+00 = k!
a « a(a — 1) 2
VaoeR, Vze]-1,1[, (1+2) :1+ix+Tx -
ala—1)...(a—n+1
JCEE Dt

(if « € N, the sum above is finite and we retrieve the binomial formula).

Using Integration or Differentiation

e We have already obtained, following Theorem 3.4.8, the power series expansions of the
functions = — In(1 + z) and x — arctanz (cf. Example 3.4.9).
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e We can obtain in the same way that of the function x — arcsinz.

1
Indeed, f : z — arcsinz is of class C® on | — 1,1[ and f/(z) = ——— = (1 — 22)"1/2.
s |~ L 1fand o) = =5 = (1—a?)
1
According to the previous calculation o = 5 for any x €] — 1, 1]
+o00 +o00
_ 1-3-5---(2n—1) (2n)!
1_ 1/2::1 n_ 1 n
(1-2) 2 ) v +Z2nn!(2.4---2n)x
n=1 n=1
+oo +o0
B (2n)! B 2n\ 2"
143 e =S (M)
n=1 n=0
1 <X [2n) 2
Thus, for ¢t €] — 1,1], Sise = E <n > 220 and Theorem 3.4.8 allows us to directly

conclude:

T dt X /on x2ntl
Vrel—1,1 ,arcsinx:/ = - .
| | 0o V1—1t2 nz:o<n)22”(2n+l)

e Another example: determine the power series expansion in a neighborhood of the origin of
the function f : x> In(1 4z + 22).

We use Theorem 3.4.3 here. The function f is of class C"*° on R and, for any real number z,

2z +1
we have: f'(r) = ———.
/(@) 1+a+ 22
fraction by decomposing it into simple elements (see below), but a trick here allows us to

simplify the calculations.

We could obtain the power series expansion of this rational

204+ 1)(1 - 1+ — 227
We note that f/(z) = (1(+x _:_ )g)(l 2) ] = +1x 333 ; we will therefore have, for
T+ -z -z
|z| < 1:
+o0 +o0o +oo +oo
n=0 n=0 n=0 n=0

+o00
or again f'(z) = > apz™ with a, =1if n=0 (mod 3) or n =1 (mod 3) and a,, = —2 if
n=0

n =2 (mod 3).

X
By integrating, we then have, for z €] — 1,1[, f(z) = f(0) —I—/ f'(t) dt, that is:
0

+oo "
Vee]-1,1], In(1 +z+2?) = Z:lan_ln-
n—=

Linear Combination of Known Expansions

We use Theorem 3.2.1 here.

Examples 3.5.15

1. From the expansion of exp, we easily obtain those of the functions sh and ch, using:
1 €T —X 1 x —x
VwER,chxzi(e +e ) et sh:rzi(e —e ")
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The series obtained, as for the function exp, have a radius of convergence co. Then, we
have

I 2 22 7t 220
hx = 14—+ — .. YzeR.
chz ;(271)! + +4'+ +(2)!+ S
And,
too  on-1 3 5 2n—1
x T X X X
hx = — =t 5+t =+ +... VzeER
sh Z_:(Qn—l)! TR T I g R

. Determine the power series expansion in a neighborhood of the origin of f : z +— In(1 +
x — 22%).

1
We note that 1 + x — 22% = (1 — x)(1 + 22), so f is defined on I =] — X 1[, and, for any
zel: f(x) =In(1 —=x)+In(1l + 2x).

From the power series expansion of x +— In(1 4+ x) (which must be known by heart!), we
deduce:

+oo  n

Veel—-1,1], n(l—z)=— Z r (Radius of convergence = 1)
n=1 n
Vo~ 510, (42 )—f(—n"lm)n (Radius of =L
T 55l In x) = 2 adius of convergence =
so:
v e],ll[ f()_ff(_l)n%n (Radius of _1)
x 53 x —n:1 - T adius of convergence = 7).

. Determine the power series expansion in a neighborhood of the origin of f : x + chx cos .

1 . . . .
We write, for any real number x: f(z) = i (e(Hl)x + eIz 4 (=14 4 e(_l_‘)x>.

oo M
It is known that, for any z € C, e = ) —, we have, for any x € R:
n=0 T
+oo +o0 +o0
e(1+i)x _ Z(l + l)nﬁ _ Z \eri% n " B Z(ﬁ)nem%ﬁ
n ‘ n! ‘ nl ‘ n!
n= n= n—=

(1-i)z

and we obtain the power series expansion of e by taking the conjugate, hence

n

+0o0 n +oo
(1+i)z (1-i)z _ n (. inZ% —inT\ T _ n ™ T
el 4 ol —7;)(\/5) (e i +e 4) ] —2;)(\@) cos<n4> ]

Similarly:

o o B )

hence

+oo
f(z) = %Z(\@)" (COS (n%) + cos <3ng>) % )

But cos( %) + cos( %) 18 zero unless n is a multiple of 4, and when n = 4p, this
cos(p

expression is equal to 2 cos(pm) = 2(—1)P, and finally:

+oo 22px4p
VreR, f(a:)—pzo(— p )] .



Power Series Expansion of a Rational Fraction

P
Let R(z) = QEZ; be a rational fraction of the complex variable z not admitting 0 as a pole (i.e.
z
Q(0) # 0). The decomposition into simple elements of R in C is written:
i
R(z)= E(z) + ; ; m (where the a; are the roots of Q)

integer part

Now:

aj

(Z—iuﬁ-_(—iﬂj.(1_}Z)j__(—i0j<l_fz>]

(since a; # 0 by assumption), and we saw on page 130 that:

1 =X m+p-1
Vpe N, VzeCt <l, —— = "
peN vieCald <t g =3 ("))

(we could also use the formula giving the power series expansion of (1 4 x)7P).
1
We can therefore obtain the power series expansion of each simple element ——  for

Qa;
the power series expansion of the rational fraction R, with radius of convergence R = min(|a;|).

< 1, that is, |z| < |a;|, and the linear combination of the expansions thus obtained will give

Example 3.5.16 Power series expansion, in a neighborhood of 0, of

f . 1—a?
CT
2?2 —2xcosf + 1
with 6 ¢ wZ.
f is defined on R and the decomposition into simple elements is written, for any real number x:
fa) 1 — 22 , olf o—if
x) = . —— =—1— — — .

(x —€lf)(x — e 1) r—el g—e il

(calculations to know how to do), that is:
i0 —if
e e 1 1
=-1 . . =-1 . — -
/(@) * el (1 - %) * e ¥ (1 - 25) L g i g
e e

For |xeig‘ < 1, that is, for |x| < 1, we will therefore have:

fla)=-1+ Z(meig)n + Z(ﬂfefie)n =—-1+2 Zm" cosnb.
n=0 n=0

n=0

Using the Cauchy Product

This method, which relies on Theorem 3.2.3, generally leads to complicated expressions. Let’s
just give an example.
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In(1+ x)

14+
f is defined on | —1,4o0[. Forxz €]—1,1[, we know the power series expansions of x +— In(1+x)

Example 3.5.17 Power series expansion, in a neighborhood of 0, of f : z +—

and of x — T3 both with radius of convergence equal to 1. Theorem 3.2.3 then allows us to
x

assert that f will be expandable in a power series, and that the radius of convergence of the power
series obtained will be R > 1; but since f is not defined at —1, we will actually have R = 1.
We therefore have, for |x| < 1:

+oo ZL’ 1 “+oo
In(l+a) =) (-1 "1*_952 n+1 ¢ Tz = 2
n=1 n=0

(to apply the formula giving the Cauchy product of two power series, it is important that the

two expansions start at n = 0!).
+00
The Cauchy product series of the two series above is then written Y cpz™ with
n=0

_ - <_1)k n—k __ n - 1
n = ZkJrl (=)™ = (D) kZ:ok“

k=0

+oo
and we will then have, for x €] —1,1[: f(x) = Z cpz™ L,
n=0

Differential Equation Method

We assume that the function f satisfies a certain differential equation and that f can be expanded
“+o00

as a power series in a neighborhood of 0, i.e., f(z) = > anz™. Additionally, we know the power
n=0

series expansions of the derivatives of f (Theorem 3.4.3), which allows us to substitute both
f and its derivatives into the differential equation. This leads to a recurrence relation for the
coefficients, which we can then solve.

The main issue with this approach (aside from the calculations) is that it assumes f can be
expressed as a power series a priori. Therefore, we must verify a posteriori that the result is
valid, meaning we must check that the radius of convergence of the obtained series is strictly
positive.

Examples 3.5.18
1. Let f(x) = (1 +2)%; f is differentiable on ] — 1,1[ and f'(z) = (1 + 2)* !

The function f is therefore a solution of the linear differential equation (14 )y’ = ay. It
is the unique solution of this equation on the interval | — 1, 1] satisfying the initial condition
f(0) = 1 (according to the Cauchy-Lipschitz theorem, since the function x — 1+ x is
continuous and does not vanish on | —1,1]).

We then seek a power series y(x) = Z anx™, with radius of convergence R strictly positive,

satisfying the same differential equatzon and the same initial condition .

400
y(0) = 1 is equivalent to ag = 1 and, since y'(x) = 3. napz™ ! for x € — R, R[, we have

n=1
(1+2)y Znanxn 1+Znanx = ay(z —aZanaj
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that is, after a change of index in the first sum:

+oo +o0
Z [nan + (n+ 1)anpq1]a" = aZanx".
n=0 n=0

o —

We therefore have, by uniqueness of the power series expansion: nyi1 =

n € N.

Tan for all

ala=1)---(a—n+1)

It is easy to deduce by recurrence, since ag = 1: a, = ' forn e N*.
n!
+oo —1)--- — 1
Thus, y(x) =1+ > ala—1) ‘(a nt )x"
n=1 n:

Conversely, if we consider the function g: x — 1 + EO:O afa—1)- -?;‘(a —nt1)
D’Alembert rule allows us to easily prove that this powﬁarlseries has radius of convergence
R =1, therefore is of class C* on] —1,1][.

By then repeating the calculations above in the other direction, we obtain that g is indeed
a solution of the differential equation on | —1,1[. It therefore coincides with f on]—1,1]
(by uniqueness of the solution to the Cauchy problem), which allows us to find the known

expansion of x +— (1 + x)“.

z", the

. Determine the power series expansion in a neighborhood of 0 of the function f defined on
x
R by: f(z) = e* / e dt.
0

. 2 . . . .
The function x — e~* is expandable in a power series since, for all x € R we have

5 +oo (_m2)n T )
e = E - By integration, it follows that the function x — / e~ dt is also
n. 0
n=0

expandable in a power series. We also know the power series expansion of x — ezz, and
the two series have radius of convergence +00.

It would be very awkward to write the Cauchy product series, but Theorem 3.5.11 neverthe-
less allows us to assert that f is expandable in a power series, and that the series obtained
will have radius of convergence +00. Moreover, f is odd, so ultimately there exists a se-

+oo
quence (ay) such that f(z) = > apa®**L for all real numbers x.
n=0
T

We then notice that, for all real numbers x, e_$2f(x) = /e_t2 dt and, by differentiating

0
this relationship, we obtain f'(x) — 2xf(x) = 1.
+o00
By differentiation of a power series, we have f'(x) = Z(Zn + 1)anz®™ so by replacing in
n=0

the previous equality:
—+o0 oo
Vz eR, 2(271 + Dayz®™ — QZaan"H =1
n=0 n=0

and after a change of index in the 2nd sum:

+o00 “+o0o “+o0o

Z(Qn + 1)anx2" — QZan,wz” =1 thatis: ag+ Z [(2n + Day, — 2an,1] 2 =1,

n=0 n=1 n=1

By uniqueness of the power series expansion, we obtain: ag = 1 and, for all n € N*:
2

1!
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We deduce, for n € N*:

2 2 2 2 2 2 2
Gp = 2n+1an,1 =i g2 == T oy Rl
or:
_ 2" _2"2n)(2n—2)---2 227
" 2n+1)@2n—1)---3 (2n +1)!  (2n+1)!
this equality being still true for n = 0.
oo 22npl
Finally: Vx € R, f(z) = ngo m 41

. Determine the power series expansion in a neighborhood of 0 of the function f defined on
[-1,1] by: f(z) = (arcsinz)?.

We know that the function x — arcsinx is expandable in a power series on | — 1,1[ (by
integration of the power series expansion of x +— (1 — 1‘2)7%, see page 43).

Theorem 3.5.11 then allows us to assert that f is expandable in a power series, and that
the radius of convergence of the power series obtained will be R > 1; but since f is not
defined for x > 1, we will actually have R = 1.

fis of class C*° on | — 1,1 as a product of such functions, and " some
derivatives (not reproduced), show that, for any

" calculations of

zel—1,1[: (1 —2?)f"(z) —xf (z) = 2.

According to the Cauchy-Lipschitz theorem, f' is then the only solution on | — 1,1[ of the
differential equation (1 — 22)y’ — xy = 2 which vanishes at 0.

Since f is even, f' is odd, and as we have seen that it is expandable in a power series on
| — 1,1, there exist real numbers a,, such that, for any

+o00
rel-1,1]: fl(x)= Zan:c%H.
n=0

By differentiation of a power series, we have

+o00

f(x) = 2(271 + Dan2?",

n=0

and by substituting into the differential equation we obtain:

+o0 +o0
(1—2?) Z(Zn + Dayz®™ — mZanxQ"H =2
n=0 n=0
+oo +oo +0o0
Z(Qn + Dayz®™ — Z(Qn + a2 - Z anz?t? =2
n=0 n=0 n=0
+o0 +o0
Z(Zn + Dayz®™ — Z(Qn + 2)a,z*t? =2
n=0 n=0
and finally:
+oo +o0

Z(Qn + 1apz®" — Z 2nan_12°" = 2 (change of index n' =n +1 in the 2nd sum).

n=0 n=1
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By uniqueness of the power series expansion, we deduce: ag = 2 and, for all n > 1:

_2n
= o1t
Hence, for all n € N*:
2n 2n 2n—2 (2n)(2n —2)---2
anp = Ap—1 = Ap_g =+ = a
"Toan+1 " T 2ng12n—1 P Cn+1)2n—1)---3 "
[(2n)(2n—2)---2]°  _ [2"n))?
N (2n + 1)! T (2n+1)!

Thus: ¥z €] — 11[, f'(z) = S5 2 ()’

x?n-‘rl
f(0)=0).

and we deduce f by integration (using

3.6 Summation of a Power Series

Here we are dealing with the inverse problem of the previous one: given a power series E anx",

neN
with radius of convergence R > 0, it is a matter of expressing its sum using the usual functions.

There is no general method to do this, but we can try to exploit the following leads:

e Directly make known power series expansions appear, in g apx”. To do this, we can
(possibly): decompose a,, as a linear combination of simpler terms, use a change of variable,
use derivation or integration, recognize a Cauchy product...

e Using a recurrence relation between the a,, determine a differential equation whose sum
function is a solution.

Examples 3.6.1

—+o0 x2n+1

1. Determine the radius of convergence and the sum of the power series > 1
n=0 47

$2n+1

2n+1

The sequence < ) is bounded if and only if |x| <1, so R=1.
N

a) 1st solution:

+oo x2n+1

Forxz €] —1,1], let f(x) = > .. By differentiation of a power series, f'(x) =
n=0 277, + 1

Z 2" = 2 (geometric series with ratio :c2) It only remains to integrate, using

f (0) =0.
b) 2nd solution:
We directly use the power series expansions from the course:

+oo " +oo "
v — = —-1)"— - —
ze]l- L1, m(1+z)=> (-1) - et In(1 — z) Z
n=1
1 14+
By one of these methods we find, for all x €] — 1,1] : f(x) = B In . .
-
too "
2. Determine the radius of convergence and the sum of the power series Z —_—
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nx™
By comparing growth of power functions and factorials, we have lim ———— =0; in
n—+oo (2n + 1)!

particular, for all x € R, the sequence (%) is bounded, so the radius of convergence
is R = +o00.

By writing : (27?:1/:1)' = ;<(2x:)' — (2nx: 1)!>, then by setting t = /x if © > 0 or
t=+/—z if £ <0, we are reduced to known power series, and we obtain:

1 iny/—
3 <cos(\/—7:1:) _Smvee wa> forz <0
flx) =40 forz =0 .
1 h
3 <Ch(\/5) -3 ﬁ) forx >0
2 1
. Determine the radius of convergence and the sum of the power series Z (EH'_)) an |
n!
n=0
2 1)!
By setting a,, = (?_:_)2), we have the recurrence relation
n!
(n+ Dant1 =2(2n + 3)ay,
1

a) This allows us to show (by D’Alembert) that the radius of convergence is R = 5

b) Let f be the sum of the power series. Then, by the theorem of differentiation of a
power series we have:

1 1

V:L’G]—f = Zanx

and
“+o0 —+00

fl(x) = Z 2nanz? ! = Z 2(n + 1)ap 122",

n=1 n=0
Taking into account the recurrence relation cited above, we therefore have, for x €
1 17.
J =33l
+0o0

fl(x)=2 Z(n + Dapy 2!
n=0

+oo
=4 Z(?n + 3)az? !

—+o00

= 47° Z 2na,z?" 1+ 12z Z anz’"

n=0 n=0
n=1

f is therefore a solution on | — %, %[ of the differential equation :
(1 —42?)f'(x) = 12z f(x).

This is a linear homogeneous differential equation of the 1st order, whose general

solution on | — %, X[ (interval where the coefficient of f'(x) does not vanish) is given
by
f(@) = Cel T,
11
Taking into account f(0) = 1, we find f(x) = (1 — 422)=%/2 for x €] — 5 2[

157



00 n
x
4. Determine the radius of convergence and the sum of the power series g — o
n=1 n( n )
n

By setting a, — _n
Y SEHng dn 2(2n + 1)

forn > 1 we easily find the recurrence relation an+1 = an

L
n()

forn > 1.

a) This allows us to show (by D’Alembert) that the radius of convergence is R = 4.

b) Let f be the sum of the power series. Then, by the theorem of differentiation of a
power series we have:

+o0 “+oo “+oo
Vo el —4,4], f(z)= Z anz" et f'(z) = Znanaznfl = Z(n + Dapsi2"
n=1 n=1 n=0

Taking into account the recurrence relation cited above, we therefore have, for x €

|—4,4 and z #0 :

+o0 +o00 +o0
4f'(z) = 4a1 + Z 4(n+ 1apy12™ = Z 2(2n + 1)ap412™ + 2 Z apy12"

n=1 n=1 n=1

+o0o +o0
=4a; + Z na,xr" + 2 Z anpx™ !
n=1 n=2
2 X 2
=day +2f'(2) + = apz" = a1 + 2f'(2) + = (f(z) — 1)
T = T

and taking into account a1 = % we find (a priori for x # 0 but the equality remains
true for x = 0 by continuity):

Vo€l —4,4], x(x —4)f (z) +2f(z) = —x.

It only remains to solve this linear differential equation of the 1st order, non homo-
geneous. Taking into account the coefficient of f'(z), we must distinguish the cases
x>0 and z < 0.

e 1Ist case: z €]0,4]:
2
x(4—x)

The associated homogeneous equation then is written: f'(z) =

f(x) and

has for gemeral solution the functions of the form
z s Cel meen dz.

We write the decomposition into simple elements:
2 1 /1 n 1
r(d—z) 2\z 4-—=z

2
efmdm _ e%(lnx—ln(él—x)) —-C

S0
T

41—z
By the method of variation of constants, we then seek f(x) in the form f(x) =

C(x), /ﬁ which leads to




that is
1

C'(z) = —n—"
(=) x(4—x)

By usual methods (putting the trinomial into canonical form):

/ dz _/ dx
V(4 —z) \/—x—22
/ = arcs < _2>+ t
= arcsin cste -
2,/1- (532 2
We therefore arrive at

. (x—2 x
f(z) = <arcsm (2) + cste> 1=

Unfortunately, the only relation f(0) = 0 is not enough to determine the constant.

1
But the expression of f as a power series gives f'(0) = a; = 30 50 by definition of

f(z)

the derivative, since f(0) =0, we have lim —= = 5 In particular, the limit at

x—0 X
-2
0 of —= /() must be finite, which requires lim arcsin <a: 5 ) + cste = 0, that is,
x

z—0t

0
cste = 5. And taking into account the well-known relation arcsiny+arccosy = 5

fory € [—1,1] we finally have:

x

vV €]0,4], f(x):arccos<2;x> 1

_x.

e 2nd case: z €] —4,0[:

It is the same principle, but here it will appear \/x(x —4) and we will use the

\/%:ln(t—}-m)...

primitive f

+00 2n
5. Determine the radius of convergence and the sum of the power series Z(—l)”2(">1x”
n p—
n=0

Here again, the important thing is to start by determining a recurrence relation between a,
and Qpn41-

1
We find here R = 7 f is a solution of the differential equation: (4x + 1)f'(z) = 2f(x).

11

Taking into account f(0) = —1, we find: f(x) = =4z + 1 for x €] — T Z[

3.6.1 Complex Trigonometric Functions

+oo
1 n
Let z € C, we represent by sin z (resp. cosz), the sum of the series Z 2(4-)1)22”“ (resp.
n

+oo
—1)n
Z (=1) 2?") ie., for all z € C

|
= (2n)!
400 “+oo
. (_l)n 2n+1 (_1)n 2n
sinz = g — (resp. cosz = E z7M).
= (2n+1)! = (2n)!
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The mapping z — sinz (resp. z — cosz) defines the sine (resp. cosine) function of the
complex variable. The following lemmas allow us to recover the properties of the exponential
function, as well as those of the usual trigonometric functions.

Lemma 3.6.2 For all z € C, we have

e'” = cosz 4+ isinz.

Proof: Indeed, we have for all z € C

—I—oo . +oo /. 2]€+1
DIy il gl e
l
= n! = 2k7—|—
Thus,
f k 2k +oo (_1)k22k+1
|
—~ — (2k+)!
Consequently,

e'* = cosz + isin z.

0 As a consequence, we have

Lemma 3.6.3 For all z € C, we have

12 —1iz 1z —1iz
e

+e . —e
cosz = —— qand sinz = -
2 29
Moreover,
cos? z +sin®z = 1.
3.6.2 Complex Hyperbolic Functions
Z2n+l 22n
Let z € C, we represent by sh z (resp. ch z) the sum of the series Z i) (resp. Z W)
0 n>0
ie.,
z2n+1 z2n

hz= _— sp. chz = —).
shz 7;)(2114—1)! (resp. chz 7;)(2”)!)

The mapping z —» shz (resp. z — ch z) defines the hyperbolic sine (resp. hyperbolic cosine)
function of the complex variable.

Lemma 3.6.4 For all z € C, we have

z_ =z z —z
shz:eTe and chz:%

Proof: The proof follows from the definition of e* and e™%. O

3.6.3 Complex Logarithm

It is natural to complete the definition of the complex exponential by that of the logarithm,
as the inverse function of the previous one. This function must of course coincide with its real
counterpart.
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Definition 3.6.5 We call logarithm of a complex number z € C, any complex number Z, such
that

That is
logz=2=In|z|+iargz.

The mapping z — log z defines the logarithm function of the complex variable.

Remark 3.6.6 We will note that, since the argument of the complex number z is only defined
modulo 27, the logarithm function will only be a "true function” if we further impose a condition
on the values taken by the argument of z. More precisely, if we set z = |z|(cos @ + isinf) where
0 :=argz and Z = X +iY then X =1n|z| and Y = 0+ 2kn, k € Z. Indeed, by definition of the
logarithm we have

e =Z.

This is equivalent, by replacing Z and z by their respective values, to
eX(cosY +isinY) = |z|(cos @ + isin6).
From this equality, we obtain
eX =zl and Y =0 +2kn, ke
Thus, the logarithm of a complex number z is given by the formula:
logz=2=X+iY =In|z|+i(0 + 2kn), k€ Z.

If we impose conditions on 0, we define thus a complex logarithm function, denoted log, defined
by

log z =1In|z| + iarg 2.

Remark 3.6.7 We can prove that for all z such that |z| < 1,

22 23

log(l+2) =z 2 + 2 (i 4
og(l+2) ==z 5 tgt +(—1) —+

3.7 Common Power Series Expansions

A few remarks about the following table:

e The power series expansions of /1 + x and are of course not to be memorized by

1
vi+zx
heart; they are simple applications of the expansion of (1 + z)“ for o = :|:§.

e Similarly, the power series expansion of arcsin is simply obtained by integrating the expan-

sion of ——— = (1 —2?)72.
1—2?
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Function | Power Series Expansion | Radius of Convergence

— "
) "
log(1+x) | Y (-1)" 1= 1
n=1 n
oo
111 Z"Ln 1
n=0
= /a
1 peaes T 1
rap | (0)s

(
e |3 () 1
(

n=0
oo
-1/2
1 o
A () !
n=0
o IQTL-‘,—I
i e 1\
sin x Z( 1) 7(271,—% ol 400
n=0
o0 .’L'2”
e 1\
Cos Z( 1) @)l +o0
n=0
o J;Qn—&-l
sinh x Z m —+00
n=0
| i {L.Qn N
coshx 00
n)!
= (2n)!
oo
: (2n)! 2n+1
arcsin x Z x 1
nN\2(9,
— 4n(n!)2(2n + 1)
f: :L.27L+1
arctan x (=)™ 1
s 2n+1

3.8 Exercises of the Chapter

Exercise 3.8.1 Determine the radius of convergence of the power series y . anz"™ in each of the

following cases: a) a, = /n b)a, = % c)a, = il d) a,, = arctan (na> (€
R)

2n L nm L
e) a, = i f) "Vn+1—3n g) a, = tan (—) h) a, = sum of the divisors

7
of n.

Correction 3.8.1

a) lim a, =1 so the sequence (a,z") is bounded if and only if |z| < 1.
n—-+oo

By definition, we deduce R = 1.
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b)

d)

f)

a Zn+1 1 n
Let z € C*. | T‘LH a | = <n+ > |2 = e|z| so, according to d’Alembert’s rule for
an? n n—-+o0

series with positive real terms, we have:

o ife|z| <1 the series Z |anz"| converges;

o ife|z| > 1 this series diverges.
1
Therefore, R = — -
e

If |z| <1 the sequence (anz") is bounded so R > 1.

Let z be such that |z| > 1. We can always find integers n as large as we want such that
|sinn| > % (it suffices to take n € [% + km, ‘%r + kzw] with k € N, which is always possible
since the lerflgth of the interval [%, ‘%“] is greater than 1). For these values of n, we have
lanz"| > |2Z|; hence, by comparing growth rates, the sequence (a,z") is unbounded.

n

We deduce R <1 and finally, R = 1.

sinn

Another solution; the radius of convergence of the series Z z" is the same as that of

n
its derived series, and thus the same as that of the series Zsin nz".
However, we know that the sequence (sinn) diverges (classic exercise, already done), so the
series diverges forz =1 hence R < 1.
T
o Ifa<0, lim a, == so the sequence (a,z") is bounded if and only if |z| < 1.
n——+00 2

By definition, we deduce R = 1.

° ]fazO,an:%forallnsoRzl.

1
o Ifa>0,a, ~ — so the sequence (a,z") is bounded if and only if the sequence
n—+oo N

ZTL

() is, i.e., if and only if |z| < 1.
na
Again, we deduce R = 1.

Let z € C*, we have

2n+2)!
|ang12" ETLZI)!)Q s (2n+2)(2n+1) 2(2n+1)
e e D )= Hp——I
anz | WZn (n + 1) n+1 n—+00

, so by applying d’Alembert’s rule for series with positive real terms (I won’t detail, see b))
we find R = % .

We are looking for an equivalent for a,:

1
so since —In(n) — O ande® —1 ~ X:
n n—+-00 X—0




and

1n<n+1>_jlm<n>:< ! —1)1n<n>+ ! 1n<1+1> In(n)

n—+1 n—+1 n n+1

So

1
M; it follows that the sequence (anz") is bounded if and only if |z| <1, so R =1.

Qnp ~
n—-+o0o n2

g) The sequence (ay) is periodic and takes only 7 values: 0, tan T, tan 2 etc.

Thus, the sequence (anz") is bounded if and only if |z| <1, and R = 1.

1
h) The sum of the divisors of n is between 1 and 1 +2 4 ---+n = n(n;—)} so the radius

of convergence of the series Z anz" is between the radii of convergence of the two series
1
Zz” and Z n(n;—)zn; both of which are equal to 1. Therefore, R = 1.

2

0 n
1
Exercise 3.8.2 Find the radius of convergence of E (1 + ) 2",
n

n=1

1 n
Correction 3.8.2 liI_il_l Vlan| = lim <1 + > = e. Therefore, the radius of convergence
n—-+oo n

n—-+00
is 1/e.

Exercise 3.8.3 Prove that, if a power series Y anx™ converges for x = b # 0, then it converges
absolutely for all x such that |x| < |b].

Correction 3.8.3 Since E apb”™ converges, lim |a,b"| = 0. Since a convergent sequence
n—-+o0o

is bounded, there exists an M such that |ap,b"| < M for all n. Let |x/b] = r < 1. Then
lanx™| = |and™| - |2 /b"| < Mr™. Therefore, by comparison with the convergent geometric series
SMr™ 3 apx™| is convergent.

Exercise 3.8.4 Prove that, if the radius of convergence of Yanz" is R, then the radius of con-
vergence of Lanz*™ is V/R.

Correction 3.8.4 We denote R' as the radius of convergence onanz2".

1. For |z| < VR, |2%| < R, and thus 3 a,(2%)" = 3. an,2?™ is absolutely convergent. There-
fore, R' > |z|, and since this is true for all z such that |z| < VR, we conclude that

R > VR.

2. For |z| > VR, |2%| > R, and thus 3" a,(2*)" = 3. a,2" is grossly divergent. Therefore,
R’ < |z| and we conclude that R' < V/R.

Finally: R' = V/R.

Exercise 3.8.5 IfXa,z" has a radius of convergence r1 and if Xb,2™ has a radius of convergence
ro > r1, what is the radius of convergence of the sum »_ (a + by) 2" 7

Correction 3.8.5 For |z| <7y, both Ya,z" and ¥b,z" are convergent, and, therefore, so is
Y (apn, + by) ™. Now, take z so that r1 < |z| < re. Then Xa,z" diverges and Xb,z"™ converges.
Hence, ¥ (an + by) 2™ diverges Thus, the radius of convergence of ¥ (an + by) 2™ is rq.
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Exercise 3.8.6 Since the radius of convergence of Zanz” is R = 2, determine the radius of
convergence.

a) Zanzzn b) Zn4anz” c) Z n n

Correction 3.8.6
a) According to exercise 6.3.2, the radius of convergence of the series Z anz?" is V2.
b) We showed in class that the power series Znanz” has the same radius of convergence

as g anz”. The series g n%a,z" has the same radius of convergence as E na, 2"

Continuing in this way, the series g nta,z" has the same radius as E anz". Therefore,
its radius of convergence is 2.

c) Given that the radius of convergence onanz” is R = 2, this series converges for all z

such that |z| < R = 2. In particular, for z = 1, the series Zan converges. This implies
that the general term a, tends to 0 as n — +oo. Thus, we have

dng e N, Vn e N:n > nyg = |a,| < 1.

Therefore,

2"

It is known, by the ratio test, that the series Z —z converges for all z € C. It follows

that Z —|z converges absolutely on C. Thus, zts mdzus 15 equal to +o0.
n!

Exercise 3.8.7 Find a power series representation for

1
(1—z)?
Correction 3.8.7
1
1. Method 1. For |z| < 1, T = 1+ + a2 Zx Differentiate this series term
1 oo o0
by term. Then, for |z| <1, A= =1+22+32°+--- = Z:nx"*1 = Z(n +1)z"
-z
n=0
2 Method 2. Zm Zm S 1) e =S et
' l-2z 1-= '
k=0 \n+m=k k=0
o0 xn
Exercise 3.8.8 Show that e* = Z — for all x.
L
X pn 72 3
Correction 3.8.8 [ Let f(z) = Z =1+=z + = + 37 + . f(x) is defined for all x.
n!
=0
" 1 i~ "
Differentiate term by term: f'(z) = Z oD = Z Pl f(z). Moreover, f(0) =1. Hence,

n=1 n=0

fz) =e"

165



Exercise 3.8.9 Glive the power series expansion for the following functions:

1)f1(z) = 6_z2/2’ 2)f2(x) = coshz, 3)f3(z) = sinhz, L fa(z) = /x /2 4t
0

Correction 3.8.9

e (_1)n $2 e n 2n
1) I By exercise 6.4.1, e % = Z T:L‘” Substitute o) forx. Thene ~a? Z ol
n=0 n=0
er 4 e z 14+ (_1)n " °O x2n
2) We have coshx = 5 :nz:;] 5 n!:z_%(Qn)!'

3) Since D, (Cosh x) = sinhx, we can differentiate the power series of Problem coshz to get
2n—1 OO g2+l

T
sinhz = Z = Z .
= (2n —1)! = (2n+1)!

(1) g2+

Wehave e /2 = 5> CV' " pter [ e ®ar =5~ V" [Ty
4) We have e —ZW' negrate: | ZW 0 _HZ_On!QTLQnJrl'

n=0 ’ n=0

Exercise 3.8.10 Use power series to solve the differential equation y’ = —xy under the boundary
condition that y = 1 when x = 0.

oo o oo
Correction 3.8.10 Let y = f(z) = Zanxn. Differentiate: ' = Znanx”_l = Z(n +
o - oo n=0
Dapt12™. So Z(n + Dapp12" = —xy = —xZan:v = Z (—ay) 2" = Z(—an_l)x
n=0 n=0 n=1
Comparing coefficients, we get ay = 0, and (n + 1)an+1 = —ap_1. Since y =1 when x = 0, we
1
know that ag = 1. Now, a3 = a5 = a7 = --- = 0. Also, 2a3 = —ag = —1, a9 = —5 Then,
dag = —az, a4 = ﬁ. Further, 6ag = —ay, ag = — 5 Similarly, 8ag = —ag, ag =
1 ‘ (=1)" ( ) .- n 2"
3168 and, in general, as, = A6 o)~ 2 . So f(z) = nz;)(—l) ST

2/2

Hence, f(z) =e™*
Exercise 3.8.11

1. Show directly that, if y" = —y, and y' =1 and y = 0 when x = 0, then y = sinx.

0 p2n+l
2. Show that sinx = E ()" ——.
|
o (2n +1)!

Correction 3.8.11

d dz d d d
1. Let z = dy/dx. Then " = d; d; % = de Hence, CTZZ = —y, /zdz =

1
—/ydy, 522 = —%yQ +C, 22= -y’ + K. Sincez=1 andy =0 when xz =

dy

_ 2 _ 2 _ dy P

0, K=1. Thus, z° =1—y~, %—:lz\/l—gﬂ, f\/#—ifdx,sm y = t+x+Ci.
Sincey =0 whenz =0, C;=0. So sinly= 4z y=sin(+z)=+sinz. Then
y=sinz. (Ify = —sinz, then y = —cosz, and y = —1 when z =0.)
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e 2n+1 o 2n

2. ILety = —1)"——. Whenx =0, = 0. By differentiation, 3y’ = —-1)" .
y T;)( )(2n+1)! y y diff y T;)( )(2n)!

Hence, y' =1 when x = 0. Further,

> n—l & 1 x2n+1
Y o S
nzl 2n—1) nzo( ) (2n + 1)!
2n+1

:_Z “anrni T Y

Hence, y = sinx.
Exercise 3.8.12 Find the Taylor series for sinx about /4.

Correction 3.8.12 Let f(x) = sinz. Then f(n/4) = sin(n/4) = V/2/2, f'(5/4) = cos(n/4) =
V2/2, f(1/4) = —sin(n/4) = —/2/2.  f"(n/4) = —cos(n/4) = —/2/2, and, thereafter, this

cycle of four values keeps repeating. Thus, the Taylor series for sinx about —

r—7/4 (x—7/4)? (z—7/4)3

o R TR R
o I L G T B G N LR A
4! 5! 6! 7!
Exercise 3.8.13 Culculate the Taylor series for 1/x about 1.
Correction 3.8.13 I Let f(z) = ~. Then, f'(z) = — =, f'(2) = =, f"(z) = 22 fl)(g) =
e T z2’ z3’ xt’
234 d, i L v e fM(A) = (“1)"ml  Thus, the Tayl
—5— and, i generd, fz (x) = (1) po SR (1) = (=1)"n!  Thus, the Taylor
o r f(n)(

series is Z - Z M —1)"=1—(z—1)+(x—-1)>—(z-1)>+

n=0
Exercise 3.8.14 Find the Taylor series for cosx about /2.
Correction 3.8.14 We have:
cosz = sin(n/2 — x) = —sin(x — 7/2).

The Taylor series for sinx about 0 is:

o0 x?n—i—l
mr =3 (~1)" .
S nz:%( VG

Substitute x — /2 for x and multiply by —1:

conr = = S (-1 T Sy I

| |
ot (2n+1)! ot (2n+1)!
Final Answer
o0
— x/2)2nH
CcoST = -1 THJ%
HZZO( ) (2n+1)!
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Chapter 4

Fourier Series

In this chapter, we will study Fourier series, which are series of functions of a particular type.
You cannot touch a subject of physics, mechanics, electronics, ... without using these series (or
their generalization, the Fourier transforms). They are used to study periodic functions: the
idea is to express any 27 periodic function as a linear combination (generally, an infinite sum)
of simple 27 periodic functions of the form cosnx or sinnx with n € N.

4.1 Trigonometric Series

4.1.1 Periodic Functions

Definition 4.1.1 A function f : R — C is said to have a period T or to be periodic with
period T if, for all x, we have f(x +T) = f(x), where T is a positive constant. The smallest
value of T'> 0 is called the least period or simply the period of f(z).

Example 4.1.2
1. The functions x — sinx and x — cosx are 2mw-periodic, and the function x — e2im/T)z
18 T -periodic.

2. The function x — tanx is periodic with period .

3. The function x — x — |z] is 1-periodic. It is a well-known function called the fractional
part function and is usually denoted by {x}.

4.1.2 Piecewise Continuous Functions

Definition 4.1.3 We say that a function f is piecewise continuous on [a,b] when there exist a
finite number of points c; = a < ¢z < 3 < ... < cp—1 < ¢, = b such that f is continuous on each
open interval |cj, cj11] and admits a finite left and right limit at each c;. These right and left

limits, which we will denote f (cj_) and f (cj) can be different from the value f(c;).

Example 4.1.4 The floor function f : x — [x] is piecewise continuous on [0,4] (we can take
c1=0<c=1<c3=2<c4=3<cs5=4, and f is continuous on each open interval |c;, cji1].
Furthermore, the left and right limits of f exist at each c;, for all j =1,...,5).

4.1.3 Piecewise Differentiable Functions

Definition 4.1.5 We say that a function f is piecewise differentiable on [a,b] when there exist
a finite number of points c1 = a < cg < c3 < ... < ¢cp_1 < ¢ = b such that f is differentiable on
each open interval |c;, cj1[ and admits a left and right derivative at each c;.
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Example 4.1.6 The functions fi : x — \/|z|, foa : © — |sinz| and f3 : © — ——

are differentiable on [—m,0[U]0,7]. They are not differentiable at 0. The functions fa, f3 are
piecewise differentiable on [—m, 7| (it suffices to take c; = —m < ¢cg = 0 < ¢3 = m), but the
function f1 is not piecewise differentiable on [—m, 7).

Definition 4.1.7 The function f is said to be piecewise continuous (or piecewise differentiable,
respectively) on the interval I if and only if it is continuous (or differentiable) on each segment
of I.

4.1.4 2m-periodic Functions on R

A function f defined on R with period 27 is completely determined by its restriction to a semi-
open interval of length 2. We will often choose (—m, 7] or [0, 27).
To show that a 27-periodic function f is continuous on R, it suffices to verify:

1. f is continuous on the open interval (—m,7);

2. f is continuous at 7 from the left, and the periodic boundary condition holds, i.e.,

fr)= lim f(x)= lim f(x).
T z——7t
The equality lim f(x) = lim+ f(z) follows from periodicity: as * — —7", o + 21 — 7,
T—T T—>—T

and f(x) = f(z + 2m). This ensures that f is also right-continuous at —m when extended
periodically, making f continuous at all points of the form = + 2k7 (k € Z).

Example 4.1.8 The 27 periodic function defined on | — 7, ] by
fla) =a* —x*

is continuous on R. Indeed, this function is clearly continuous on | — m, [, as a polynomial.
Moreover, we have

f(mr)= lim f(z)= lim f(z)=0.

T rz——mt

This shows that f is continuous at w and therefore everywhere on R.

Example 4.1.9 The 27 periodic function defined on | — 7, ] by

flz) =z

is not continuous on |—m, |, but only piecewise continuous. Indeed, this function is a polynomial,
s0 it is continuous on | — m, [, as a polynomial. On the other hand,

flr) = lm f(a),

and,

lim _f(z) =~ # f(m).

T—r—T

Therefore, f is not continuous at x = w. But since it admits a left limit and a right limit there,
it is piecewise continuous on | — m, 7).
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Graph of the 2n-periodic function f(x) = x2 — r?

— f(x) =x2 —n? (periodic)
10t
5
X 0
—5}
-10

Graph of the function f(x) = x defined modulo 2w

© T f(2)
‘ x
27 -7 7T T
—7t o
4.1.5 2m-periodic Functions of Class C! on R
To check that a 27-periodic function is of class C! on | — 7, 7], i.e., on R as a whole, we must

verify that:
1. f is continuous on | — m, 7,

2. f is continuously differentiable on | — 7, 7|,

3. f(m)= lim f(z)= lim f(x),

T T——mt

4. lim f'(z) = li£n+f’(x).

T—T

The last equality means that f admits a left derivative equal to the right derivative at = = ,
and that it is therefore differentiable on R.

Example 4.1.10 The 27 periodic function defined on | — m, 7| by
fla) = (o — 7
is of class C' on R. Indeed, the first three conditions are satisfied, and we have

O L R ) I

= O7
-t T — (-71') z——mt xr -+
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and,

Graph of the 2m-periodic function fix) = (x2 — m?)?
100+

80

60

f(x)

40

20

0 — fix)=(x2=m?)?

—-10.0 -7.5 -5.0 -2.5 0.0 2.5 5.0 7.5 10.0
X

Example 4.1.11 The 27 periodic function defined on | — 7, | by
flz) = 2* — =

is not differentiable on R, so it is not C'. Indeed, it is easy to verify the first three conditions,
but the last one is not satisfied because

I—I:I—I}r-‘- f(i)—(i(w)ﬁ) =2
and,
lim M = 2.
T—T Xr—T

Hence, f is not C'; it is only piecewise C*.
We recall the following elementary property that is constantly used.

Proposition 4.1.12 Let f be a T-periodic function. If f is piecewise continuous on [0,T] then
for all xy € R, f is piecewise continuous on [xo,xo + 1] and we have

/x by = /0 " .

0
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Graph of the 2n-periodic function f(x) = x2 — r2

0 — fix)=x%>=n?

f(x)

=10
—-10.0 -7.5 -5.0 -2.5 0.0 2.5 5.0 7.5 10.0

Proof: The Chasles relation allows us to write:

/;HT ft)dt = /x:f(t)dt - /OTf(t)dt + /TCCOJFT F(t)dt

0

xo+T
In the integral / f(t)dt we make the change of variables y =¢ — T.

T
[ rwa= [ st = [ rwa

T

/Z:OJrTf(t)dt:/x: f(t)dt+/OTf(t)dtJr/Omof(t)dt:/OTf(t)dt.

Remark 4.1.13 For any function [ assumed to be 2m-periodic and piecewise continuous, Propo-
sition 4.1.12 gives in particular the relation

This gives us
Therefore

O

2m ™
(z)dx = f(z)dx.
0 -7

4.1.6 Trigonometric Series

Definition 4.1.14 We call a trigonometric series a series of functions: Zun(m) whose general
term uy(x) is of the form

uo(x) = % and Vn € N* uy,(z) = a, cos(nz) + by, sin(nx)

where a,,b, € K =R or C are called the coefficients of the series, and © € R.
We agree to write a trigonometric series in the form

% + Z(an cos(nx) + by sin(nz)), (4.1)

n=1

where we set by = 0.
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Definition 4.1.15 A function f: R — C, 2w-periodic, is expandable in a trigonometric series
if it is the simple limit (or sum) of a trigonometric series.

Example 4.1.16

1. The functions sin and cos are expandable in trigonometric series (determine the corre-
sponding coefficients ap and by,).

cos(nx)
n2

2. The series with general term is trigonometric.

inT

Example 4.1.17 The series Z * _isa trigonometric series. Indeed,

n!
n>0
einw 1 i )
E = g (= cosnx + — sinnx),
n! n! n!
n>0 n>0

1 ,
with a, = - and by, = i'
n! n!

4.1.7 Convergence of a Trigonometric Series

The study of the convergence of trigonometric series is not easy in general. We will be content
with the following results.

Proposition 4.1.18

If the infinite series (Z an) and (Z bn> are absolutely convergent

then the trigonometric series (4.1) is normally convergent on R; therefore

absolutely and uniformly on R and its sum S is 2w — periodic.

[ee]
Proof: The series Z(an cos(nx)+by, sin(nx)) is normally convergent on R. Indeed, this follows

n=1
from the inequality:

lan, cos(nz) + by sin(nz)| < |a,| + |bn| Vz € R.
And from the fact that (Z an> and (Z bn) are absolutely convergent, therefore the series
(Z lan| + |bn|) is convergent.

We now denote S the sum of the series (4.1). We verify that S is 27-periodic i.e.,

S(z+27m) = S(z) VxeR.

We have,
o0
S(x+2m) = ?O Zancosn x 4 27) + by sinn(z + 27)).
And since,
cos(nz + 2nm) = cosnz and sin(nx 4 2nm) = sinnzx,
therefore,

S(z+2nm) = % + Z(ancosmc + by sinnz) = S(x) Vx € R..
n=1
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Remark 4.1.19 We note that if Z(|an| + |by|) is convergent then the series (4.1) is uniformly
n>0
convergent on R.

Proposition 4.1.20 If the numerical sequences (ay) and (b,) are decreasing and tend to 0, then
the trigonometric series (4.1) converges for all x # 2km where k € 7Z.

Proof: This follows from Abel’s (or Dirichlet’s) test for convergence. It suffices to show that
the partial sums

S(m,n) = Zsmpx and C(m,n) Zcospx

p=m
are bounded independently of m and n for x # 2km.
n

n
Let us first compute closed forms for S, = Zsin pt and C,, = ZCOS pt for t # 2kmw.

p=0 p=0
Consider the geometric sum:
n ,
) 1— ez(n-‘rl)t
; — it _
Cn+ZSn—ZOe ==
p:
Write 1 — e = —2ie?/2sin(0/2). Then
. —24et(ntt/2 gipy Lzl)t int/2 510 L;l)t
Cn +i5n = —2ieit/2gin L - sint
2 2
Hence, taking real and imaginary parts,
_sin (”;1) cos 2 _ sin L;l)t sin 2t
n — N ) n — .t .
sin 5 sin 5
Now, for x # 2kw, let t = x. Then
1 1 2

= |Sn - Sm71| < |Sn| + |Smf

S(m,n)| =

il = | sin(x/2)] + | sin(x/2)] - |sin(z/2)|’

n
g sin px
p=m

1 2
(n—{—z)m sin %\ < 1. Similarly, |C'(m,n)| <

< @)

because | sin

n

Since a, and b, are decreasing and tend to 0, and since the partial sums Z cos px and

p=m
Z sin px are bounded uniformly in m,n, Abel’s test implies convergence of
p=m
[e.9]
Z (an cosnx + by, sin nx)
n=0
for all x # 2kr, k € Z. ]
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4.1.8 Complex Representation of a Trigonometric Series
From Euler’s formulas:

—inx
— e

23

inT —inT inT
cos(nx) = % and sin(nz) = ¢

the series (4.1) becomes:

© inx —inx inT —inx > . .
ag e e et —e agp L Qp — b i Gy + 1
? + i |:an + by, ; :| = 72 + Eﬁ |:€“m - 5 L + e % o n

By setting:

_ ap .
Cp = ——; C_p=20C, = —— and ¢g = —, the series becomes:
2 2 2’

o) 0 o]
o 4 § :(Cnemr 4 Cine—mx) = ¢ 4 § :Cnezmc + 2 :Cine—znz

n=1 n=1 n=1

—Co+§ cne™ 4 g cpe’ —E cpe'™.

n=-—00 nez

This last expression is called the complex form of a trigonometric series.
Calculating the Coefficients of the Trigonometric Series. Real Case
Let’s consider the conditions of uniform convergence of the trigonometric series (4.1) and set

ap
=5 + kz_l ay cos(kz) + by sin(kx)) .

Then

f(z) cos(nz) = % cos(nz) + Y [ag cos(kx) cos(nz) + by sin(kx) cos(nx)]

(2 11

f(x)sin(nz) = % sin(nx) + [ax, cos(kx) sin(nz) + by sin(kx) sin(nx)]

B
Il
—

Uniform convergence allows us to have:
2m

2w 2w
f(x) cos(nz)dr = ao/ cos(nz)dxr + Zak/ cos(kx) cos(nx)dx
0

2
0 k=1

2
—i—Zbk/ sin(kz) cos(nz)dz
0
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But we have:

o if k+£n
/ cos(kx) cos(nx)d
0
if k=n
2 if k& 75 n
/ sin(kz) sin(nz)d.
0
it k=n

2w
/ cos(nx) sin(kx)dx =
0

We then deduce the coefficients by the following expressions:

1 2m

an = — f(z) cos(nz)dz
T Jo
1 2

by, = — f(z) sin(nz)dz.
T Jo

These expressions are valid even for n = 0. By proposition 4.1.12; the coefficients can be

written:

1 2m 1 a2

ap = — f(x) cos(nx)dx = / f(z)cos(nz)dr Vo e R.
T 0 i a
1 [27 1 [at2w

b, = — f(z)sin(nz)dz = / f(z)sin(nz)dzx; VYo € R.
™ Jo T Ja

Case of 27-periodic functions;

ap = 1 " f(x) cos(nz)dr = 1 /7r f(x) cos(nz)dx
™ Jo ™ J_r

by, = ! " f(x)sin(nz)dz = ! /7T f(x)sin(nz)dzx
™ Jo ™ J)_x

Calculating the Coefficients of the Trigonometric Series. Complex Case
oo

We have f(z) = Z cpetke.

k——oo

21
f( 71n:vdx_ Z Ck/ z(k—n)
0 k=—o00
Now,

2 0 if k#n
/ eiw(k—n)dx _
0
2 if k=n
The coeflicients are then given by the relation:
1 27 1 a+2m )
n = 5o f(x)e ™ dy = ). f(x)e™*:n € Z.

Fourier Series
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So far, we have been interested in studying trigonometric series whose coefficients are known
from the start.
In this section, we will be interested in the inverse problem. We are given a function f : R — R,
27r-periodic. Under what additional conditions does it admit, in a domain D of R (to be specified),
a development in trigonometric series, and in the case where such a development exists, how to
determine D as well as the coefficients a,, and b,, corresponding?

4.1.9 Fourier Series of a Periodic Function

Let f : R — R be a 27-periodic function that is locally integrable on R, i.e., f is integrable
over any interval [a,b] C R.

Definition 4.1.21 The Fourier series associated with f is the trigonometric series

NE

+ ) (ancos(nx) + by, sin(nz)),

20
2

Il
MR

n

where the coefficients a, and by, are given by:

The numbers a,, and b, are called the Fourier coefficients of the function f.

) cos(nx)dx, VneN

)sin(nx)dz, Vn € N.

>H}—‘ >H»—‘

Notation 4.1.22 When the Fourier series of the function f converges at x € R, we denote its
sum by Sy(x), i.e.,

oo
= ?0 z:l ay cos(nx) + by, sin(nx)).

Remark 4.1.23 If f is a 2w-periodic function that is locally integrable on R, f is not necessarily
the sum of the Fourier series. That is, we may have Sy # f, as the following example shows.

Example 4.1.24 Let f be a 2mw-periodic function such that:

1 if zel0,n
flz) =

-1 if =x€]—m0]

To determine the Fourier series of f, we will calculate its coefficients. We have from proposition
4.1.12

1 2 1 T 1 0 1 m
ap = — f(x)dx = — f(z)dx = / —1d£B+/ ldx = 0.
™ Jo

T Jo L - T )

After calculation, we obtain

1 (" 1
an = — f(x)cosnxdr = — f(z) cosnzdr =0,
m™Jo 71'
and
1 27 ] 1 T ) 9 T )
b, = — f(x)sinnxdr = — f(x)sinnxdr = — f(z) sinnxdz,
m™Jo ™ J_x m™Jo
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o0 o—0 O—T —1 o0 o0 o—
Figure 4.1: Graph of the function f(x).

Thus,

0 if n s even

2 (T _i 1y —
bn_/o sin(nt)dt = (I—-(=1)"™)

™

A f n s odd

Consequently, the associated Fourier series is:

4 S sin(2n + 1)z
S = — _—, ¥V R.
@ =72 nzo o+l 0 C

For x = 0 we have

Y
11
X
6 -5 -4 -3 -2 -1 O 1 2 3 4 5 6

Figure 4.2: Graph of the function S¢(x).

$7(0) =0 # £(0) = 1.

This justifies that the sum of the Fourier series of f does not coincide with f.

Thus, we have the following theorem.

o0

Theorem 4.1.25 [f the series % + Z(an cos(nx) + by, sin(nz)) converges uniformly on R, then
n=1

it 1s the Fourier series of its sum.

[e.@]
a
Proof: Let’s show that the series ?0 + Z(an cos(nx) + by sin(nz)) is the Fourier series of its
n=1
sum S, i.e.,

1 /" 1 ("
ap = — S(z)cosnxdr and b, = / S(z) sinnxdx

™ J_x ™ J—x
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o
a
with S(z) = ?0 + Z(an cos(nz) + by sin(nz)), x € R. By hypothesis, the trigonometric series
n=1
converges uniformly, and since the functions © — f,,(x) = a,, cosnx + b, sin nx are continuous,
S is continuous. Furthermore, S is 2m-periodic.
We multiply S(x) by cosmaz and integrate the results term by term over [—m, 7], we then obtain,

s ao s +oo i
S(z) cosmadx = 5 cos mxdx + Z(an / cos nx cos mrdz

-7 -7 n—1 -7

+ b, / sin nx cos madz).

—T

Now,
™ 0 if n 75 m
/ cos(nz) cos(ma)dx =
m if n=m
/ cos(mx) sin(nx)dz =0
and,
/ cos(mx)dx = 0.
Hence,
S(x) cosmzdr = Tay,.
Therefore,
1 ™
am = — S(zx) cosmzdx.

—T

We multiply S(x) by sinmaz and integrate the results term by term over [—m, 7], we then obtain,

s ao s +0oo s
/ S(z) sinmadr = e sinmzdzx + Z(an / cos nx sin mzxdx

- - n—1 -

™
+ by, / sin nx cos mzdz).

—T

After calculation, we obtain
™

S(z) sinmzdr = why,.

Therefore,
1 s
by, = — S(z) sinmazdz.

4.1.10 Fourier Series of Even and Odd Functions

In what follows, we will frequently need the following well-known result involving the parity of
a function.

Lemma 4.1.26 Let g : R — R be a locally integrable function. Then,
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1. if g is odd, then for all a > 0,

2. if g is even, then for all a > 0,

As a consequence, we have:

Corollary 4.1.27 Let f: R — R be a 2w-periodic and locally integrable function. Then,
1. If f is odd, then the Fourier coefficients of f are:

a, =0, VYneN.
2 ™

by, = / f(z) sin(nz)dz.
T Jo

2. If f is even, then the Fourier coefficients of f are:

an = 2/ f(z) cos(nzx)dz.
T Jo
b, =0, VneN.

Thus, the Fourier series of an even function contains only cosines, and the Fourier series of an
odd function contains only sines.

Proof: If f is expandable in a Fourier series:

1. If f is odd:

e a, = 0 since the function z — f(x) cos(nx) is odd.

1 (7 2 (7
o b, =— f(x)sin(nx)dz = — / f(x) sin(nz)dz since the function x — f(x) sin(nz)
™ J_rx ™ Jo

is even.

2. If f is even:

® a,=— i f(x) cos(nz)dr = 2 /O7r f(z) cos(nz)dz

T s
since the function x — f(z) cos(nz) is even.

e b, = 0 since the function z — f(x)sin(nz) is odd.

Example 4.1.28 Let f be a 2mw-periodic function such that:

f@)=lz| 4 xel[-mm

Since [ is even, = b, = 0,Yn € N

We have N
1 (7 2 [T 2 [t
agz/ ytydtz/ tdt:<> -
T ) T Jo T™\2/,

181



and

™

1 2 (7 2 (|tsinnt T sin m‘,
an = — |t| cosntdt = — | tcosntdt = —
™ ) _x ™ Jo s 0

_ =2 ﬂsinntdt: 2 <cosnt>”: 2 ((_1)n_1):{0 if n is even
0

nm Jo nm n ™n? if n is odd

Thus, the sum of the Fourier series of f is given by:

77_fzcos2n+1 sER
N (2n+1)2

o0

4 1
since the series Z lan| = Z converges.
n>1 (2n + 1)

4 2n+1
Now, the series — Z 7(:08( nt Lz converges uniformly on R, so according to Theorem 4.1.25,
™ (2n + 1)2

we have f(x) = S(x),Vx € R.

—27 -7t 0 T 21

Figure 4.3: Graphs of the functions f(x) and S(x).

Remark 4.1.29

1. for x =0 we have f(0) =0 and since f(0) = S(0) we have:

T4 1 1 T
S(O)_O_2_7rr;)(2n+1)2(:>r;)(2n+1)2_8

2. By writing

We then deduce:

or



Pointwise Convergence of Fourier Series: Dirichlet’s Theorem

[e.e]

Let % + Z(an cos(nx) + by, sin(nx)) be a Fourier series of a function f. We ask the following
n=1

questions:

1. Does the Fourier series associated with f converge?
2. If it converges, can we say that the series converges to f7

3. If this series converges without converging to f(x), x € R. What is the sum of this series?

The following theorem, called Dirichlet’s theorem, answers the above questions.
Before stating the theorem, let us recall the notion of a discontinuity of the first kind and the
Riemann-Lebesgue lemma.

Definition 4.1.30 A function f has a discontinuity of the first kind at a point xq if the right
and left limits of xq exist. (These are not necessarily equal except in the case of continuity.)

Lemma 4.1.31 (Riemann-Lebesgue Lemma) Let I be an interval and f : R — C integrable.
Then

lim /f(t) cosntdt =0 and lim f(t)sinntdt = 0.
I

n—+oo n—+oo I

Remark 4.1.32 This lemma makes it possible to demonstrate the decay to 0 of the Fourier
coefficients. It is particularly easy to prove if f is of class C* on [a,b]: it suffices to perform
integration by parts!

More generally, under the same assumptions,

lim / f(t)e stat = 0.
I

s—+oo

Theorem 4.1.33 (Dirichlet’s Theorem) Let f : R — R be a periodic function with period
T = 27 satisfying the following conditions (called Dirichlet’s conditions):

D1) The discontinuities of f (if they exist) are of the first kind and are finite in number in any
finite interval.

D1) f has a right derivative and a left derivative at every point.

Then the Fourier series associated with f is convergent and we have:

(o ¢]
a :
?0 + Z [ay, cos(nx) + by, sin(nz)]
n=1
f(x) if f is continuous at
= + -
w if f is discontinuous at x

Moreover, the convergence is uniform on any interval where the function f is continuous.

The notations f(zd) and f(xy ) represent the right and left limits of f at the point x, respec-
tively.
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Proof: Let S,(xg) be the partial sum of order n of the Fourier series of f defined by

Sp(w0) = % + 3 (ap cos(po) + by sin(pap)).
p=1

Taking into account the expression of the Fourier coefficients of f, we have
Sutan) = 5= [ st
o) = —
n\L0 o .

n
1
— t tdt i
—l—pE:l - <cospx0/ f(t)cosp —|—s1npx0/

—Tr —Tr

s ™

f(t)sin ptdt> :

Thus,

I 1 (7
Sn(z0) = By f(t)dt + Z - / (cos pxg cos pt + sin pzg sin pt) f(t)dt.
-7 p—1 -7

Using trigonometric formulas, we obtain

Sy(xo) = ! /7r F) (142 cosp(t— o) | dt. (4.2)

2 J_, =

And since,

. [sinf(2n + 1) (t _25”())]
l—i-QZcosp(t—xo): — .
p=l1 sin (t mo)

Therefore, equation (4.2) becomes

e lml@n) (t _2f”°>]dt

Sn(z0) = o _Wf(t) ' (t — $0> (4.3)
sin | ——
2
Making a change of variable u = ¢ — x in (4.3), we obtain
| a0 [sin[(2n + 1) (%)]
Sn(xg) = / f(u+ o) du. (4.4)

27 J—r—ao sin (%)

Since the function to be integrated is 2m-periodic because f and sine are, and it is piecewise

sin[(2n + 1) (3)

2
sin (ﬁ)
2

continuous on | — m, 7| because f is piecewise differentiable and u — is C! on

| — m, w]. Therefore, by application of proposition 4.1.12, (4.4) becomes

™ [sin(2n + 1) 4 ]
Sulwo) = o= [ flu+ o) () du

L

184




This can be written as the sum of two integrals as follows:

=Y
2

- % /07T fu+ z0) [Sm[(z:l—gi)) <§>] du.
2

Making a change of variable u = —u in the first integral, we obtain

. [sin[(2n + 1) (2]
Sn(ﬂﬁo):?lﬂ/o (f(zo —u) + f(zo + u)) —u <2) du.
sin ()
We now set
_ flzg) + f(=g)
Yo 2 )
Then
Sn(xo) —yo = % 07r g(u)sin[(2n + 1) <g>]du,

where g is a mapping from |0, 7| to R defined by

flwo—u) — flag) + f(zo +u) — f(xg)

BT}
SlIl2

g(u) =

Since by hypothesis f is piecewise differentiable, the following two limits exist:

B = lim f(xo =) = J(2) and a = lim f(zotu) = f(xg).

u—0 u u—0 u

Consequently

lim g(u) = 2(5 + ).

Thus, the mapping g can be extended by continuity at 0. Since f is 2m-periodic and piecewise
differentiable on an interval of length 27, the mapping ¢ is piecewise continuous on [0, 7| and
therefore Riemann integrable on [0, 7]. We deduce from the Riemann-Lebesgue lemma that

n——+oo 27

. 1 & . u
lim /0 g(u)sin[(2n + 1)(§)du = 0.

Therefore,
lim (Sp(zo) —yo) =0.

n—-+oo

Thus, the sequence (S, (zp)), converges and has limit yg. If, in particular, f is continuous at z,
then

f(wg) = f(@§) = f(=o).

Consequently,

Ty xh
wo =TI _ yio)

and (Sy(zo))n converges and has limit f(zo). Hence, Dirichlet’s theorem is proved. O

Remark 4.1.34 There is another theorem equivalent to Theorem 4.1.33 due to Jordan.
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Theorem 4.1.35 (Jordan’s Theorem) Let f: R — R be a 2w-periodic function satisfying:
J1) f is bounded: M > 0 such that |f(x)| < M for all x.

J2) On any interval of length 2w, f has bounded variation (equivalently, f can be written as
the difference of two bounded increasing functions on such intervals).

Then the Fourier series of f converges pointwise to

S = 101+ S

at every x € R, where f(x%) and f(x~) denote the right-hand and left-hand limits of f at x. In
particular, if f is continuous at xz, then S(x) = f(z).

Moreover, if f is continuous on a closed interval [a,b], then the convergence of the Fourier
series is uniform on [a,b).

Proof: We outline the key steps; a full detailed proof requires several lemmas about functions
of bounded variation and their Fourier series.

Step 1: Reduction to a single point. By periodicity, it suffices to study convergence on
[—7,m]. Fix 29 € (—m, 7). The N-th partial sum of the Fourier series is

S (z0) = % _W F(z) D (0 — 7) da,

where Dy(t) = W is the Dirichlet kernel. By periodicity and a change of variables

t = x¢g — x, we obtain
1 ™
SN(:L'()) = ; f(.CC[) - t)DN(t) dt.

Since L [T Dy(t)dt =1, we can write
fzg) + flazg) _ 1

SN(iL‘o)—Q:W/Oﬂ[f(xO"i‘t)+f(x0_t)_f($8_)_f(xa)]

sin((N +1/2)t)

2sin(t/2)

Step 2: Use of condition (J2) — bounded variation. The hypothesis (J2) means f has
bounded variation on [zg — 7, 29 + 7]. A key property: if g is of bounded variation on [a, b], then

b
lim g(t)sin(Nt)dt = 0.

N—oo J,

Indeed, by integration by parts (Riemann-Stieltjes sense) or by approximating g by step functions,
one shows the Fourier coefficients of a function of bounded variation are O(1/n).

Write
flzo+1t) = flag) + flwo —t) — f(xg)
2sin(t/2) ’

The function ¢(t) is of bounded variation on [0, 7] because:

p(t) =

o f(xg+1t)and f(xp—t) are of bounded variation in ¢,

e 25in(¢/2) is smooth and bounded away from 0 on [0, 7], and near ¢t = 0,

flzo+1t) = flag)  flwo+1t) — flag) t

2sin(t/2) t " 2sin(t/2)

and the first factor is of bounded variation because f is of bounded variation (its derivative
in the distribution sense is a finite measure).
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Step 3: Application of the Riemann-Lebesgue lemma for BV functions. Since ¢ is
of bounded variation on [0, 7], by the Riemann-Lebesgue lemma for BV functions,

™

lim @(t)sin((N + 1/2)t)dt = 0.

N—o0 Jo
But
S (o) — W _ i/oﬁ (1) sin((N + 1/2)t) dt.
Hence
flag) + f(zg)

I = LT/ T
Ngnoo SN(IEO) 2

Step 4: Uniform convergence on intervals of continuity. If f is continuous on a closed
interval [a,b], then f is uniformly continuous there. The Dirichlet kernel convolution formula
can be analyzed more carefully; one uses the fact that the Fejér means converge uniformly
for continuous periodic functions (Fejér’s theorem), and then uses the uniform boundedness of
partial sums for functions of bounded variation (using the Dirichlet-Jordan test). A precise
argument employs the fact that the Fourier series is uniformly Cesaro summable to f on [a, b],
and for functions of bounded variation, the Fourier series itself (not just Cesaro means) converges
uniformly on any closed interval of continuity. Il

Remark 4.1.36 Condition (J2) as originally stated in some formulations ("piecewise mono-
tone") is a special case of bounded variation. Indeed, a piecewise monotone bounded function on
a finite interval is of bounded variation.

As a consequence of the above, we have

Corollary 4.1.37 If f is a 2m-periodic function of class C% on R, then the Fourier series of f
converges normally on R and has sum f.

Example 4.1.38

1. Let f:] —m, ] — R be a periodic function, T = 27 defined by f(z) = x.

a) The discontinuities of f are the points of the form x = (2k + )7,k € Z and are of
the first kind because f(77) =7 and f(7~) = —7

b) f is differentiable everywhere except at the points xy. At these points we have:

fim T® = g i { @)

T Tr—T z—mt r—T

= 1.

f satisfies Dirichlet’s conditions, so it is expandable in a Fourier series.

f is odd, so ag = a, =0 and

1 ™ 2 ™ -1 n+1
by, = / xsin(nz)dr = / xsin(nz)dr = QL
T T Jo n

—Tr

and consequently

X (_1\n+1
flz) =2 Z (12 sin(nz)
n=1

2. Let f: [—m,m] — R be a function with period T = 27, defined by f(x) = |z|.
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a) We have |f(z)| <

b) fi—=, is decreasing and continuous and fjo ) is increasing and continuous.

f satisfies the conditions of Jordan’s theorem, so it is expandable in a Fourier series. More-
over, f is even, which gives us b, = 0.

1 [" 2 ("
ap = — f(x)dm:ﬂ_/ xdr =7
0

o [m 0 if n  even
a, = / 7|x| cos(nz)dr = / x cos(nz)dxr =
T J_x ™ Jo

—# if n  odd

o0
(2 1)z
The Fourier series then converges to f and we have f(x g E COS2 Tf:_l
n

n=1

Since f is continuous, the convergence is uniform.

[e.e]

4
Finally, note that the equality f(0) = 0 translates to - =— o5 and consequently

0
n= 1
2 - i 1
R (99 - 1)2
8 = (2n+1)
One of the particularities of Fourier series is the calculation of the sums of certain infinite
series.

4.1.11 Fourier Series of Functions with Arbitrary Period

Let f be a 2l-periodic function, { > 0. To find the Fourier series of f, we make the following
change of variable:

It
T=—.
7r
Then,
It
g(t) = f(7)7
7r

is 2m-periodic. Indeed, for k € Z

g(t+2km) = f (l(”%”)) —f <lt +2kl>

™

And since f is a 2[-periodic function, we have
It It
() = (%) =t

g(t + 2km) = g(t).

Thus,
Under Dirichlet’s conditions applied to the function g, we will have
ap <X
g(t) = ?0 + Z(an cos nt + by, sinnt)

n=0
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where t is a point of continuity of ¢ and where

1 (7 1 /7
ap, = / g(t) cosntdt, b, = / g(t) sin ntdt.
™ J_r T J—x

Therefore,

™

1 s It 1 ™ It
an = / f () cosntdt, b, = / f () sin ntdt. (4.6)
) .\« ) .\«

t = %x and dt = %daz

It Ry
f (> =% + Z(an cosnt + by, sinnt), (4.5)
2 n=0

where

t
Now, x = — so
s

Moreover, if t = 7 then x = +l. Replacing t by its value in (4.5) and (4.6) , we obtain the
Fourier series for a period 2[, given by:

+oo
f(z)= % + n;o(an cos nl—ﬂzn + by, sin nTﬂx),

where l l
1 1
ap = / f (z)cos Txdac, by, = / f (z)sin O da.
I ] l L) [
Example 4.1.39 Consider the 2l-periodic function f with I > 0, defined by
flz)=|z| for —1<ax<lI.
Since f is even, the Fourier coefficients of f are:

by, = 0,

9 l
aoz/xdx:l,
L' Jo

0 fn even
2 [l nmw f
an =- | zcos—dx =

0

! l ——3 ifn odd
Thus, the Fourier series for a period 2l is given by:
) = I 4l |cosTx cos?’T’r:U+ +coswm+

4.1.12 Fourier Series in Complex Form

This representation of Fourier series in the form of the sum of sine and cosine functions is not
unique. Indeed, we can also express the Fourier sum in exponential form, which simplifies the
writing and calculations.

Let f be a 2w-periodic function such that

+oo
ao .
f(z) = o> + g (an cosnz + by, sinnx)

n=0
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Therefore, according to subsection 4.1.8, the complex form of the Fourier series can be written
in the following form:

@)=Y cue™,

where

1 7 -
Cn = — f(z)e "™ dx Vn € Z.

T o r

4.1.13 Fourier Series Expansion of Non-Periodic Functions

It is clear that the Fourier series expansion is performed on periodic functions. However, it is
possible, in certain cases, to make such expansions for arbitrary functions.

Let f : [a,b] — R be a non-periodic function defined on the interval [a,b]. Let g : R — R be
a periodic function with period T > b — a such that the restriction g, = f. If g satisfies the
Dirichlet’s conditions, we will have:

o0
g(z) = % + Z [a,, cos(nx) + by, sin(nx)]
n=1
with a, and b, the Fourier coefficients associated with g. The sum of this series coincides
everywhere with f in the interval [a, b] except perhaps at the points of discontinuity of f.

Remark 4.1.40 Let f:]0,4[— R be an arbitrary function, and £ > 0. We assume that f can
be extended to | — £,0[ and that Dirichlet’s or Jordan’s conditions are satisfied. In this case, we
have a choice for this extension. We can choose either an even extension or an odd extension to
avoid lengthy calculations of the coefficients.

Example 4.1.41 Give a Fourier series of period 27 that coincides on 0,7 [ with the function
f(z) =e".
Here we only specify the interval where the Fourier series coincides with f, i.e. |0,w[. As the
period of the Fourier series is 2w, there are then infinitely many answers; let us examine three
different cases.

Let fi,i = 1,2,3, be the extension of f to the entire real line. fz will be a function of period
27 that is exactly €* for all x in |0, x|.

a) Let us choose an even extension and set:

e’ if  x€]0,7
e if x€l—m0]

It is easy to check that fi is an even function. Setting fl(()) =1 and fl(ﬂ) = €™, we then
have a continuous extension on R. The graph of f1 and the graph of the Fourier series will
be identical.

Calculating the coefficients gives:

2(e™ -1
=20

- W and bn =0.

We then have:
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TS (L) 1 e if xelo,m

e if xe[-m0]

Tt
Figure 4.4: Graph of the function f(x).

T

Figure 4.5: Graph of the function S;(z) identical to that of fi.

b) Let us choose an odd extension and set:

e’ if  x€]0,7
—e " f x€]—m0]

We note that fo is an odd function but is not continuous on R. It is discontinuous at every
point of the form km, k € Z.

Calculating the coefficients gives:

an=0YneN, b,= 2n (1 — (=1)"7)

7 (14 n?)
We then have:
o e’ if x €]0, 7|
Sa(z) = Z 2n (71(_1 :_—:Lg;e”) sin(nz) =< —e 7 if z €] —m,0]
n=1 0if z=0oux==xmr
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3n
_en
Figure 4.6: Graph of the function fg(:c)
87 i cme nesmn - 0
—3n -7
g T 3n
............. _em

Figure 4.7: Graph of the series Sa(x).

¢) Let us choose an extension that is neither even nor odd and set: f3(x) = e® if x €] —m, x|

We note that f is discontinuous at every point of the form w + 2kw, k € Z. We have the
final result:

e — e T X (_1\n € ifl'E]-T(,ﬂ'[
S3(z) = Y (; + Z (=1) (cos(nx) — nsin(nx)))

= eTr _'_efﬂ' )

e+l — ifr==%7
We have obtained three different series that are exactly equal to €* on the interval |0, 7.
We could have chosen other extensions and obtained other series.

—AT I T 3n

Figure 4.8: Graph of the function f3(z).

Remark 4.1.42 If we wanted a Fourier series with period w, then there is only one that
coincides with f on |0, x].

We find;

- T 0, 7]
2(e" 1) (1 1 . Y v el
Si(z) =" 2=+ ———(cos(2nx) — 2n sin(2nx = ™
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= I T 3n

Figure 4.9: Graph of the series S3(x).

=27 —Tt 3n

Figure 4.10: graph of the series Sy(x).

4.1.14 Bessel’s Inequality

The following proposition is called Bessel’s inequality. It follows from the projection theorem on
a finite-dimensional space.

Proposition 4.1.43 Let f : R — C be a 2mw-periodic function, Riemann integrable on [0, 2],
with Fourier coefficients ay, and by,,. Then the infinite series Z |lan|? and Z |bn|? converge, and

n>1 n>1
we have ) )
|ao| 2 2 L[ 2
T Jo
n>1
In the case of complex coefficients, Bessel’s inequality is written as:
+oo 1 2w
> leaP < o [ If@) P,
= T Jo
n=-—o00

Proof: Let us prove the complex form, which implies the real form via the relations
ag an — tby,
2
|an|2 + |bn|2
2
1. Setup. Consider the N-th partial sum of the Fourier exponential series:

(n>0), c_p=70¢, (n>0),

and the identity |c,|* + |c_p|? = forn > 1.

N
Sn(z) = Z cne™”,
n=—N

where
1 °n int d
= t)e™ t.
Cn o Jy f(t)e
Define the approximation error
1 27 9
EN:2— |f(z) = Sy ()| da.
T Jo
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2. Expansion of the error. Since f and Sy are 2w-periodic, we may compute over any
interval of length 27. Expanding the square gives

1 2 27

1
By =g | 1@ = o [ @Sy de

1 2

_ 1 27 )
~ 5 ; f(x)SN(a:)dx+27T/0 |Sn(z)|” d.

3. Orthogonality relations. For the mixed terms, use the definition of ¢, and the orthog-

onality
2 3 —
i ei(n—k)x do — 6nk _ 1 ifn= k, '
27 Jo 0 ifn#k.

Indeed,

1 2 1 27r N

o | @S Sy (x) Jdz = o~ Z e~ g = Z G- — % ( )e~ M dy = Z lenl?.

Similarly,

For the purely trigonometric term,
1 2m 9 1 N .
L[ Csswra 3 [T ametrans 3 el
0 0 —Nm=—N n=—N
again by orthogonality.

4. Expression of the error. Substituting these results into Ey yields

1

N
oy =g [ TP — Y el
n=—N

5. Positivity of Ey. Since Ey is the integral of a non-negative function,
Ex >0 forall N

Hence
2

Al 1
> lel < 5 [l
n=—N

Letting N — oo, we obtain Bessel’s inequality in complex form:

+00 27
>l <5 [ @R

n=—oo

6. Real form. Using the relations between (a,,b,) and (cy), we have

’an’2 + ’bn‘Q
2

|ag|?

ol === leal® +le—nl® =

(n>1).
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Therefore

+oo 2 s 2 2
ao a +|b
55 oo = 0P | S ol 4l
n=-—00 n=1
Multiplying Bessel’s complex inequality by 2 gives
laol® | < 2 2 L[ 2
ot D (lanl® +10af) < — [ |f () da.
T Jo
n=1
N
7. Convergence of the series. Since the partial sums Z |cn|2 are bounded above by

n=—N

1 2
the fixed constant or / |f ]2, and they are increasing with N, they converge by the monotone
T Jo

o0 o0
convergence theorem. Consequently, g |lan|? and g |bn|? also converge. ]
n=1 n=1

4.1.15 Parseval’s Identity

The following result, which we will admit, is due to Parseval and is of great importance in signal
processing. Parseval’s formula indicates that the total energy of a periodic signal is obtained by
summing the energy of the different harmonics of the signal. It is an improvement on Bessel’s
inequality.

Theorem 4.1.44 (Parseval’s Identity) Let f : R — C be a 2mw-periodic function, Riemann
integrable on [0, 27|, with Fourier coefficients a, and by. Then the infinite series Z lan|* and

n>1
Z bp|* converge, and we have
n>1
L[ 2 |aol® 2 2
p |f(z)["dz = — T Z(|an| + [bn 7).
0 n>1
In the case of complex coefficients, Parseval’s identity is written as:
12 2 2 ~— 2 2
o [ f@)7dz = el + 3 (lenl® + le-nl).
0 n=1
Proof: For the proof, see [7]. O

Remark 4.1.45 If f is T-periodic and satisfies the hypotheses of the previous theorem, Parse-
val’s identity can be written as:

2 (% pode = O 4 S anf? + bl
T _7/1_‘ - 2 n n .

n>1
Remark 4.1.46 Parseval’s identity allows us to assert that there exist trigonometric series that

are not the Fourier series of any periodic and integrable function. For example, the trigonometric

1
series Z —sinnz. According to Abel’s rule, this series converges pointwise on R\{27Z}.

n>1 \/ﬁ

Moreover, for x = 217, this series is the null series, so it converges pointwise on R. If this
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trigonometric series were the Fourier series of a function f that is 2mw-periodic and Riemann
integrable on [0, 27|, we would then have

It |
— dr = —.
L vere=31

This equality leads to a contradiction because, since f is square integrable on [0, 2], the integral
+oo

e 1
/ |f(z)|>dz is well-defined, whereas the series Z — diverges.
m™Jo nzln
Remark 4.1.47
1. If f has period 2w, we have:
agoosz_land_and
2_'_7121(0%_‘_ n)_;o f(.%')l'—; —ﬂf(x)x

2 o s
2
f even function = f? even function =—> % + g a? = / f2(z)dx
0

2
/0 ' f(z)dx

n=1
oo
2
f odd function = f* even function = Zbi = -
T

n=1

4.1.16 Applications

Example 4.1.48 Let f be a 2mw-periodic function such that:

1 if z€l0,n]

-1 if xe€]—m0]

o—-0 o—-0 Q—T —1 o——-0 o——-0 o—
Figure 4.11: graph of the function f(x).

Since f is an odd function = a, = 0,Vn € N.
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We have

9 0 if n  is even

2 [T _ 2 0y —
bn_/o sin(nt)dt = (I—-(=1)"™)

nm

A if n s odd

The Fourier series associated with it 1s:

*_ i (9m . 1 4if x€l0,7
S(@) = L3R sinCnt o

™ 2n+1
n=0
0 o z=0o0rxz=m
—_—0 o—-0 o—--0 1()—0 O ] O ]
—s ® . 2. 2 £ 2. ® o
S5 A4n -3n -2n - 0 2n 3n 4n Bm

o——o0 o——0 o—r-l o——0 o—o0 o—

Figure 4.12: graph of the function S(x).

Remark 4.1.49 For x = 7/2 we have

4 Ksin(2n + 1D)71/2 4 o= (—1)"
St/ =1y B INE_ 25 U
n=0 n=0

2n +1 2n +1
We obtain:
oo
—1)" 1 1 1
S A R S
n:02n+1 3 5 7 4

Applying Parseval’s identity:

1
/ fA(®) dt_2_z7r2'(2n+1)2

and we therefore obtain:

o0

Y o=
e
n:0(2n+1) 8

o0
1
Remark 4.1.50 Let S = g — be a convergent series according to the Riemann criterion. By
n

| " <1 & >
separating the even and odd terms, we have: S = Z (2n)? + Z (2n + 1) (x). As Z (2n)2 -
n=1 n=0 n=1
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1 11 S
Z Pyl Z 2= substituting in the equality (x) we have:

o0

S & 1 38 1
S_4+nz:;)(2n+1)2<:>4 7;)2714-1) 7{:>S ZnQ_i

The complex method:

0 ) ™ ) 1 —int\ 0 —int\ T
/ —lntf (/ _e—zntdt+/ e—zntdt> _ = [(e > I <e . )
o 0 2m mn ) _ . —in /,

:—iil)—l/Q( ~iby)

™n

Example 4.1.51 Let f be a 2mw-periodic function such that:

f@) =zl if wel-m]

Since f is an even function = b, = 0,Yn € N

We have
1 [7 2 [T 2 (2\"
ao:/ ]t]dt:/ tdtz() -
™) T Jo T\2/,

1 (7 2 [T 2 tsinnt T sin nt
an = — |t| cosntdt = — | tcosntdt = —
T - Y 0 T 0

_ 2 Wsinntdt:2<cosnt>ﬂ: 2 (- {0 if nis even
0

nm Jo nm n n? =4 ifnis odd

and

The associated series is therefore:
™ 4 Z cos(2n + 1)z
(2n + 1)2

Since [ is a continuous function on R, and has right and left derivatives everywhere, then
f(z) = S(z),Vz € R.

=27 -7t 0 yp 27

Figure 4.13: graph of the function f(x) and that of S(z).

Remark 4.1.52
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1. for x = 0 we have f(0) =0 and since f(0) = S(0) we obtain:

0 2

T4 1 1 T
S(O)_O_2—7r;(2n+1)2(:>;(2n+1)2_8

Parseval’s identity gives:

1 5 [, w2 7r2 1 16
— t2dt = — =
2m f() 277/ 3 2 7r222n—|—1

—T

Therefore
o
> G =5
— (2n+1)4 ~ 9%
2. By writing
o oo o0
1 1 1
S —_— =
D=2 myi P @
n=1 n=1

We then deduce:

or

4.2 Exercises of the Chapter

Exercise 4.2.1 Calculate the trigonometric Fourier series of the 2m-periodic function f : R — R
such that f(x) = m — |x| on (—m,7|. Does the series converge to f?

Correction 4.2.1 [t is easy to see that the function f is even, so the coefficients b, are all zero,
and

i ™ ™ 2 " )
- 727/0 f(t) cos(nt) dt = 2/0 cos(nt) dt—2/0 t cos(nt) dt = { wn? (1—=(=1)™) ifn#0,

T T if n = 0.
Thus, we have:

SF()H =15+ (2k4+1)2 cos((2k + 1)¢).

k>1

Since the function f is continuous on R, Dirichlet’s theorem shows that the series converges
to f at every point of R.

Exercise 4.2.2 Culculate the Fourier series, in trigonometric form, of the 2mw-periodic function
f:R — R such that f(z) = 22 on [0,2m). Does the series converge to f?
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0

woln |-

—f@) =7 —|al |

Figure 4.14: 2w-periodic function f(x) = 7 — |z| on (—7, 7] and its periodic extension

Correction 4.2.2 The function f is neither even nor odd. We will calculate its trigonometric
Fourier coefficients.

On the one hand,

n

2m 27
[_ t cosgnt) ] N / cos(;zt) dt}
n 0 0 n

[tQ sin(nt)] S /27r 2t sin(nt)

— —=dt
0

2

77

and

2m
/ t? sin(nt) dt
0

1
T
2 27 2
1 { [_t cos(nt)} +/ 2t cos(nt) dt}
v n 0 0 n

2 . 2T Py
1 {_47r N {216 51n2(nt)] B 2/ sm(;”nf) dt}
v n n 0 0 n

4 2 {cos(nt)] 2
+ —
m

0
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Thus, we have:

2 cos(n 7 sin(n
SFU0 = 5 +a Y (S0 - )

n
n>1

The function f satisfies the hypotheses of Dirichlet’s theorem, and the Fourier series SF(f)
converges for all t to

[t +ft) _ [F@) ift # 2nZ,
2 212 ift = 2nZ.

Graph of the 2n-periodic function f(x) = x? on [0, 2n)
40+

— fix)=x%on [0, 2n)

351

-5.0 =25 0.0 2.5 5.0 7.5 10.0 125

Exercise 4.2.3 Let f : R — R be a 2w-periodic, odd function, such that

)1 ifz €)0,7]
f(x)_{O ife=m.

1. Calculate the trigonometric Fourier coefficients of f.
2. Study the convergence (pointwise, uniform) of the Fourier series of f.

3. Deduce the values of the sums

Correction 4.2.3
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1. Since the function f is odd, a, =0 for alln € N. Forn > 1,

ba(f) = 2/07Tsin(nt) dt — [_COS(”t)r _ 21— (=" _ {fn if n is odd,

™ n 0o T n 0 ifn is even.

The trigonometric Fourier series of f is therefore given by

SE(f)(t) = g T sin((2k + 1)t).

2. The function f satisfies the hypotheses of Dirichlet’s theorem, so the series SF(f) converges

at every t to . -
V) _ g

3. Fort=m/2, we have:
sin((2k + 1)t) = sin (g + /m) — (—1)k,

S0

= (-1 w,yw T
22/@-121:4"((2):4'

k=0

Since f is odd, Parseval’s equality gives

1 [7 8 — 1
2
— dt = b ( — —_—
27 @ Z| s kZ_O(Qk‘—I—l)?’
S0
2
— (2k+1) 8
Next, we have:
o o o o
1 1 1 ™ 1 1
;n? _kZ::O(Qk—i—l)Q +; (2k)2 _8+4nzn2’
S0
S_4n
n2 3 8 6
n=1
Finally,
i (-1t i 1 i 1 2 1 7 g2
2 2 279 1 @& T
 n S (2k+1)7 = (2k)2 8 4 6 12

Exercise 4.2.4 Let f : R — R be the 2m-periodic function such that f(z) = €* for all x €]—7, 7).
1. Compute the exponential Fourier coefficients of the function f.
2. Study the convergence (pointwise and uniform) of the Fourier series of f.

3. Deduce the values of the sums

oo [ee]
(=" 1
ZnQ—i-l’ T;)nQ—I—l'

n=0
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f{)g)o _A 2n-periodic function with f(x) = 1 for x € [0, m) and f(x) =0 for x € [n, 2n)

1.25¢

1.007

0.75f

0.50f

f(x)

0.25f

0.00

-0.251

~0.50 -5.0 -2.5 0.0 25 5.0 1.5 10.0

Correction 4.2.4

1. We have:

e(l=in)m _ —(1—in)mw
1—-1n

12.5

2. It is easy to verify that the hypotheses of Dirichlet’s theorem are satisfied. It follows that:

SF(f)(t) = C[)(f) + Z (Cn(f)emt + C_n(f)efmt)

n>1

converges to f(t) if t €] — m, x|, and to (f(x+) + f(7n7))/2 = cosh(n) if t = 7. In other

words:
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. t .

sinh () 3 (D" e _ ) € @.ft €] —m, 7|,

T e 1—in cosh(m) ift=.

Since the sum function is not continuous, the convergence cannot be uniform.

3. Fort =0, we obtain:

sinh () (=1
1=
T Z 1—1in’
neZ

which gives:

T > 1 1 = 2(—1)"
sinh(m) +Z( ) <1—in+1+in> 4—712_:01+n27

hence:

> =1 (s 1),

For t =, we obtain:

sinh (7 1
cosh(m) = () Z T

™
nel

which gives:

™ 1 — 2
- -1
th(m) él—in +nZ:01+nQ’

hence:
o0

2143712:;(%%+1>.

n=0
Exercise 4.2.5 Let f : R — R be the 2m-periodic function defined by:
f($) = ($ - 7T)27 YIS [0727T[
1. Compute the trigonometric Fourier coefficients of the function f.

2. Study the convergence of the Fourier series of f.

3. Deduce the sums of the series.

>EX oy L

n=1 n=1
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Graph of f(x) Over a Single Period

— fix)=eXforx € (-m, n]
20t
15+
X
= 10 L
5 L
0 . i ‘ i
-3 =2 -1 0 2 3
X
Graph of f(x) Over Multiple Periods
20t
15}
8 fix) extended as 2n1-periodic
= 10 L
5 L
0 i 5
-6 -4 =2 0 4 6
X

4. Using Parseval’s formula, show the equality:

oo
n=0

Correction 4.2.5

1 T
2 1= g5

1. We note that f is an even function, so by(f) =0 for all n. Furthermore:

wh =1 [Tw-mpa=t[

and, for alln > 1:

= " 42 cos(ny) dy

-7
4
n2

}ﬂ B 272
iy

1
dey:[
™

(z — )% cos(nz) dz

cos(ny + nm) dy

(=1)"m

3

where two integration’s by parts were performed. The Fourier series of f is therefore:
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2 oo

SF(f)(z) = £+4Z cos(na:)‘

3 n?

n=1

2. The function f is of class €*(R). Thus, Dirichlet’s theorem implies that for all x € R,
SE(f)(z) = f(z).

3. From the previous question:

9 w2 1 w2 >
T :f(o):§+42ﬁ and 0:f(7r):§+4z
n=1 n=1

(=n"
n2

We deduce that:

o0 o0

1 2 —1)" 2
LT e T
n:1n2 6 — n2 12

4. Applying Parseval’s equality:

(l2 e ) ) 1 27 )
D@ = [ P
n=1 TJo
we obtain: ) -
27t 1 [T 4 2t 16
o) =S
n=1
Thus, we conclude:
17090
—n 90
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10

fix)

Graph of the periodic function f(x) = (x — m)?

— fix)=(x—m?
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Chapter 5

Improper Integral

5.1 Definitions and First Properties

Most of the integrals you will encounter are not areas of bounded domains in the plane. Here
we will learn how to calculate integrals of unbounded domains, either because the interval of
integration is infinite (going up to +o0o or —oo), or because the function to be integrated tends
to infinity at the bounds of the interval. Indeed, for any closed bounded interval I = [a,b] with a
and b real, and for any function f that is continuous or piecewise continuous on I, it is possible to

define the Riemann integral / f(t)dt as the limit of Riemann sums. It is a matter of extending

this definition to functions defined on the open interval |a, b] bounded or not.

5.1.1 Singular Points

Consider for example the function f which associates to ¢t €] — 0o, 0[U]0, +oo [ the value f(t) =
sin |t|

ik

. How can we give meaning to the integral of f on R?

B .

Ny N f

e First, we identify the singular points, either +00 or —oo on the one hand, and on the other
hand the point or points in the neighborhood of which the function is not bounded (¢t =0
in our example).

e We then divide each interval of integration into as many intervals as necessary so that each
of them contains only one singular point, placed at one of the two bounds.

e We want a definition that respects Chasles’ relation. Thus, the integral over the complete
interval is the sum of the integrals over the intervals of the subdivision.

t

e In the example of the function f(t) = S;n i above, it is necessary to divide the two intervals
tl2

of definition | — 0o, 0[ and |0, +oo] into 4 subintervals: 2 to isolate —oo and +o00, and 2

others for the singular point 0.
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e We can write for this example:

/:o ft)dt = /O: f)dt + /01 f(t)dt + /01 f(t)dt + /1+oo F(t)dt

e The only goal is to isolate the difficulties: the choices of -1 and 1 as subdivision points are
arbitrary (for example -3 and 10 would have been just as good).

5.1.2 Convergence/Divergence

Through this subdivision, and by changing the variable ¢ — —t, we are reduced to integrals of

two types.

1. Integral over [a, +o0l.

2. Integral over ]a,b], with the function unbounded at a.

We must therefore define an integral, called an improper integral, in these two cases.

Definition 5.1.1

1. Let [ be a continuous function on [a,+oc[ where a € R. We say that the integral
+o0
f(t)dt converges if the limit, as x tends to +oo, of the primitive / f(t)dt exists

and is finite. If this is the case, we set:

[ swar= [ s0

Otherwise, we say that the integral diverges.

b
2. Let f be a continuous function on la,b]. We say that the integral / f(t)dt converges if
a

b
the right-hand limit, as x tends to a, of/ f(t)dt exists and is finite. If this is the case,
X

we set:

/f ~ lim, bf()

T—a™t

Otherwise, we say that the integral diverges.

Remark 5.1.2 Convergence is therefore equivalent to a finite limit. Divergence means either
that there is mo limit, or that the limit is infinite.

e Observe that the second definition is consistent with the integral of a function that would
b

be continuous on [a,b] as a whole (instead of Ja,b]). We know that the primitive / f(t)de
is a continuous function. Consequently, the usual integral / f(t)dt is also the limit of

b
/ f(t)dt (as x — a™ ). In this case, the two integrals coincide.
x
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Examples 5.1.3 When we can calculate a primitive F(z) of the function to be integrated (for
x
example F(x) = f(t)dt), the study of convergence is reduced to a calculation of the limit of

a
F(x). Here are several examples.

1. The integral

400 1
/0 152 dt  converges.

Indeed,

€T

1

/ ——— dt = [arctant]j = arctanx  and lim arctanz = —.
o 1+1 x—-+00 2

We can write:

oo g oo | T
/0 e dt = [arctant]; > = 5

provided we remember that [arctant]> denotes a limit at +o00.

This proves that the area under the curve is not bounded, but its area is finite!

2. Howewver, the integral

+o00 1
/ —— dt  diverges.
0 1+t

Indeed,

Tl
/ 1 dt =In(1+8)]f =In(1 +2z) and lim In(1+ z) = +oo.
0

T—+00

3. The integral

1
/ Int dt  converges.
0

Indeed, we can write:

z—0t

1
/ Intdt =[tlnt —t]l =z —2zlnz—1 and lim (z—zlnz—1)=—1

1
/ Int dt = [tInt —t]§ = —1
0
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4. However, the integral

dt  diverges.

~ | =

/

1
1
/tdt:[lnt]i:—lnx and  lim —Ilnzx = +o0

Indeed,

z—0t

5.1.3 Chasles’ Relation

When it converges, this new integral satisfies the same properties as the usual Riemann integral,
starting with Chasles’ relation:

Proposition 5.1.4 (Chasles’ Relation) Let f : [a,+00[— R be a continuous function and
+o00 +o00
let a’ € [a,+oc[. Then the improper integrals / f(t)dt and / f(t)dt are of the same

nature. If they converge, then

400 a’ +o00
F(t)dt = / fde+ [ fede

"Being of the same nature” means that both integrals are convergent at the same time or
divergent at the same time.

Chasles’ relation therefore implies that convergence does not depend on the behavior of the
function over bounded intervals, but only on its behavior in the neighborhood of +oo.

Proof: The proof follows from Chasles’ relation for the usual integrals, with a < a’

[ F(t)dt = / F(t)dt + /;f(t)dt

Then we take the limit (as z — +00).
Of course, if we are in the case of a continuous function f :]a,b] — R with b €]a,b], then
we have a similar result, and in case of convergence:

<z

b 4 b
/ fat= [ faae+ /b F(t)at

In this case the convergence of the integral does not depend on b, but only on the behavior
of f in the neighborhood of a. O

5.1.4 Linearity
The following result is an immediate consequence of the linearity of the usual integrals and limits.
Proposition 5.1.5 (Linearity of the Integral) Let f and g be two continuous functions on

+oo +o0
la,+o0 [, and A\, p two real numbers. If the integrals / f(t)de and/ g(t)dt converge, then

a

/+Oo()\f(t) + ug(t))dt converges and

+o0

+00 too
[ 0s@ = ngoyae = [ gwdep [T gar

The same relations hold for functions on an interval ]a,b], unbounded at a.

a

Remark 5.1.6 The converse in linearity is false, it is possible to find two functions f,g such

+oo +oo +oo
that/ f + g converges, without 7 ni/ g converging.
a a a
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5.1.5 Positivity

Proposition 5.1.7 (Positivity of the Integral) Let f,g : [a,+oo[— R be continuous func-
tions, having a convergent integral.

+o0 +o0
If<gthen | ft)dt < / g(t)at

a

In particular, the integral (convergent) of a positive function is positive:

+oo
If f >0 then / f(t)dt =0

Once again, the same relations hold for functions defined on an interval ]a,b], unbounded at
a, taking care to have a < b.

Remark 5.1.8 If we do not want to distinguish between the two types of improper integrals on
an interval [a, +00] (or ] —o00,b]) on the one hand and ]a,b] (or [a,b]) on the other hand, then it
s convenient to add the two ends to the numerical line:

R=RU {—00,+cc}

Thus, the interval I = [a,b] with a € R and b € R denotes the infinite interval [a,+oo[ (if
b = +o0) or the finite interval [a,b] (if b < +o0). Similarly for an interval I' =]a,b] with
a=—00 ora€R.

5.1.6 Cauchy’s Criterion

We conclude with a characterization of convergence that is a bit more delicate (which can be
skipped on a first reading).

Let us first recall Cauchy’s criterion for limits.

Recall : Let f: [a,400[— R. Then xll}r}rloo f(z) exists and is finite if and only if

Ve>0 IM>2a (u,v>M = |f(u)— f(v)| <e).

Theorem 5.1.9 (Cauchy’s Criterion) Let f : [a,+o0o[— R be a continuous function. The
+oo

improper integral f)dt converges if and only if

a

Ve>0 dM > a <u,v>M:>

v
/ f(t)dt‘ < 5>
u
X
Proof: It suffices to apply the above recall to the function F(x) = / f(t)dt and noting that
a

/uvf(t)dt'. O

5.1.7 Case of Two Singular Points

|F(u) - F(v)| =

We can consider doubly improper integrals, that is, when both ends of the interval of definition
are singular points. It is just a matter of reducing to two integrals each having only one singular
point.
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Definition 5.1.10 Let a,b € R with a < b. Let f :]a,b[— R be a continuous function. We say

b
that the integral / f(t)dt converges if there exists ¢ €]a,b| such that the two improper integrals
a

c b
/ f(®)dt and / f(t)dt converge. The value of this doubly improper integral is then

(lcf@yu+1£bf@yu

Chasles’ relations imply that the nature and value of this doubly improper integral do not
depend on the choice of ¢, with a < ¢ < b.

c b
Remark 5.1.11 Attention! If one of the two integrals / f(t)de 07"/ f(t)dt diverges, then
a (&

b +x 400
/ f(t)dt diverges. Take the example of t dt which always equals 0, yet/ t dt diverges!
“ +x m2 ;236 -
Indeed, whatever ¢ € R,/ tdt = 5 7 tends to +o0o (as x — +00).
C

Example 5.1.12 Does the following integral converge?

/+°° t dt
coo (1412)?

We choose (at random) ¢ = 2. It is a matter of knowing whether the two integrals

2 tdt Too ¢ dt
oo (1+12) s (1+12)

1
5 18 —5 T3, we obtain:
(1+1t?) 21+ 2

2t dt 17 1 712 1/1 1 1
— a3 = "5 |77 = = 5|z~ 5| =+ —75 asx — —oo.
+ (1+12) 2 |1+12], 2\5 144z 10

converge.

Noting that a primitive of

2 tadt 1
Therefore / ———— converges and equals ——.
—oo (1412) 10
Similarly
/” tdt 1 I 1 1 1 Sy 1 Ly
- _- =_= - = — ascw 00
9 (1+t2)2 2 [1+1¢2 9 2\ 1+ 22 5 10
D /+OO tdi t t+ !

onc — = converge et vaut +-—.
2 (1+12)? J 10

oo g dt 1 1 o NP
Thus ———— converges and equals —— + — = 0. This is not surprising since the
—0o (1+12) 10 10

function is an odd function. Repeat the calculations for another value of ¢ and verify that the
same result is obtained.

5.2 Positive Functions

+oo
We consider here / f(t)dt, where f is of constant sign in the neighborhood of +o00. Up to

a
reducing the interval of integration, and possibly changing the sign of f if it is negative, we will
assume that the function is positive or zero on the interval of integration [a, +o00].
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Recall that, by definition,

/a " Hdt = tim / " fbat

T—+00

€T
Observe that if the function f is positive, then the primitive / f(t)dt is an increasing
a

T

function of = (because its derivative is f(z)). As z tends to infinity, either / f(t)dt is bounded,

a

+o0 T
and the integral / f(t)dt converges, or / f(t)dt tends to +o0.

5.2.1 Comparison Theorem

If we cannot (or do not want to) calculate a primitive of f, we study the convergence by comparing
with integrals whose convergence is known, thanks to the following theorem.

Theorem 5.2.1 Let f and g be two positive and continuous functions on [a,+oc[. Assume that
f is majorized by g in the neighborhood of +00:

JA>a Vt>A f(t) <g(t).

+oo +oo
1. [f/ g(t)dt converges then/ f(t)dt converges.
a a

+o0 Foo
2. If f(t)dt diverges then/ g(t)dt diverges.

Proof: As we have observed, the convergence of integrals does not depend on the left bound
xX

x
of the interval, and we can simply study f(t)dt and / g(t)dt. Now using the positivity of
A
the integral, we obtain that, for all x > A,

/: F(t)dt < /: g(t)dt
+00

+oo z
If / g(t)dt converges, then / f(t)dt is an increasing function and majorized by / g(t)dt,
A A A

xr x
therefore convergent. Conversely, if/ f(t)dt tends to +oo, then / g(t)dt tends to +o00 as well.
A A
U
Here is a typical application of the comparison theorem 5.2.1.

Example 5.2.2 Show that the integral

+oo
/ t%e~t dt converges,
1

for any real a.
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e To do this, we first write: t“et = t%e~t/2e71/2,

o We know that . liin toe™t? = 0, for any o, because the exponential dominates the powers
o0

_>
of t. Indeed, to compute the limit
lim t%e /2,
t——+o0
where a € R, we proceed as follows:
1. The term t* grows without bound if o > 0, tends to 0 if a < 0, or remains constant

if a« =0. - The term e %2 decays exponentially to 0 as t — +oc.

2. Resolving the competition The exponential decay of e %% dominates the polynomial
growth of t*, regardless of the value of a. Thus, we expect the limit to be 0.

3. Rigorous justification via substitution Let x =t/2, so as t — +00, we have x — +o0.
Rewriting the expression:

%72 = (22)%e ™ = 2%2%e 7.
We analyze the limit of x%e™" as x — +o00. Using growth comparisons, we note that:

x® is negligible compared to €* for any o € R.

Conclusion:
Therefore, the limit is:

lim t“e %2 =0, for any o € R.

t—+o00

o In particular, there exists a real number A > 0 such that:

Vi>A % t? <.

o Multiplying both sides of the inequality by e % we obtain:

Vi> Attt e t/2,

+oo
o Now the mtegml/ e 2 at converges. Indeed:
1

1 r—+00

/ e V2t = [—Qe*t/zr =2 Y2 _ 972 gnd lim 2e /2 92 %/2 — 9,71/2
1

+o00o
o We can therefore apply the comparison theorem 5.2.1: since / e 2 qt converges, we
1

+o0
deduce that / t% ! dt also converges.
1
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5.2.2 Equivalent Theorem

Thanks to the comparison theorem 5.2.1, we can replace the function to be integrated by an
equivalent in the neighborhood of 400 to study the convergence of an integral.

Theorem 5.2.3 (Equivalent Theorem) Let f and g be two continuous and strictly positive
functions on [a,+oo[. Assume that they are equivalent in the neighborhood of +o00, that is:
t

L
t%inoo g(t)

400 +o0
Then the integral / ft)dt converges if and only zf/ g(t)dt converges.

Attention: it is important that f and g are positive!
We will denote the fact that f and g are equivalent in the neighborhood of 400 by: f(t)

(t)-

+oog

Proof: To say that two functions are equivalent in the neighborhood of +o¢ is to say that their
ratio tends to 1, or again:

Ve>0 dA>a Vi>A ’f(t)_1‘<€

or again:
Ve>0 JA>a Vt>A (1—e)g(t) < f(t) < (14¢e)g(t).

Fix ¢ < 1, and apply the comparison theorem 5.2.1 on the interval [A, 400 [. If the integral
+oo

+oo
/ f(t)dt converges, then the integral /
A A

also converges by linearity.

+00
Conversely, if / f(t)dt diverges, then /
A A

+oo
(1—¢)g(t)dt converges, so the integral / g(t)dt
A

+o00 +o0
(14¢)g(t)dt diverges, so / g(t)dt also diverges.

A

Example 5.2.4 Does the integral

400 45

t 3t+1
/ Pt et dt  converge ?
1

344
As
P +3t+1
ottt v | 2,
3 +4 +00

“+oo
and we have already shown that the integral / t?e~t dt converges, then our integral converges.
1

5.2.3 Riemann Integrals

For the study of the convergence of an integral for which we do not have a primitive, the use of
equivalents allows us to reduce to a catalog of integrals whose nature is known. The most classic
are the Riemann and Bertrand integrals.
A Riemann integral is:

+oo 1

/ L

T
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where o € R.
In this case, the primitive is explicit:

. 1 S
+oo 1 lim — ifa#1
/ Sdt = ot [—a+ 1t 1 1
o ligxrl [In ¢]{ ifa=1
T—r+00

We immediately deduce the nature (convergent or divergent) of the Riemann integrals.
+oo
If «a>1then / t—adt converges.
1

too 1
If «a<1then / t—adt diverges.
1

5.2.4 Bertrand Integrals
A Bertrand integral is

+00 1
——dt
/2 t(lnt)s

where € R.

The primitive is explicit:

1
i~ li 1 —5“] if
/+ 11 i = x—1>r-‘£loo|:—ﬁ+1(nt) it AL
2 tnt) lim [In(lnt)[3 it g=1

r—r-+00

We deduce the nature of the Bertrand integrals.

+o0
If 3> 1 then / dt converges.
2 lnt

“+00
If 8 <1 then / dt diverges.
2 h'lt

Here is an example of an application:

Example 5.2.5 Does the integral

oo 1 1
t24+3tln (cos= | sin® [ — | dt  converge ?
2 t Int

The singular point is +00. To answer the question, let’s calculate an equivalent of the function
in the neighborhood of +00. We have:

3
VE+3t=t/1+2 ~ ¢
t 4oo
1 1
In (COSt> =In (1 BYo) +0<t2>> foditsvo)
o1 12
sin® | — | ~ [ —
Int /) +oo \Int
Hence an equivalent of the function in the neighborhood of +oo:

1 1 1
2+ 3t1 “)sin? (— ) ~ ——
ot (COS t> s <1nt> +oo 2t(Int)2
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Let us note that in this equivalence, both functions are negative in the neighborhood of +oc.
According to Theorem 5.2.83, the two associated integrals have the same nature. Since Bertrand’s

integral
+o00 1 q
—dt
/2 t(Int)?

converges, our initial integral is therefore also convergent.

5.3 Oscillating Functions

+o0
We consider here / f(t)dt, where f(t) oscillates to infinity between positive and negative
a

values.

The definition of the improper integral remains the same:

/:oof(t)dt: lim /jf(t)dt

T—+00

Unlike the case of positive functions, where the limit was either finite or equal to +oo, all

xX
behaviors are possible here: the values of / f(t)dt can tend towards a finite limit, towards +oo
a
T
or —oo, or even oscillate between two finite values (like / sint dt), or approach alternately +oo
a

and —oo (like / tsint dt).

5.3.1 Absolutely Convergent Integral

The most favorable case is when the absolute value of f converges.
+oo
Definition 5.3.1 Let f be a continuous function on [a,+oo[. We say that / f(t)dt is
+00 “
absolutely convergent zf/ |f(t)|dt converges.
a

The following theorem is often used to prove the convergence of an integral. Unfortunately,
it does not allow us to calculate the value of this integral.

+00
Theorem 5.3.2 If the integral / f(t)dt is absolutely convergent, then it is convergent.
a

In other words, being absolutely convergent is stronger than being convergent.
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Proof: This is a consequence of Cauchy’s criterion (theorem 5.1.9) applied to |f], then to f.
+o0o
As / | f(t)|dt converges, then by Cauchy’s criterion (direct sense):
a

Ve>0 3IM>a <u,v2M:>/ |f(t)|dt<5>

/Uﬂt)dt‘ < /U!f(t)\dt<s
+00

then by Cauchy’s criterion (converse sense), f(t)dt converges. O
a

But since

Example 5.3.3 For example,

+o0o
sint

/ T dt s absolutely convergent,
1

hence convergent. Indeed, for all t,
| sint|

1
2 Sg

t2

Now the Riemann integral / -5 dt is convergent. Hence the result by the comparison theorem
5.2.1.

5.3.2 Semi-convergent Integral

+00
Definition 5.3.4 An integral / f(t)dt is semi-convergent if it is convergent but not abso-
a

lutely convergent.

Example 5.3.5 We will prove that it is convergent, but not absolutely convergent.
T gint ) _
—— dt  is semi-convergent.
1

1. The integral is convergent.
To show this, let’s perform integration by parts (with u' = sint,v = 1):

I
/ sint df — [—cost] / cost dt

Let’s examine the two terms:

— t
. [ Cto : } = — 2% cos 1. Now the function " tends to 0 (as & — +00), because
1 x .

—cost|”
} has a finite limit (which is
1

1

cosx is bounded and — tends to 0. Therefore [
x

cosl).

+t° cost
o For the other term, let’s first note that / R dt is an absolutely convergent
1

cost
integral. Indeed ‘ |

—+00
< t—Q and the Riemann integral / o) dt converges.
1

220



+00 T
cost cost
Therefore, / R dt converges, which means exactly that / R dt has a finite limit.
1 1
, Tsint L -
Conclusion: — dt has a finite limit (as x — +oo ), and therefore by definition
1

T gin ¢
4 dt converges.
1

2. The integral is not absolutely convergent.
Here’s a way to check it. As |sint| <1 for all t, we have:
| sin ¢| S sin?t 1 — cos(2t)
t -t 2t

cos(2t)

Applying integration by parts to

T 1 — cos(2t) 1 1 [sin(2t)]" 1 [%sin(2t)
———2 dt = Z[Int]] — = - = dt
/1 21 p i =5 [ t ], 4/1 2

1
(avecu’ = cos(2t) and v = t)’ we obtain:

0 sin(2t
Now sin(2¢)
t2

converge, and the first tends to +00. Therefore the integral diverges, and by the comparison

+00 | o}

sint

theorem 5.2.1, the integml/ | sint]
1

dt converges absolutely. Of the three terms in the sum above, the last two

dt also diverges.

5.3.3 Abel’s Theorem

To show that an integral converges, when it is not absolutely convergent, we have the following
theorem.

Theorem 5.3.6 (Abel’s Theorem) Let f be a €' function on [a,+0o|, positive, decreasing,
having a limit of zero at +00. Let g be a continuous function on [a,+o0 [, such that the primitive

/ g(t)dt is bounded. Then the integral

/+OO f(t)g(t)dt  converges.

1 + sint
Remark 5.3.7 With f(t) = n and g(t) = sint, we find that the integml/ % dt converges.
1

Proof: This is a generalization of the previous example 5.3.5. For all z > a, let G(z) =
x

g(t)dt. By hypothesis, G is bounded, so there exists M such that, for all z, |G(x)] < M.

a
Now let’s perform integration by parts:

/z fWgt)dt = [f(HGD)]z - /m F(HG()dt.

As G is bounded and f tends to 0, the bracketed term converges. Now let’s show that the second
term also converges, by verifying that

+o00
/ f'(t)G(t)dt is absolutely convergent.

We have:
|F(OG@)| = |FO]IGE)] < (—F(1) M,
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because f is decreasing (so f'(t) < 0) and |G| is bounded by M. By the comparison theorem
400
5.2.1, it is therefore sufficient to show that / (—f'(t))dt is convergent.
a

/x(—f’(t))dt = f(a) = f(z) and  lim (f(a) - f(2)) = f(a)

Tr—+00

O

Example 5.3.8 As an example of an application, if « is a strictly positive real number, and k
a positive odd integer, then the integral

400 ink
S t
/ n( )dt converges.
1 t
Notice that this integral is absolutely convergent only for o > 1. We verify that the hypotheses
1
of theorem 5.3.6 are satisfied for f(t) = o and g(t) = sink(t). To ensure that the primitive of

sin® is bounded, it suffices to think of a linearization, which will transform sin®(t) into a linear
combination of the sin(ft),¢ =1,...,k, whose primitive will always be bounded.

5.4 Improper Integrals on a Bounded Interval

5.4.1 Positive Functions

We deal here with the case where the function to be integrated tends to infinity at one of the
bounds of the interval of integration. The treatment is quite analogous to the case of a positive
function on an unbounded interval, and we will omit the proofs.

Up to reducing the interval of integration, and possibly changing the sign of f, we can assume
that the function is positive or zero on the interval of integration ]a, b, and tends to +oc at a.

’ 3

Recall that, by definition,
b b
/ ft)dt = lim / f(t)dt
a z—at S,

b
Observe that if the function f is positive, then / f(t)dt increases as = decreases towards
x

b b b
a: either / f(t)dt is bounded, and the integral / f(t)dt is convergent, or / f(t)dt tends to
+OO' x a x
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5.4.2 Comparison Theorem

Theorem 5.4.1 Let f and g be two positive and continuous functions on |a,b]. Assume that f
1s magorized by g in the neighborhood of a, that is:

de>0 Vte€la,a+¢e]  f(t) < g(t).

b b
1. [f/ g(t)dt converges then/ f(t)dt converges.

b b
2. If/ f(t)dt diverges then/ g(t)dt diverges.

Proof: Let € > 0 be as in the hypothesis. The integrals are improper at x = a only (the
functions are continuous on a, b], and b is a regular endpoint).

Define for = € (a, b]:

b b
F(x):/ f(t)dt, G(x):/ g(t) dt.

z—a™t

b
By definition, / f(t)dt converges iff lim F(z) exists and is finite, and similarly for g and G.
a

Monotonicity and inequality near a. Since f,g > 0, F' and G are decreasing functions of
z (as x decreases to a, the domain of integration increases). Take x € (a,a + €]. Then

a+te b
Fo) = [ rwa s | fya,
b

ate
G(z) = / g(t)dt + / g(t) dt.
T ate
b
The term / f(t)dt is an ordinary Riemann integral (continuous on a closed interval), hence
ate

b
finite; denote it by Cy. Similarly, denote Cy = / g(t) dt.
a+e
For the integrals from x to a + €, since on [z,a + €] we have f(t) < g(t),

/:Jre F(t)dt < /a+€g(t) dt.

x

Thus o wie
Fla) < / d)di+Cp Gla) = / g(t)dt +C,.
b ate
Proof of part (1). Assume [/ g(t) dt converges, i.e. lim+ G(x) = Ly finite. Then lim+ g(t)dt =
r—a r—a T

a+e
Ly, — Cy is finite. Since F(x) < (/ g(t)dt) + Cy, and the right-hand side has a finite limit

T
as * — a™, and F(z) is decreasing and bounded below (by 0), the limit lim+ F(x) exists and is
Tr—a

b
finite. Hence / f(t) dt converges.
a

b
Proof of part (2). Assume / f(t) dt diverges. Since f > 0 and continuous, divergence means
a

lim F(x) = +oo.

z—at
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From the inequality f(¢) < g(t) on |a,a + €], we have for = € (a,a + ¢]:

/x "y at < / "t

Then
F(x)—/a+€f(t)dt+0f = /a+€f(t)dt—F(x)—Cf.
Thus
a+e
F(a) - Cj < / g(t)dt.

a+¢e
As x — am, F(z) — +oo, so the left-hand side tends to +oco; hence / g(t)dt — 400 as
x

ate
x — a™. Therefore G(z) = /

x

b
g(t)dt + Cy — 400, so / g(t) dt diverges.
a
Conclusion. We have shown both implications, completing the proof. O

Example 5.4.2 Fix a real number a. Does the integral

1

—Int)”

/(n) dt  converge?
0o Vit

To find out, we write:

(_1\1/1;)()( — ((_ lnt)at1/4) t73/4

o We know that lim (—In t)at1/4 =0, for any a (the powers of t dominate the logarithm).

t—0+

In particular, there exists a real number € > 0 such that:

vt €]0,e] (—Int)*t/1 < 1.

Multiplying both sides of the inequality by t=3/* we obtain:

(—Int)®
Vit

vVt €]0, €] <3/

1
Now the integml/ =34 qt converges. Indeed:
0

/1 £t = [4751/4] ' =4 — 42'* and lim (4 — 4:51/4) =4

z z—0t

1
We can therefore apply the comparison theorem 5.4.1: since / =34 qt converges, then
0

1
—Int)®
/ Q dt also converges, whatever .
0

Vit
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5.4.3 Equivalent Theorem

Thanks to the comparison theorem 5.4.1, we can replace the function to be integrated by an
equivalent in the neighborhood of a to study the convergence of an integral.

Theorem 5.4.3 Let f and g be two continuous and strictly positive functions on la,b]. Assume
that they are equivalent in the neighborhood of a, that is:

I _
t—>rc?+ gt) 1

b b
Then the integral / f(t)dt converges if and only if/ g(t)dt converges.

ft)

Proof: Since 1im+ W = 1, by definition of the limit, for ¢ = % there exists § > 0 such that
t—atT g
for all ¢ € (a,a + d] we have
‘f(t) _ 1‘ < —
9(t)
This implies
1 _f@) _3
— <=t <= forallt d].
2<g(t)<2 orall t € (a,a+ d]

Multiplying through by g(t) > 0 yields

() < f(t) < gg(t) for all £ € (a,a + d].

N =

b b
Convergence of g implies convergence of f; f. Assume / g(t) dt converges. Since

a a
f(t) < 3g(t) on (a,a+ 8], by the comparison theorem (Theorem 5.4.1 with the majorant 2 g) the

b
integral / f(t) dt also converges.
a

b b b
Convergence of / f implies convergence of / g. Assume / f(t)dt converges. From
a a a
39(t) < f(t) we obtain g(t) < 2f(t) on (a,a + 4]. Again by the comparison theorem (now with
b
the majorant 2f), the integral / g(t) dt converges.
a

Conclusion. We have shown both implications, hence the integrals converge or diverge together.
O

Remark 5.4.4 Attention: it is important that f and g are positive.
The equivalence of f and g in the neighborhood of a will be denoted by: f(t) ~ g(t) (or f(t) ~ g(t)

to specify that the limit at a is the right-hand limit).

1
[—Int+1
/ L dt  converges.
0 sint
[~Int+1  (—Int)1/?
sint o+ N

‘ U(—Int)1/?
and we have already shown that the integral T
0
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Example 5.4.5 The integral

Indeed,

dt converges.



The use of equivalents thus allows us to reduce the study of the convergence of an integral for

which we do not have a primitive to a catalog of integrals whose convergence is known. The most
1

classic are of the type t—adt, but be careful, the convergence as a function of the parameter

« is reversed compared to the Riemann integrals.

Example 5.4.6
1
1
If a <1 then / t—adt converges.
0

1
1
Ifa>1 then / t—adt diverges.
0

5.4.4 Oscillating Functions

The last case to be treated is that where the function to be integrated oscillates in the neighbor-
hood of one of the bounds, taking values arbitrarily close to +o0 or —oc.

v

Yy o

The change of variable u = allows us to reduce to the previous case of an oscillating

—a
function on an unbounded interval, which will dispense us from giving as much detail.

Recall that, by definition,
b b
/ ft)dt = lim fdt

z—at S,

The important notion is still absolute convergence.
b
Definition 5.4.7 Let f be a continuous function on la,b]. We say that / f)dt is absolutely
b a
convergent if/ |f(t)|dt is a convergent integral.
a

The following theorem is proved in the same way as theorem 5.3.2.

b
Theorem 5.4.8 If the integral / f(t)dt is absolutely convergent, then it is convergent.
a

Example 5.4.9
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1. The integral

Lsin % )
dt  is absolutely convergent,
0

Vit

hence convergent. Indeed, for allt,

|sin%| 1

Vi SV

1
1
Now the integral / ﬁ dt converges, hence the result by the comparison theorem 5.4.1.
0

2. On the other hand,

1 qin L
sin § ,
/ dt  is not absolutely convergent,
0

but it is convergent. To see this, let’s perform the change of variable t — —:
u

1gipnl 1 1/z o
sin —1
/ ¢ dt:/ usinu—s- du:/ PY qu
T t 1/x u 1 u

1 oo
As x — 07 then — — +oo. We have already shown that the integral /
T 1

sin u .
du is

u
convergent, without being absolutely convergent.

We could state an Abel’s theorem analogous to theorem 5.3.6, but this is not really useful.
On the one hand, the functions to which it would apply are rarely encountered, and on the
other hand, it is generally easy to reduce to a problem on [c,+0o0 [, by the change of variable

1 .
sin
t—u= " : we have already done this for/ ; L de.
0

—a

5.5 Integration by Parts - Change of Variable

5.5.1 Integration by Parts

Theorem 5.5.1 Let u and v be two functions of class €1 on the interval [a, +oc | . Assume that
+oo

7:ligrn u(t)v(t) exists and is finite. Then the integrals f;roo u(t)v'(t)dt and/ o' (t)v(t)dt are

—+00

of the same nature. In case of convergence we a : ¢

+00 +oo
/ u(t)v' (t)dt = [uv] > — / o (t)v(t)dt

Recall that [uv]> = lim (uv)(t) — (wv)(a).

t—+o00

The best approach is not to apply the theorem directly, but to perform the proof each time, i.e.,
by doing integration by parts on the interval [a, z] and verifying that the objects have a limit as
T — +00.
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Proof: This is the usual integration by parts formula

X X
/ u(t)v' (t)dt = [uv]® —/ o (t)v(t)dt,
a a
noting that by assumption the bracket has a finite limit as * — +o0. O

Example 5.5.2 Let A > 0. What is the expectation of the exponential distribution:

+o00
/ Me M dt
0

We perform integration by parts with u = At,v' = e~

=te M. Thus
/ Me M dt = / u(t)'(t)dt
0 0
= [uv]ﬁ—/ o (t)v(t)dt
0
o VI LY N |
= [)\t-e’\t] —/ A —e Mt
Y o Jo N
—we)‘x—i-/ e Mdt
0

-1 z
= —ze M 4 [e_’\t}

M We have therefore u' = \ and v =

A

0
1
—\x —\x
- _ - _ 1)
Te 3 (e
1
— X when x — 400

Thus the integral converges and

+oo 1
/ Me M dt = =
0 A

Theorem 5.5.3 Let f be a function defined on an interval I = [a,+oo[. Let J = [a, B[ be an
interval with o € R and B € R or B = +oo. Let p: J — I be a diffeomorphism of class €*. The

+o00 B
integrals / f(z)dx and / flp(t)) - @' (t)dt are of the same nature. In case of convergence,
a (0%

we have:

5.5.2 Change of Variable

+00 B8
/ f(z)da = / Fe(t) - ()t

The proof is the same as for the usual change of variable. Again, it’s better not to apply the
theorem directly, but to perform a classical change of variable on the interval [a, z], then study
the limits as © — +o0.

Recall that ¢ : J — I is a diffeomorphism of class € if p is a €' application, bijective, whose
reciprocal bijection is also €.

The following example is particularly interesting: the function f(¢) = sin (t2) has a convergent
integral, but does not tend to 0 (as ¢ — +oo ). This is in contrast to the case of series: for a
convergent series, the general term always tends to 0.

Example 5.5.4 The Fresnel integral

+o0
/ sin (t2) dt converges.
1
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d
We perform the change of variable uw = t2, which implies t = \/u, dt = % cpiurst=+/uis
u

a diffeomorphism between u € [1,:62] and t € [1,z]. Hence

2

/133 sin (tz) dt = /133 Sin(u);i?H

2

> sinu r du
du converges, therefore / sin(u) admits a finite limit
1 2y/u

Vu

T +o0
(as x — +00), which proves that / sin (tQ) dt also admits a finite limit. Conclusion: / sin (t2) dt
1 1

+
Now, by Abel’s theorem/
1

CONVETGES.

Example 5.5.5 Let’s calculate the value of the two integrals

I= /2 In(sint)dt J = /2 In(cost)dt
0

0
1. The integral I converges. The uncertain point is at t = 0. Since sint ~ t,Int < %
0

31 bl
(for t small enough), and the integral / % dt converges, then the integral / Int dt
0 0

converges, which implies that I converges.

2. Let’s check that I = J. Let’s make the change of variable t = g —u. We have dt = —du

and o diffeomorphism between t € [z, g} and u € [g — $,0} . Thus
5 0 (T E
/ In(sint)dt = / In (sm (5 - u)) (—du) = / In(cos u)du.
T %*‘T 0
Thus, as © — 0, this proves I = J (and in particular J converges).

3. Calculation of I + J.

I+J= /2 In(sint)dt + /2 In(cost)dt
0 0

= /2 (In(sint) + In(cost))dt = /2 In(sint - cost)dt
0 0

(1
= / In < sin(2t)) dt
0 2

T 2
=T+ / In(sin(2t))dt
0

And since I = J, we have
21:-%m2+K.
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We still need to evaluate K = /2 In(sin(2¢))dt:
0

K = / ln sm 2t

= / In(sinu)du ( change of variable u = 2t)

N |
o

1 s
5 / In(sin u)du

2

~
+

DN |

~
+

0
/ In(sin(m — v))(—dv) ( change of variable v =1 — u)

2

~
+

/ ’ In(sinv)dv
0

~
+
N~ N~ N
~

Il

~

N = N = N |

4. Conclusion. Thus, since 21 = —g In2+ K and K = I we find:

us

P v
I= / In(sint)dt = ——=1n2
0 2

and J = 1.

5.6 Exercises of the Chapter

Exercise 5.6.1 Study the nature of the following integrals:

a) /Oo . ! da: b)/ —dx c)/ 2" dr d) /Oo (v* — 3y%) dy
e)/ cos mtdt f)/ ln—xdx /0 62x6+3dw /dw

Correction 5.6.1 1. Rewrite:

1 b t 4 !
———dx = li — — _dr =1 1 V40 — lim —(1 3/4
/0 R g :20/ T ) (+e) e = lim 51+ 2)
4 4
lim - (14+6)%* -2 =

t—oo 3 3

0

So the integral diverges.

2. There are two ways to do this problem, so I will post both solutions.

One way: Split up the integral at x =0 :

21 t] 21
/ de/ —d + —d:):— lim —de—i— lim —2d:):
_o X t—0~ J_2 T s—=0t Js T
t
- 12 -1 1 1 1
= lim — + lim —| = lim <> — ———+ lim <>
t=0- T |_5 s—0t T | =0~ \ 1 22 550t \s




Both of the limits diverge so the integral diverges.

Another way: — 1is an even function, so it is symmetric about x =0 :
x

1
/ —zdx—Q —dx— lim 2 —dac— hm2< >
2T t—0+ t—0+ x

So the integral diverges.

t t—0t

. Rewrite:

0 0 r |0 t
2 1 2 1 1
2"dr = lim 2"dr = lim =—— lm [—]=—-0=—
/_Oo " t—}—oo ' " t—>1—oo <1n2 t) In2 t—>1—oo (1112) In2 In2

Convergent!

. Need to split it up, try about y =0 :

/OO (y3—3y2)dy=/0 (?f’—3y2)dy+/0oo (v* — 3y°) dy

—0o0 —0o0
0 4
+ lim <y —y3)
;5 4

0 s 4 s
= lim (y3 - 3y2) dy + lim (y3 — 3y2) dy = lim (y _ y3>
S$—00 0 t——o0

t——o00 t 4

tt 3 st 3
‘—ti@m<4—t>+£&(4—s>

Both of these limits diverge, so the integral diverges.

0

. Need to split it up, try aboutt =0 :

o) 0 0 0 r
/ cos tdt = / cos mtdt + / cosmtdt = lim cos wtdt + lim cos mtdt
—00 —00 0

§——00 r—o0 [o
. 1 o (1.
= lim [ —sinnwt + lim ([ —sinwt
S§——00 i s r—00 i

S
Both of these limits diverge, so the integral diverges.

" 1 1
= — lim < sin 7rs> + lim < sin 7rr>
0 s——oo0 \ T r—oo \ T

. Try a u-substitution first. Let u = \/x,du = —dx = 2du = —dx When z = 0,u =0

and when x =1l,u=1:

2
U 1ln(\/5> 1 1
—dz /dm:/ In (u? du:2/ In udu
0 VT 0 NG 0 () 0

This s still improper because Inw is undefined at w = 0. Rewrite with a limit:

1 1
2/ Inudu = lim 2/ In udu
0 t—0t t
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Use integration by parts (we did [Inzdz in class once upon a time...):

1

= lim 2(ulnu —u)| =—-2— lim 2(tlnt —¢) =—-2—2 lim tInt+2 lim ¢
t—0t ¢ t—0t t—0t t—0t
=—-2—-21lim tlnt+0=-2-2 lim tInt
t—0+ t—0t

The right limit is what we call indeterminate because if we take the limit we get something
that looks like 0 - —oo, which is no bueno. So we need to use L’Hopital’s Rule :

Int Int)’ 1 —t?
limtlnt:limT:lim( 2: im - = lim — = lim —t =0
t—0+ -0t ¢ t—0+ (%) =0+ o3 10t ¢ t—0+
This shows that our integral is convergent, and it converges to —2 —2 lim+ tlnt =-2-0=
t—0

—2.

7. Let’s do a u-substitution first. Let u = e€®, then du = e*dx. When x = 0,u = 1 and when
T — 00, U — 00 !

[ele] e:p [e’] em [e’e] 1 t 1
/ 2dx:/ 2dx:/ 5 du = lim 5 du
0o €¥*+3 o (e®)"+3 1 ut+3 oo fy ut 43

=t e (G5)] =g () - ()

Convergent!

8. Try a u-substitution first. Let u = w — 2, then w = u+ 2,du = dw. When w = 0,u = —2,
and when w =5,u =3 :

3 3
2 2
/ / ut du:/ <1—|—>du
—92 u —92 u
The function 1 + is discontinuous at uw = 0. Need to split up the integral:

[ (e ) [ f e [ (103 o

t 2) 3 2 t 3
= lim <1—|—> du+ lim <1—|—> du= lim (u+2In|ul)| + lm (u+ 2In]ul)
t—0— J_2 u s—0t Jg U t—0— 0+

—92 S5— s
= lim (t+2In[t]) +2—-2In2+3+4+2In3 — lim (s +2In|s|)
t—0~ s—0+

Both of the limits diverge, so the integral diverges.

Exercise 5.6.2 Use the Comparison Theorem to decide if the following integrals are convergent

or divergent.

1.

o 1 —X
/ +e d
1 X
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T gin? x

0o VT

Correction 5.6.2 1. Let’s guess that this integral is divergent. That means we need to find
—X

dx

a function smaller than that is divergent. To make it smaller, we can make the

x
top smaller or the bottom bigger. Let’s make the top smaller:

1+e®
T

1
2 —

x
Then take the integral:

o0 1 t]_ t
/ —dr = lim —dr = lim ln:z:’ = lim Int = o
1 1

x t—o00 1 T t—o00 t—o00

So the integral diverges. Smce/ —dx diverges, then/ dx diverges.
1 T 1 T

2. Let’s gquess that this integral is convergent. That means we need to find a function bigger
.2
sin® x

than that is convergent. To make it bigger, we can make the top bigger or the bottom

x
smaller. Let’s make the top bigger:

Then take the integral:

dr =1
/\f ¢ t—1>%1+/ N t—0+
™ sin?

1 T
So the integral converges. Smce/ —dx converges, then/ NG dx converges.
x

0 VT 0

Exercise 5.6.3

1. Study the nature of the following integrals depending on the values of a:
+o0 1 1 1
/ —dt and / — dt,
1t 0 t*

2. Using the comparison criterion, study the nature of the following integrals:

+oo dt 1t 1
/ ———  and / ¢t dt.
. 1+ 0 t

Correction 5.6.3 1. The calculation of the primitive is explicit:

where o € R.

1 11"
00 li _ ) 1
1 lim [Int¢]} ifa=1

T—r+00
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From this, we immediately deduce the nature (convergent or divergent) of the Riemann
integrals:

400 1
If a > 1, / o dt converges.
1

+o0 1
If a <1, / o dt diverges.
1

Similarly, we show that

11 lim[ ! 1]1 ifa#1
—dt = z—0 —Oz—l—lto‘_l =

g@mﬂ; ifa=1
and we have

1
1
If a <1, / o dt converges.
0

1
1
If a>1, / o dt diverges.
0
2. (a) We have

1 1
Vi>1 — < —.
143 T 3
Since / 3 dt converges (Riemann integral with « = 3 > 1), the comparison theorem
0

1

1

for positive functions allows us to conclude that / 15 dt converges
0

(b) We have

t4+1 1
vVt € RY, s > .
t t

1
1
As / Edt diverges (Riemann integral with o =
0

1), the comparison theorem for

i . Lel +1
positive functions allows us to conclude that /
0

dt diverges.

Exercise 5.6.4 Study the absolute convergence or the semi-convergence of the following inte-
grals:

) /+°° smt
a
tlnt

T cos
b) / 2L 0t (0> 0)

lnt

+oo
c)/ sin f dt (o €R)

1+ﬂ

Correction 5.6.4  a) The function t — W is continuous, positive, and decreasing over
n
the interval [2,+oo[, and

. 1
lim
t—+o0 tIn(t)

Moreover, for any A > 2,

A
/ sintdt’ =|cos2 —cos A| < 2.
2

234



By applying Abel’s rule, the integral

+oo o
/ sint gt
2 t ln(t)

s convergent. It is semi-convergent, because the integral

+00 |4
/ |sin ¢| gt
2 t ln(t)

DV.
We have:
cos 2t 1
a(In(z)*| = z(ln(z))*
Or:
oo dz
/ ———— 45 absolutely convergent if and only if o > 1.
o z(ln(z))*

Thus, the proposed integral converges absolutely if a > 1.

For 0 < a <1, Abel’s rule can be used to prove convergence. Let:

/("‘H)” | cos 2t|
Up =
n

. (@)
Then:
Up > constant /27r | cost| dt M asn — +0o
" (n+D(n(n +1))* Jo n(In(n))" '

We see that Y uy, diverges. Therefore, there is no absolute convergence.

sint

The function t — f(t) = to(1 + 12)

is continuous over |0, +o0|.

Near t =0:

1
ft) ~ prs SR there is convergence if and only if o < 2.

As t — +oo:  Using the bound:

1
— tat2?

sint
to(1 + ¢2)

we conclude that there is absolute convergence if a > —1.
Now, consider the case o < —1 and apply Abel’s rule. Let:
1
)= s,
90 = it e

then: )
S (0 +2) +o
tat1(1 4 ¢2)2

Thus, if a + 2 > 0, we find:

W<0 forts (1 v
g or o = 1.
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Since:

b
/sintdt‘<2, Va,b € R,

we conclude that the integral converges.sing Abel’s rule, we obtain the convergence of the

integral:
+0o0 :
t
/ o dt.
to t (]' +t )
Case: —2<a< -1
Let us show that for —2 < a < —1, the integral does not converge absolutely. Indeed, let

a>0:
/+°° |sin ¢| it > /+°° sin?t g — /+oo 1 —cos2t b
o (1 412) o t(1412) o 2t(141¢2)

We see that:

400 2%
/a % dt  converges (using Abel’s rule again),

but:

+o00 dt
/a m diverges because a + 2 < 0.

+o0 202

t

Thus, / LQ dt diverges, and:
o t(1+t)

+00 :
t
/ 7‘ sin?| dt also diverges.
. ()

It remains to study the case o < —2.

Case: a < =2

Consider the integral:

Yn o sint
I, = ————dt,
" / t(1 +¢2)
where u, = 2nm + % and v, = 2nm + g

1
We have sint > — for t € [uy,vy|, hence

V2

I>/”" dt >1/”n 12 "
" S AR T Sy, T2
Then:

1 " us
I, = —[t— arctant] — ——  asn — +oo.

V2 Z4x/§

Thus, I, does not tend to zero as n — +o0o, and the Cauchy criterion is not satisfied.
Hence, the integral diverges.
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Conclusion

Too sint )
a1 Lo dt 18.
0 to(1 + t2)

Absolutely convergent if —1 < a < 2,
Convergent (but not absolutely) if —2 < a < —1.
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Chapter 6

Integrals Depending on a Parameter

6.1 Introduction

In this chapter we consider functions of the following type of the variable z, the integration
variable being always denoted t: More precisely, let f be a function defined on A x I, where A
and [ are two intervals of R (with non-empty interiors), and with values in K = R or C. We
can then consider, when it makes sense, the function g defined for z € A and with values in K

by
/fxt

Sufficient conditions for the existence of g(z) will be specified later. This expression is called
an integral depending on a parameter. The questions that may arise then concern the calculation
of the limits of g at certain points, the continuity of g, its differentiability and the calculation of
its derivative, the calculation of an integral of g.

The previous notations will be preserved in the rest of the chapter.

6.2 The Dominated Convergence Theorem

Theorem 6.2.1 (The Dominated Convergence Theorem, or Lebesgue’s Theorem) Let
(fn)n € N be a sequence of functions from I to K. We assume

1) VYn € N f,, is piecewise continuous.
2) The sequence (fy) converges pointwise on I to a certain function f.

3) f is piecewise continuous.

4) There exists a function p, piecewise continuous, such that / @ s convergent, and such that
I

Vtel, VneN, [fn(t)| < ¢(t) (Domination hypothesis.)

Then the f, and f are integrable on I, and

im [ .= [ r
n—oo
Examples 6.2.2

1. Forn € N, we set:

I, = /+°° sin(n?t) gt
0

1+ nt?
——
fn(t)
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1) The functions f, are continuous on RT.

2) The f, are continuous and converge pointwise to the zero function, which is itself
continuous. Indeed,

lim
n—oo | -+ nit2

sin(n?t) _Jogi=0
lodft#£o0.

3)
1

>1, |£.(8)] < .
Ve Vo2 1 1) <

And
+o0o 1
/0 mdt converges.

Then by the dominated convergence theorem we have:

“+o00
hm@:/ 0=0.
n—o00 0

2. Let f be a continuous function on [0,1], we set:

—+o0
T = / £ dt.
0 v
gn(?)

1) The functions g, are continuous on [0,1] Vn.

2) The sequence (gyn) converges pointwise to the piecewise continuous function:

{f@)ﬁ0§t<1

lim g,(t) = h(t) = F(1) ift = 1.

n—oo

3) Let M be an upper bound for the continuous function |f| on [0,1]. Then, we have:
[f(x)] <M, Vzel01].

Thus

Vt, Vn, |gn(t)] < M.

And .
/ Mdt converges.
0

Then, by the Dominated Convergence Theorem, we obtain:

n—oo

lim J, = /1 h(t)dt = £(0).
0

6.3 Functions Defined by an Integral

We consider here functions of the following form:

o(z) = /[ F(a, )t
240



Here, we focus on the continuity of such functions and the possibility of differentiating them.
Let us fix @ and examine the problem of the continuity of g at a:

lim g(x) = g(a).

r—ra

Or again:

lim fa;tdt /fat

T—ra

Remark 6.3.1 We will, when the time comes, differentiate the function of two variables (x,t) —
f(z,t) with respect to the variable x, which has not yet been studied in the Analysis 3 course (but
will be covered in the Analysis 4 course, in the chapter "Functions of Several Variables"). The
theory may be delicate, but the practical steps are not. Differentiate with respect to the variable
x the function g : x — f(x,t). More precisely, to obtain this partial derivative at (xg,to), we
fix t equal to tg and calculate:

§'(o) = tim LEt) = (@0, t0)

T—TQ T — X

By subsequently varying (xo,to), the result obtained depends on the variables x and t, thereby
defining a function of two variables called the partial derivative of f with respect to x, denoted

by g—x Thus, for all (x,t), we have:

g = L)

For example, if for all (z,t) € Rx]0,+oo|, f(x,t) = t¥e™t, then for all (x,t) € Rx]0,+o0],
of

o of o1 -
a—x(x t) = (Int)t®e~t and a(m t) = (x —t)t*le t.

6.3.1 Continuity of parameter dependent integral

Theorem 6.3.2 (Continuity of parameter dependent integral) Let f be a function de-
fined on A x I, where A and I are real intervals, with values in K = R or C. We assume
that:

a) Ve € A, t — f(x,t) is piecewise continuous on I;
b) Vt € I, the function x — f(x,t) is continuous on A;

c) There exists a function g, piecewise continuous on I, with values in Ry, and integrable on
I such that:

V(z,t) € Ax I, |f(z,t)] < @(t)(domination hypothesis).
Then: the function

g T /f(x,t) dt is continuous on A.
I

Remark 6.3.3

1. Assumption c) implies that the function t — f(x,t) is integrable on I. Therefore, the
definition of g is well-defined. .

2. The result of this theorem remains valid if we assume that the domination hypothesis is
satisfied for (x,t) € K x I, where K is any segment contained in A (or any other type of
interval whose union covers A).
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Proof: Let a € A. We can always find a segment K containing a and included in A, and we
will assume that the domination hypothesis is satisfied for (z,t) € K x I.

According to the theorem on the sequential characterization of continuity, to show that g is
continuous at a, it suffices to prove that, for any sequence (a,,) of elements of K that converges
to a, the sequence (g(a,)) converges to g(a).

So let (ay) be such a sequence. Let us set f,(t) = f(an,t), so that g(a,) = /fn(t) dt.
I
According to hypothesis a), the functions f,, are piecewise continuous on I.

According to hypothesis b), the sequence (f,) converges pointwise on I to the function
h:tw f(a,t), and h is piecewise continuous on I.

Finally, hypothesis ¢) implies that: Vt € I,Vn € N, |f,(t)] < ¢(t), with ¢ piecewise continu-
ous and integrable on I.

The hypotheses of the dominated convergence theorem for the sequence of functions (f,,) are
therefore satisfied.

This theorem then allows us to conclude that:

lim [ fu(t) dt = /f(a,t) dt or equivalently: le g(an) = g(a).
I I n oo

n—oo

Remark 6.3.4 The following example shows that the domination hypothesis is essential:

Example 6.3.5 The function [ : (x,t) — is continuous on R?, and for all =, the

x
14 2242

function t — is integrable on R .

x
1+ x2¢2

“+o0o
If we define, for all x € R, g(x) = / f(x,t) dt, we then obtain, by a simple calculation:
0

if x>0,
9(93):—% if x<0,

and g is not continuous at 0!
(However, we can verify that the domination hypothesis is indeed satisfied on any segment [a, ]
contained in Ry, which implies continuity on Ry .)

+oo e—wt
= ——dt.
9(x) /0 1+1¢2

Example 6.3.6 We define

For fized x, the integrand is continuous on RT.
If x < 0, the integrand tends to +00, and the integral diverges.
If x > 0, we have
e 1 ool
0< e < 2 and /1 7] dt  converges.
Therefore, the domain of definition of g is RT.
Next, we observe:
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o Forallz € RY, f(x,-) is piecewise continuous.
e Forallt € RY, f(-,t) is continuous.

e For all (z,t) € RT x RY,

which is an integrable function independent of x.

Thus, the function g is continuous on RT.

6.4 Limit of an Integral with a Parameter

Theorem 6.4.1 (Dominated Convergence Theorem for a Continuous Parameter) Let
f be a function defined on A x I, where A and I are real intervals, with values in K =R or C.
Let a € A. We assume that:

a) Ve € A, t — f(x,t) is piecewise continuous on I;

b) Vtel, h_r)n f(z,t) = L(t), where £ is a piecewise continuous function on I;
xr a

¢) There exists a function o, piecewise continuous on I, with values in Ry, and integrable
on I such that:

V(z,t)e Ax T,

f(@,t)| < o(t) (domination hypothesis)

Then: the function £ is integrable on I, and

lim </If(x,t) dt) :/Ié(t) dt

Proof: By taking the limit in c), we have |£(t)| < p(t) for all t € I, so £ is integrable on I.
For the second result, it suffices to use the sequential characterization of the limit: by considering
a sequence (z,,) of elements of A that tends to a, and by setting f,(t) = f(zn,t), the theorem of
dominated convergence applies (it’s the same method as in the proof of theorem 6.3.2).
O
+oo
Example 6.4.2 Calculate lim / e " arctan(t) dt, then find an equivalent.

T—r+00

Indeed, applying theorem 6.4.1 for the limit. For the equivalent, integrate twice by parts.

6.5 Differentiation

Theorem 6.5.1 Let f be a function defined on A x I, where A and I are real intervals, with
values in K =R or C. We assume that:

a) For all x € A, the map t — f(x,t) is piecewise continuous and integrable on I.

b) For allt € I, the function x — f(x,t) is of class C* on A.

0
c) For all x € A, the function t — —f(ac, t) is piecewise continuous on I.

ox
d) There ezists a function @, piecewise continuous on I, with values in R, and integrable on
1, such that
of

V(z,t) € Ax I, (x,t)‘ < p(t)  (domination hypothesis).

b
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Then, the function g : x — /f(x,t) dt is of class C' on A, and
I

Vee A, ¢(z)= /Igf;(ac,t) dt.

Remark 6.5.2
of

1. Assumption d) implies that t — 6—(33,t) is indeed integrable on I.
x

2. The result of this theorem remains true if we only assume that the domination hypothesis
is verified for (x,t) € K x I, for any segment K C A (or for any other type of interval
whose union is A).

Proof: Let zyp € A, and (hy,,) be any sequence tending to 0 (h,, # 0). We have:

g(wo + hn) — g(wo) / f(wo + hp,t) — f(xo,t)
R, s B,

dt

. Let us define . .
fn(t) _ f(fL'O"‘ n)h) - f(SUQ, )

According to hypothesis a), the f,, are piecewise continuous and integrable on I.
According to hypothesis b), the sequence of functions (f,) converges pointwise on I to the

function t — —=(z,t), which is piecewise continuous according to hypothesis c).
x

We also have (cf. results on primitives...)

1 [rothe g
fu(t) = / %(z,t} dz.

Therefore, using hypothesis d), we deduce that for all t € I, for all n € N, |f,,(¢)| < ¢(t). The
hypotheses of the dominated convergence theorem for the sequence of functions (f,,) are therefore
satisfied. This theorem then allows us to assert that:

. _ [of
lim Ifn(t) dt = /I %(xo,t) dt

n—oo
or again:

. 9(xo+hn) —g(xo) _ [Of
nh—>rgo ™ =/ %(xo,t) dt.

This being true for any sequence (h,,), the theorem on the sequential characterization of the limit
gives:

_ gl@o+h)—g(xo) [Of
h—}%)I,Ihlyéo h - Ji 0z (w0,2) dt,

0
which proves that g is differentiable at zp and that ¢'(z¢) = / a—f(:ro, t) dt.
%

0
Finally, the continuity of ¢’ results from applying Theorem 6.3.2 to a—f, further using hypothesis
x
b).
O

A recursion (not so simple) allows to generalize the previous theorem to functions of class
c™:

Corollary 6.5.3 (Generalization) Let f be a function defined on A x I, where A and I are
real intervals, with values in K =R or C. Let n € N*. We assume that:
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0 o" . . . . . . .
a) f, (‘Tf’ ey o exist, are continuous with respect to x on A, and piecewise continuous with

T ox

respect tot on I.

b) For all x € A, the functions t — f(x,t), t — gi(x,t), T

an—lf

Py (x,t) are integrable
x

on I.

c) There exists a function o, piecewise continuous on I, with values in RT, and integrable on
I such that:

of

V(z,t) e Ax I, Fon

(;v,t)‘ < p(t)  (domination hypothesis).

Then, the function g : x +— /f(x,t) dt is of class C™ on A, and:
I

_ [

VkeN* Voee A, ¢® (@)= [ =—(z,t) dt.
eN, Vee A, ¢"(x) [axk(“"’)

Remark 6.5.4 The result of this theorem remains true if we only assume that the domination
hypothesis is verified for (x,t) € K x I, for any segment K C A (or for any other type of interval
whose union is A).

Proof: The result at order 1 is nothing other than the previous derivation theorem.

Suppose the result is verified at order n, and let f satisfy the above hypotheses at order n + 1.
In particular, there exists a function ¢, piecewise continuous on I, with values in Ry and inte-
grable on I such that:

6n+1f

Vo) € Ax 1, |5t wn)| < ot

If K = [a,b] is a segment included in A, and if ¢ € I is fixed, the mean value theorem applied to
n

d
the function z —f(ac, t) on K gives:

ox™
anf anf 8n+1f
Vz € K, ﬁ(%t) - W(avt)’ <(b—a) W(%t)
< (b—a)p(t),
whence: on o/
ZJ < | ==L _
V(x,t) € K x I, on (ac,t)‘ < | gpn (a,t)‘ + (b—a)e(t)

and the right-hand side of this inequality is an integrable function on 1.
Thus, f indeed satisfies the hypotheses of the theorem at rank n. According to the induction
hypothesis, we deduce that g is of class C™ on A and that
o f
Ve e A, ¢ (z) = | = (x,t)dt.
o) = [ G

It only remains to apply the derivation theorem to the parameterized integral above to obtain
the result at order n + 1.

O

Corollary 6.5.5 (Generalization) Let f be a function defined on A x I, where A and I are
real intervals, with values in K =R or C. Let n € N. We assume that:
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us
a) For alln € N, oo €Tists, is continuous with respect to x on A, and piecewise continuous

with respect tot on I.

b) For alln € N, there exists a function py,, piecewise continuous on I, with values in Ry and
integrable on I such that:

of

V(z,t) € Ax I, g

(m,t)’ < pn(t) (domination hypothesis).

Then, the function g : x — /f($, t)dt is of class C* on A, and:
I

_[9f
N I 8$k
Remark 6.5.6 The result of this theorem remains true if we only assume that the domination

hypothesis is verified for (z,t) € K x I, for any segment K included in A (or for any other type
of interval whose union is A).

VkeN, Vze A, ¢®(x) (2,1) dt.

Proof: It is clear that the hypotheses made in this 2nd corollary imply the hypotheses of the

1st corollary for all n.
O

Example 6.5.7 (The Gaussian integral ) We set, for x € R,

1 e—x2(1+t2) x 2
Fla)= | S —at, Ga)= | et
@ = Tz @=[

G is of class C' on R and Vo € R, G'(z) = e™*". Let:

Rx[0,1] — R
f : €7m2(1+t2)
(@t = e

o f is piecewise continuous with respect to t.

1
. / f(z,t)dt converges Vx € R (it is proper).
0

0 0
. 8—f exists at every point R x [0,1]. Furthermore, 8—f(m,t) = —2ge 2 (1H?) g piecewise
x
continuous with respect to t, continuous with respect to x, and we have

of
ox

(x, t)‘ < 2|x| e (bounded function on) R
< M (integrable on) [0, 1].
Then the function F is of class C* and can be derived under the integral sign /

1
Fl(z) = / —2ge ¥ (1H) g
0

1
= —2$€x2/ e~ gt
0

xX
2 )
:—2ex/e“du
0

= —2G'(2)G(x).
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Therefore, Vx € R, there exists a constant C such that

F(z) =C — G*(x).

For x =0:
Lodt T
F pr— —_— pr—
o= [ im-7 c0=-0
Then, Vx € R:
T

F(z) = - G?(x). (6.1)
But

1 g—z?(1+¢%) )

O<F(x):/ s—dt <e” — 0

0 1+t T—+00

And

+oo 5
lim G(z) :/ e ¥ dt.
0

T—+00

Therefore, when we let x tend to 400 in (6.1), we get

+o00 2
(/ et dt) = z.
0 4

—+o00
/ et dt = ﬁ
0 2

We will apply Theorem 6.5.1 in the following paragraph, where we study Euler’s I' function.

Hence

6.6 Definition and Study of the Gamma Function I

Theorem 6.6.1 (The I" function) For all z > 0, we can define the function

+oo
I(x) = / et dt.
0
This function is of class C* on R* and, for alln € N, we have

+o00
™ (z) = / e t(Int)™* 1 dt.
0

Proof:

e Existence:

Let’s set, for z > 0 and t € RT, f(z,t) = e '*"1. f is obviously continuous. Moreover,

for all z > 0, we have f(z,t) ~. t*~1 and the function ¢ — ¢! is integrable in the
t—0

1
neighborhood of 0 (Riemann integral). Also, for all z > 0, we have f(x,t) Ao <t2>’

and the function t — is integrable in the neighborhood of +oco. This ensures the

12
existence of I'(z) for z > 0.
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e Continuity:

1
Let’s set, for x > 0, I'(x) = g1(z) + g2(z), with gi(x) = / e t* L dt and go(z) =
0

“+o0
/ e "L dt.
1

Let a,b € R such that 0 < a < b. The function (z,t) — f(z,t) is continuous on [a,b] x RT.
For 0 < t < 1, we have 0 < f(z,t) < e 't*"!, where the function  — e 't*~! is integrable
on ]0,1]. Therefore, g; is continuous on [a, b].
For ¢t > 1, we have 0 < f(x,t) < e tb~1 where the function t — e P! is integrable on
[1, +oo[. Therefore, go is continuous on [a, b].

Thus, I is continuous on any interval [a,b] with 0 < a < 1 < b, and therefore on R™.

e Differentiability:

of

For all n € N, we have: Do e '(Int)"t"~1. We show, exactly as above (but using
x

Bertrand integrals in the neighborhood of 0), that T" is of class C" on R™, and that

“+o00
™ (z) = / e t(Int)"* dt.
0

O

Proposition 6.6.2 (Properties of the I' function) TheT function satisfies the following prop-
erties:

1.V >0, INx+1) =al'(z) .

2.¥neN I'(n)=(n-1)!.
1
Proof:
1. Integration by parts

2. Recurrence

3. cf. Gaussian integral, after change of variable.

Proposition 6.6.3 (Study at the boundaries)

1
1. We have: lim T'(z) = +oo. More precisely, I'(x) ~ —

z—0t z—0+t X

r
2. lim I'(z) =400 and lim =) = 400

xr——+00 r—+oco I



Proof:

1. The relation zI'(z) = I'(x 4+ 1) gives lim zI'(z) =T'(1) = 1.

z—0t

2. e Since I is of class C! and that T'(1) = I'(2), the function I’ vanishes at o €]1,2]
according to Rolle’s theorem. Since I is strictly increasing, I'V(z) < 0 for z < o and
I"(z) > 0 for z > «. In particular, T' is increasing on [, +00[. According to the
monotone convergence theorem, it therefore admits a limit in R when 2 tends to 4oc.
Since I'(n + 1) = n! if n € N, this limit is 4o0.
MNz) =z-1

r
o Forz>1, —= = I'(z—1),s0 lim L) = +00. This means that the curve
X x T—t+too I

representing [" has a parabolic branch in direction Oy at +oo.

Graphical representation of the I' function :

3 ' —IZ ' —I1 ' 0 E
2]

o]

.

.

l 10 -

6.6.1 Complements on the Gamma function

+oo
1) We can prove that I'(1) = / e 'Intdt = —y (7 Euler’s constant). Therefore, in the
0

neighborhood of 0,
F(z+1) (1) 4+ 2I"(1) + o(x)

F(x):T = . :%—’y—i-o(l).
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2) T is logarithmically convex i.e., InT" is convex. Indeed:

+oo
(I'(z))* = (/0 e lnttzldt>
+oo t x—1 t x—1
— (/ e 2t 2z lnte_2t2dt)
0
+oo e—1\2 +oo o 2
/ (e—%tTl) dt/ (e—%tTllnt> dt
0 0

< T ()T (z).

2

2

IN

Therefore , ()2
" —(r
(ln F)” = T Z 0.
3) Stirling:
Fz+1) ~ (E) 2rx.
r—+oo \ e
4) Complements formula
T
1}, I'(x)I'1 —2) = .
v €01, TP —a)= "

6.7 Exercises of the Chapter

Exercise 6.7.1 Compute:

Lod
g(:c):/0 (t2+tx2)2, for @ # 0.

Correction 6.7.1 The function f: (x,t) —

derivative

PR 18 continuous on R* x R, and its partial
x

of —2x

(1) = s
8x( ) (22 4 12)2
is also continuous on R* x R. Moreover, if [a,b] is a segment included in R , then

of 2

Va € [a,b], Vt € [0,1], am(x,t)‘ < (CEeoE o(t),

where @ is continuous and thus integrable on the segment [0,1]. (A similar result holds for a
segment included in R* .)

1
dt
Thus, by defining h(zx) = / PR for x € R*, the theorem covered in the course allows us
0o T
to assert that h is of class C' on R* and that:

b _oxdt
Conversely,
1 1
h(x) = — arctan <) ,
x x

which implies:

o(z) = %h’@;) _ % [;21 arctan (i) - m] |

Thus:
1

(#) = = arctan (= ) +
xr) = — arctan | — —_—.
g 223 x 202(22 + 1)
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Remark:
A similar reasoning enables us to compute, by induction on n > 2, the integrals

/1 dt
0 (t2+x2)n’

Exercise 6.7.2

Compute

El

g(z) = /2 In(z cos® t + sin? t) dt
0
for x > 0.
Correction 6.7.2 Let us define f(x,t) = In(z cos?t +sin?t) forx >0 and t € [O, g]

e Differentiability on R? :
Initially, for any fired x > 0, the function t — f(xz,t) is continuous on the interval [O, g],
because x cos® t + sin® t remains strictly positive within this range.

8f( B cos? t
0x """ zcos?t+sin’t’
hence %(w,t} is defined and continuous on R x [O, g]
Then, for any segment [a,b] C R,
7 af cos®t
Vi € [a,b], Vi € [o,f}, I ety < — 58 o),
z € o, 0] 2 'ax(x >'_ac082t+sin2t P ()

where ¢ is continuous and therefore integrable on [O, %]

Based on the theorem from the course, g is C' on R% , and:

z 2
2 cos“t
Vo >0, d'(x :/ —_——dt.
g(@) o xcos?t+sin’t

By substituting u = tant (a strictly increasing C' bijection from [O,g[ to [0, 400]), we
obtain:

, +00 du 1 [t/ 1 1
g(a:):/o (1+u2)(x+u2):x—1/0 <1+u2_az+u2>du (for @ #1).

1 tan(u) 1 ‘ U oo g 1
= arctan(u) — —= arctan | — = —
x—1 NZ3 NEYAN 2x+x’

which also holds for x =1 by the continuity of ¢'.

o Value of g:
1
r =T 1) = 0 (an o o), which gives:
hus, Yx > 0, ¢'(x) SrtvE and g(1) =0 (an obvious calculation), which gives
™ (* dt * dt x
Yz > 0, x:/:ﬂ' =7 |ln(vVt+1)| ,
9() 21 t+t 1 2V + V1) [ ( )L

and finally:
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Ve >0, g(x) :77111(

o Continuity of g at 07 :

For this study, we will use the theorem from the course. The first two assumptions of this
theorem are easily verified, and all that remains is to verify the domination assumption.
It suffices to prove the continuity of g on [0,1] (The continuity on R% follows from its
differentiability, as shown earlier).

Suppose x € [0,1]; Vt € 0, 5], sin?t < zcos?t +sin’t < 1, hence:
Vo € ]0,1], Vt e }0, g} | f(x, )] < ‘ln(sin2 t)| =2 |Insint| = o(t),

where ¢ is continuous and integrable on }0, %] (easy to verify).

Thus, the hypothesis of domination is satisfied, and we conclude that g is continuous on
[0,1], hence on Ry. In particular, g is continuous at 0T, so:

jus

lim g(z) = g(0) = /02 In(sin’t) dt.

z—0t

From the earlier calculation of g(x) for x > 0, this limit is equal to —mw1In2. We can deduce
that:

™

s

/2 In(sint)dt = ——In2.
0 2

Exercise 6.7.3 Compute
g(z) = / In(z? — 2z cost + 1) dt
0

for x # £1.

Correction 6.7.3

o Continuity:

Let f(z,t) = In(z% — 2z cost + 1) forx € R\ {~1,1} and t € [0, 7).
By standard theorems, f is continuous on the product domain D = R\ {—1,1} x [0, 7]
(noting that:

Ve e R\ {-1,1}, Vt € [0,7], 2% — 2z cost+ 1> 0).
It follows that, if K is a segment contained in R\ {—1,1}, we have
V(w,t) € K x [0,7), |g(x,0)] < [l = (1)

where the constant function ¢ is obviously integrable over [0, 7] (the infinity norm of g
exists because it is continuous on a bounded closed set...).

Conclusion: By the course theorem, g is continuous on R\ {—1,1}.
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o Differentiability:

8f( 0 2x — 2cost
Y (o t) =
ox "’ x?2 —2xcost+1

0
s0 a—f(a;,t) is continuous on D (same arguments as above).
x
By the course theorem (using the same method for domination), g is C* on R\ {—1,1},

and:

T 2x — 2cost
Vo >0, ¢(x) = —_—
z>0, g(@) /0 2 — 2w cost

o Calculation:

First, let’s calculate

J_/” dt
Jo 22 —2xcost+1’

Setting u = tan (%) (a C* diffeomorphism from [0, onto [0,400[), we obtain:

J—/+OO 2du /+°° 2du
0 (1+u2)(22— 2z (ﬁﬁ) +1) o (M4+u?)(2?2+1)—22(1 —u?)

_/+°° 2du B 1 /+°° 2du
- 2 2 — 12 2 2
o w(r+1)2+(x—-1) (x+1)2 J u2+(£—j&)

z+1 +oo m
= ———— |Arctan { u =5
(x+1) r—1|)], |x2 — 1]
We also have:
K- T : 2cost
o T¢—2xcost+1
1 (7 2z cost
== dt 0
x/o 22 — 2z cost + 1 (for @ #0)
_1/“2xcost—x2—1+x2+1dt
Tz 22 — 2z cost + 1
1
:;(—w+(m2+1)J).
Hence:
2 2 2
1 -1 -1
J@)=22] — K=" (0T ) g T, T Y
x x x x zlx? — 1|

e Hence:

. Ifx €] — 1,1, then ¢'(z) =0, so g(z) = constant = g(0) = 0.
If x| > 1, then g (%) = 0 (from the previous result, since % €] —1,1[), so:

s r ) 1
0= In{— ——=cost+1)dt= In(— (1-2zcost+2%) ) dt =7ln | — |+g(x),
0 z T 0 T z

so finally:
g(x) = 27 In[a).

Exercise 6.7.4 Calculate

+o0 9.
g(z) = / ) At for z € R.
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Correction 6.7.4

FEzxistence and Continuity:

Let f(z,t) = et izt for (z,t) € R2. Clearly, f is continuous on R2.

Moreover, for all (z,t) € R?, |f(x,t)| = e} the function t — e~ is integrable on R, so the
domination hypothesis of the course theorem is satisfied, and g is continuous on R.

Derivative and Calculation:
For all x € R, the function x — f(x,t) is differentiable and:

of 24
L (z,t) = ite”t Tt
81‘( )
which is a continuous function on R%. Moreover,
of .2
—(x,t)| =te ",
)

and t v~ te™ is integrable on R, so the domination hypothesis of the course theorem is satisfied,
and g is of class C* on R.

Thus, we have:

2. 1 2. Foo Foo 2
ite_t +ixt dt = |:_26—t +wct:| _ / e—t +ixt dt

—00 —0o0

“+o00

8

Vz €R, ¢'(z) = /

—0o0

\]

after integrating by parts (with u = ™ and v’ = tet® ). Since

ltligl e Tt — 0 pecause ‘eiﬁﬂ'” = 67t2,
—+oo
we obtain .
g'(x) = —59(),
which tmplies
:1:2
g(z) =Ce 7,

where C'is a constant. Since g(0) = /7 (the Gaussian integral), we deduce that

2

Vr € R, g(x) = /me T |

[T arctan(at)
o= [ e !

Exercise 6.7.5 Calculate:

for x € R.

Correction 6.7.5
e FExistence and Differentiability:

arctan(zt)

Let f(x,t) = {10

course.

for (z,t) € R x RT. We will directly apply the theorem from the

a) For a fized v € R, the map t — f(x,t) is continuous on RT.

b) For a fired x € R, the map t — f(x,t) is integrable on RT because it is of constant sign,
extendable by continuity at 0T (since arctanu ~ u as u — 0), and asymptotically equivalent
const

to 3

as t — 400, which is a Riemann-integrable function.
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¢) For a fired t > 0, the map =+ f(x,t) is of class C* on R, and

of o _ 1
55@’)_(1+ﬁX1+x%%'

of
T

d) We have the domination: ¥(z,t) € R x RT, ‘a(x,t)’ < p(t), with ¢ : t — ﬁ, which is

continuous and integrable on R,

The theorem for differentiating an integral with a parameter gives that g is of class C* on R,
and

Ve €R, ¢ o dt
Te ’g(x)‘/o 1+ 2)(1 + 222)

o Calculation:

Forz >0 and x # 1, a partial fraction decomposition gives:

1 1 1 ?
(14+2)(1+222)  1—22 \1+2 1+222)°

which leads to
T

21+ x)
This equality holds for x =1 by continuity. Thus, we deduce that

g'(x) =

g(z) = gln(l +x) for x€RT,

and by oddness, we have
g(x) = —gln(l —z) for xeR".

Exercise 6.7.6 Calculate:
oo In(1 + at?)

= — 2 dt
9(x) A 1+ t2

pour x =0

Correction 6.7.6
o Existence:

Let f(l',t) — M

1+ 2 01
t
Moreover, we have f(x,t) ~ ;21 as t — +o0, so f(x,t) = o <t3%> as t = 4o00. Therefore,

t+— f(x,t) is integrable on RT.
Thus, g is well-defined on RT.

. For a fized x > 0, the map t — f(x,t) is continuous on [0, +o0[.

o Continuity:
f is obviously continuous on RT x RT.
Let a be any strictly positive real number. Then, for x € [0, al,

Slml+aﬂ):¢@%

2
0< In(1 + xt%)
1+12

- 14422

where ¢ is continuous and integrable on R*.

The course theorem then implies the continuity of g on [0,a]. Since a is arbitrary, g is
continuous on RT.

o Differentiability:
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For all x > 0, the map x — f(x,t) is differentiable, and

Of i 1y — t2
gt = (14 2t2)(1 + ¢2)

which is a continuous function on R* x RT.
Let a be any strictly positive real number. Then, for x € [a, +00],

of t?

0= 5@ arema e

= (1),

1
where ¢ is continuous and integrable on R (since p(t) ~ — ast — +00).

The course theorem then implies the differentiability of g on [a,+00]. Since a is arbitrary, g
is differentiable on R™, and

, “+o00 t2
Va:>0,g(:c):/0 (1+$t2)(1+t2)dt.

A partial fraction decomposition gives, for x > 0 and x # 1:

() = ! /+OO 1! dt = LI arctan(t\/z) o — [arctan(t)]i =
I =12 ) Tz 1+e2)" 1 2\|vz » =0 |

. 1
221+ 7))’
the equality holding for x = 1 by the continuity of ¢'.
Thus, for any real number a > 0,

T n N3 v
o) =gty 7 [ 5t =@ [ =) (14 VB -1 va).

This equality remains valid for a = 0 by the continuity of g; since g(0) = 0, we conclude:

Vo >0, g(z) =nln(l + x).

Exercise 6.7.7 Study of
/+°° e Tsint
g:x— —dt
0 t

Correction 6.7.7
o Study on R :

—xt sint
Let f(z,t) = % dt, for (z,t) € RY x RT. The function f is obviously continuous. Since

|sint| < |t|, for any x € [a,+o00] with a > 0 and any t > 0, we have:
0
feol<e ad (3| =i < oo

where t — e~ is integrable on Rt.

The hypotheses of the course theorem are thus satisfied on each interval [a,+o00[ with a > 0, so
g is of class C* on RT and we have:

g'(x) = —/ e sintdt = —Im (/ ettt dt) = Im- = — 5
0 0 i— 142
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Thus: g(x) = —Arctan(zx) + constant.
Moreover, since |sint| < [t|, we have:

X r— 400

+00 1
lg(z)| < /o edt=~, so lim g(x)=0,

hence the constant is g
Thus:

+0o —xt o
t 1
Vx>0, / € M =" Arctan(x) <: Arctan) .
0 t 2 T

e Study at 0%

It is slightly more difficult to prove that g extends continuously to RY, by defining:

+(X) . .

t t

9(0) = / St dt = lim Sne dt (the existence of this limit was shown in class,
t A—+oo 0 t

0
and will be re-demonstrated below).
For this, define:
—Tlgint

o) = 01(2) + (), where g1(z) = | T

. Study of g;:

To0 p—Tlgin ¢

dt and go(x) = / — dt.

- t

— For all x > 0, the function t — f(x,t) is continuous on |0, 7] (it is even extendable
continuously at 0).

— For all t €]0,7], the function x — f(x,t) is continuous on RY.
— V(x,t) € RTx]0,7], |f(x,t)| < 1, and the constant function equal to 1 is integrable
on 10, 7]!

By applying the course theorem, we deduce that g1 is continuous on RY.

. Study of go:

Integration by parts gives, for all x > 0, knowing that a primitive of t — e %'sint is the

function t _e*xtw.

(22 +1)
/A e*“sintdt _g1Cost +xsint 4 1 /A _gtCOst+xsint
——dt=|—e¢ — e ——.
. t tz2+1) |, 2241/, t2
cost + xsint
Now, lim e_xt—'—i = 0 (and this even for x = 0!) and, since the function
t——+o00 t(wQ + 1)
_pecost+xsint constant

t— e %)

limit as A — +o00o of the integral of this function on [r,+oo[ exists. Finally, we have:

(),

is integrable on [m,+o0[ (because it is bounded by T}, the

— T 1

)+x2+1gg

e
m(z2+1

Ve =20, gox)=
where we have defined:

400 :
_4Ccost +xsint
g93(z) :/ e 12 dt.
s

Now, for all x € [0, B] and all t > 7, we have:
<z +1 B+1

< < ;

t2 t2

_pCOSt + xsint
e 2

1
and since t — o) is integrable on [m, 400, the course theorem guarantees the continuity of

g3 on R™, and hence g is also continuous on RT.
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Conclusion: g is continuous on RT. We deduce that: g(0) = lim g(z) = lim (g - Arctcm(a:)),

z—0t z—0t
+00
sint
/ st T
0 t 2
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